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Abstract. This is a continuation of the paper [12]. We consider general matrix Riccati
equations, including those from stochastic linear regulator problems with infinite horizon. For
differential Riccati equations, we prove a monotonicity of solutions, which leads to a necessary and
sufficient condition for the existence of solutions to agebraic Riccati equations. For solutions to the
algebraic Riccati equations, we obtain results on their comparison, uniqueness, stabilizability and
approximation.

8 1. Introduction

The following differential Riccati equation has been studied in [12] by using the method of
upper and lower solutions.

P'+ ATP + PA+ CT"PC + G +11(P)
— (B"P+ D"PC + S) (R+ D"PD) " (B'P + D"PC + S) = 0, D
P(tl) - N,

where A" is the transpose of A, P’ = %, N isasymmetric matrix, IT is alinear map of symmetric

matrices, and A, B,C, D, GG, R and S are bounded and measurable matrix functions with appropriate
dimensions. The main results in [12] include an interpretation of upper and lower solutions,
comparison theorems, an upper-lower solution theorem, necessary and sufficient conditions for
existence of solutions, an estimation of maximal existence intervals of solutions and an approximation
of solutions.

This paper is a continuation of [12] with focus on the algebraic equation associated with (1):

ATP + PA+C'PC 4 G +11(P) )
— (B"P+ D"PC + S)' (R+ D'PD) '(B'P + D'PC + S) =0,

where A, B,C, D, G, R and S are constant matrices with appropriate dimensions; see (4) below.
The inclusion of the term II is important to stochastic control problems with Markovian
jumping noises and differential game problems with noises depending on both of the and control; see



[18] and [11], for example. If IT = 0, then equation (2) becomes

AP 4+ PA+C"PC + G ?3)
— (B"P+ D"PC + S)' (R+ D'PD) '(B'P + D'PC + S) = 0.

This equation arises from a stochastic linear quadratic regulator (LQR) problem of infinite horizon
with control-dependent noises; see Problem (11) below in Section 2.

A monotonicity property for solutions to equation (1) will be proved, which leads to necessary
and sufficient conditions for the existence of solutions to (2). For solutions to equation (2), we will
prove results on comparison, uniqueness, stabilizability and approximation. Several of our results are
new while others are generalizations of known results for specia cases. See [1] and [23] for some
results on equation (2), [6], [7] and [22] for results on equation (1) with C' = D = S = 0, and [2],
[3], [4], [5], [9], [10], [15], [16], [17], [19], [20], [21] and [25] for results on classical Riccati
eguations.

Our method uses upper and lower solutions to equations (1), (2) and (3), which satisfy the
inequalities associated these equations. This method is closaly related to the methods of linear matrix
inequalities in [1] [19] and semidefinite programming in [23]. As pointed out in [12], our method has
several desirable merits. For example, it directly links equation (3) with the LQR problem (11); see
Theorem 2 below. It derives our main results under general assumptions. It gives verifiable necessary
and sufficient conditions for the existence of solutions (Theorems 8 and 9). It also leads to agorithms
for approximating solutions (Theorem 16). In [12], this method is used to estimate the maximal
existence intervals of solutions to differential Riccati equations. It applies to both differential and
algebraic Riccati equations.

The paper is organized as follows. In Section 2, we introduce some notations and define upper
and lower solutions. In addition, we describe the LQR problem (11) and interpret upper and lower
solutions to (3) in Theorem 2. Section 2 ends with some results from [12] that are needed in this
paper. Specifically, Theorem 5 is an upper-lower solution theorem for equation (1) on a finite
interval. Propositions 3 and 4 are some structural properties of equations (1), (2) and (3).

In Section 3, we prove a monotonicity (Theorem 7) for solutions to (1), which leads to a
general necessary and sufficient condition (Theorem 8) for the existence of solutionsto (2). A smpler
existence result (Theorem 9) for (2) is proved under ms-stabilizability. Theorem 9 generalizes a main
result in [1, Theorem 10] for (3) with .S = 0. The definitions of ms-stability, ms-stabilizability and ms-
detectability for equation (2) are aso given in this section.

In Section 4, we study the comparison, uniqueness, stabilizability and approximation of
solutions to (2). Theorem 11 is a comparison theorem for ms-stabilizing solutions. Theorem 12 shows
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the uniqueness and extreme properties of stabilizing solutions. Generalizing a classical relationship
between detectability and stability, Theorem 14 shows that ms-detectability implies the ms-
stabilizability of solutionsto (2). Theorem 16 gives algorithms for approximating solutions to (2).

§ 2. Preliminary Results

We start with some notations used in this paper. For reader's convenience, most frequently
used notations are collected in the Appendix.

Denote S" = {P € R"™" : PT = P}, where P7 is the transpose of P. We write M; > M,
(M, > M) if My — M, € S™ isa positive semidefinite (definite). For amap IT : S — S" we write
I1>0if II(M) > 0foreach M > 0.

Assumption. We assume that A,B,C,D,G,R,S and N in equations (1), (2) and (3) are constant
matricesand IT : S” — S” isalinear map, which satisfy

A,CeR™ . B.D,STe R ReSk:G,NeS"; II>0. (4)

For a Hilbert space X and an interval I, L>(1,X) isthe space of al bounded and measurable
functions from I to X. Furthermore, we define L1 (1,X) = {P € L>(I,X), P’ € L>*(I,X)}. The
solution P to (1) is assumed to bein L}*°(1,S"). Since al matricesin (1) are constant, a solution P
on an interval is actually smooth. The solution P to (2) and (3) is assumed to be in S™, which may be
considered as a constant solution to the associated differential equation (1).

Asin[12], we abbreviate (1), (2) and (3) as

P +LQ(P)+1II(P) =0, P(t;) =N, (1)
LQ(P) +II(P) =0, 2
LQ(P) =0, (€©)

where LQ(P) = G + L(P) — Q(P) and

{ L(P) = AP + PA+ CTPC,

Q(P) = (BTP + D'PC + S)' (R + DTPD) " (BTP + DTPC + S) ®)

We remark that Q(P) and LQ(P) may make sense even if R + DTPD is singular. To see
this, we introduce the following notations

R(P) = R+ D"PD, S(P) = B'P + D"PC + . (6)
_ [R(P)'S(P) if R(P)isnonsingular,
K(p) = {R(P)+S(P) if R(P) issingular, U
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where R(P)" is the pseudoinverse of R(P). Recall that any matrix M has a unique Moore-Penrose
pseudoinverse M with the following properties (see [14] and [1]):
MM*M =M, M "MM*=M". 8
If M eS", then Mt eS"andMM™*™ = M*M.
M > 0ifandonlyif M > 0.

For a function P € L'>(1,S"), K(P) = R(P)*"S(P) always exists, but it may not be
bounded on I nor satisfy

S(P) = R(P)K(P). 9)

We recall the following definitions given in [12]. A function P € L1*°(I,S") is said to be feasible if
K(P) € L*(I,R¥") and (9) holds. A function K € L>*(I,R**") is caled a feedback matrix
associated with P € LY (1,S") if it satisfies S(P) = R(P)K. The set of all such K's is denoted by
K(P). Suppose K(P) € L>(I,R*"), then P isfeasibleif and only if K(P) # 0, and in this case,

Q(P) = K(P)'R(P)K(P) = K"R(P)K, (10)

for each K € K(P); see [12] for proofs of these relationships. In short, Q(P) and LQ(P) are well-
defined by (10) whenever P isfeasible.

If P €S" is constant, then P is feasible as long as (9) holds. The definition of "feasible’
consists with the term defined in [23] for the associated semidefinite programming problem.

Definition 1. P € L (1,S") isasolution (upper solution, lower solution) to (1) if
LQ(P)+LQ(P)+II(P)=0(<0,>0), Pt;) =N (>N, <N).

An upper (or lower) solution is strict if one of the inequalitiesis strict. Similarly, P € S™ isa solution
(upper, lower solution) to (2) if LQ(P) + II(P) =0 ( < 0, > 0, respectively).

We now briefly describe the LQR problem that leads to equation (3). For a detailed account
of this problem, see[1] and [23]. Consider

J(u) = E{;" (2"Gz + 22" Su + u"Ru)dt} subjectto  (11.1) (11)

minimize/maximize J (u) for u € U[0,00), where
dr = (Azxz + Bu)dt + (Cxz + Du)dW,t > 0; z(0) = z, (11.2)

where W (t) is a standard Brownian motion for 0 < ¢ < co on a complete probability space with
W(0) = 0 dmost surely, E{} isthe expectation of the enclosed variable, and /[0,00) isthe set of all
admissible control processes u defined below. Let L*(R*) (same as L%(R™) in [1]) be the space of
R*-valued processes u on [0,00) that are adapted to the o-field generated by W (t) and satisfy
E [;"|u|*dt < 0o (square-integrable). Each u € L*(R*) is an open-loop control. We say that
u € L*(R¥) is ms-stabilizing if for every z € R" the solution z to equation (11.2) satisfies
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E{|z(t)]*} — 0 ast — co. The state equation (11.2) is stabilizable if there exists a feedback matrix
K € R such that uw = — K= is stabilizing, where z is the solution to

dr = (A — BK)xzdt + (C — DK)xdW, z(0) = z, (12)

which isinduced from (11.2) by ©w = — K. Inthiscase, K is called a stabilizing feedback matrix. A
solution P € S™ to (3) issaid to be stabilizing if u = —K(P)x is stabilizing.

These concepts will be generalized for equation (2) without referring to the state equation
(11.2).

The admissible set /[0,00) consists of al v € L?*(R*) such that the solution z to equation
(11.2) is L*-integrable; that is, E{[,"|z(t)|*dt} < co. Clearly J(u) is well-defined for each
u € U[0,00). Furthermore, the following relationship holds.

Proposition 1. Each u € U[0,c0) is stabilizing. Conversely, if K € R*" such that u = — Kz is
stabilizing, then u € U[0,00).

Proof. If u € U[0,00), then the solution z to (11.2) satisfies E{ [;°|z(t)[?dt} < oo, which implies
that E{|z(t)]’} — 0 as t — oco. In other words, u is stabilizing. Conversdly, if u = —Kz is
stabilizing, then by [1, Theorem 1], there exists P € S", P > 0, such that L(K ; P) < 0, where

L(K:P)=(A—- BK)"P+ P(A- BK)+ (C — DK)"P(C — DK), (13)
which is L(P) under the substitution (A,C) — (A — BK,C — DK). With v = — Kz, eguation
(11.2) reducesto (12). By the Fundamental Theorem of calculus and Ito's lemma, we have

E{z"(t))Px(t1)} = 2"Pz+ E / ! %xT(t)Px(t)dt (19
0

ty
=2"Pz+ E/ ' L(K; P)xdt.
0

From (14) and the fact that E{|z(t1)|*} — 0 as t; — oo, one has that E [ z"L(K; P)xdt
= —2"Pz. Thisimpliesthat E{ [;"|z(t)[?dt} < oo because £L(K; P) < 0. Sou € U[0,00). O

Through approaches of convex optimization and semidefinite programming, interesting
relationships between equation (3) and the LQR problem (11) have established in [1] and [23]. Next
theorem reveals a close relationship between upper and lower solutions to (3) and the LQR Problem
(12).

Theorem 2. Suppose P € S” isfeasible and stabilizing. We have
() If LQ(P) > 0and R(P) > 0, then J(u) > 2" Pz for each u € U[0,00).
(i) If LQ(P) < 0and R(P) < 0, then J(u) < 2T Pz for each u € U[0,00).
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@iii)) If LQ(P)=0 and R(P)>0 (or R(P)<0), then z'Pz is the minimum (maximum,
respectively) value of J(u) over U[0,00), which occurs when v = — Kz, where K € K(P)and =
satisfies (12).

Proof. Suppose u € U[0,00) and x is the solution to equation (11.2). By the Fundamental Theorem
of calculus and Ito's formula, we have

E{z"(t))Px(t1)} = 2"Pz+ E / ! %xT(t)Px(t)dt (15)
0

ty
=2"Pz+ E/ {z"L(P)z + 2u"(B"P 4+ D"PC)x + u" D" PDu }dt,
0

where L(P) = ATP + PA + CTPC as defined in (5). Since E{|z(t1)|*} — 0 ast; — oo, the limit
of (15) becomes

0=2"Pz+ E/ {z"L(P)z + 2u"(B*P 4+ D"PC)x + u" D" PDu}dt. (16)
0
Adding (16) to J(u) and using the notations R (P) and S(P) in (6), we obtain
J(u) =2"Pz+ E/ {z"(L(P) + G)x + 2u"S(P)x + u"R(P)u}dt.
0
Since S(P) = R(P)K for each K € K(P), we can write
20'S(P)x + u"R(P)u = (u+ Kz) R(P)(u+ Kz) — K'R(P)K.
Recall that LQ(P) = G + L(P) — K™R(P)K. It follows that
J(u) =2"Pz+ E/ {zTLQ(P)x + (u + Kz)"R(P)(u + Kx)}dt. a7)
0

In case (i), we have LQ(P) >0 and R(P) >0, s0 (17) implies that J(u) > z"Pz for every
u € U[0,00). Similarly, in case (i), (17) implies that J(u) < 2" Pz for every u € U[0,00). In case
(i), (17) implies that for every u € U[0,00),

J(u) =2"Pz+ E/m{(u + Kz) R(P)(u+ Kx)}dt.
0

It follows that J(u) has a minimum (maximum) 2"Pz at u = — Kz if R(P) > 0 (if R(P) <0).
Equation (12) is precisely the state equation (11.2) withuw = — K. OJ

Note that when u = — Kz, the cost J(u) becomes J; = [, 2"G(K )zdt, where
G(K)=K'RK — K'S— STK + G. (18)
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The following two propositions and Theorem 5 are proved in [12] and will be used in this
paper.

Proposition 3. Suppose P € LY>*(I,S") is feasible and K € L>(I,R¥™). Let LQ(P), L(K; P)
and G(K) be defined in (5), (13) and (18), respectively. Then

(i) LQ(P) + (K(P) — K)'R(P)(K(P) — K) = G(K) + L(K; P), (19)
LQ(P) < G(K) + L(K; P), it R(P) >0 (20.1)

(ii) { LQ(P) > G(K) + L(K; P), it R(P) < 0 (20.2) (20)
LQ(P) = G(K(P)) + LIK(P); P). (20.3)

Proposition 4. Suppose Y,Z € LY*(I,S") are feasble and K € L*(I,R¥*"). Denote
P=Y—-Z, A=A—-BK(Z),C=C—DK(Z)and R = R(Z). Then

(i) LQ(Y) — LQ(Z) (21)
—AP+PA+0'PC— (B'P+D'PC) (R+ D"PD)" (B"P + D'PC)

(if) If Z isgiven, then equation (1) for Y is equivalent to the following equationfor P =Y — Z:

P+ G+rAP+PA+ T PC+I(P)
— (B + D"PC) (R + D'PD) " (B'P + D'PC) =0, (22)
P(tl) == N - Z(tl),

where G = 7' + LQ(Z) + 11(Z).

Note that Z is alower solution to (1) if and only if G > 0 and N — Z(¢;) > 0, that is, 0 isa
lower solution to (22). Similarly, Z is an upper solution to (1) if and only if 0 an upper solution to
(22). In other words, equation (1) has an upper or lower solutions is equivalent to that (1) can be
translated to a standard problem that has 0 as an upper or lower solution.

Also note that Propositions 3 and 4 hold, in particular, for P, Y, Z € S” and K € R¥*",

Theorem 5 (Upper-lower solution theorem). Suppose that (Y, Z) is a pair of upper-lower solutions
to (1) on afiniteinterval I.

(i) If either R(Z) >0 or R(Y) <0, then Y > Z. In addition, if one of Y and Z is strict, then
Y > Z.

(ii) If either R(Z) > 0 or R(Y) < 0, then equation (1) has a unique solution P withY > P > Z.

Remark 6. As noted in [12, Remark 3], if alower solution Z (if it exists) to (1) with R(Z) > 0 has
certain property, then an upper solution Y (if it exists) to (1) with R(Y) <0 aso has the
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corresponding property. Same is true for equations (2) and (3). Because of this, properties of upper
solutions may be stated without proof.

83. Monotonicity of Solutionsto (1) and Existence of Solutionsto (2)

Now we consider equations (1) and (2), which are

E(P)= P +LQ(P) +II(P) =0, P(t;) = N, (1)

E(P) = LQ(P) +II(P) = 0. 2

Since a solution P € S" to (2) is aso a solution to (1), we use the same notation £(P) for both
equations. By the loca theory of differential equations, equation (1) has a unique solution in a
maximum interval (¢, ¢1].

Next theorem shows that a solution to (1) is monotone if and only if IV is alower or upper
solution to (2); that is, E(N) > 0 or E(N) < 0.

Theorem 7. Suppose P isthe feasible solution of (1) in (¢, ¢;]. Then we have
(i) &(N) > o0ifandonlyif Pisincreasingin (ty,t;] ast decreases.
(i) E(N) < 0ifand only if P isdecreasingin (to, ] ast decreases.

Proof. (i) If £(IV) >0, then N is a lower solution to (1). By Theorem 5, P(t) > N for al
t € (to,t1]. For any number 7 € (0,¢, — tg), define P, : (tg + 7,t; + 7] — S" by P.(t) = P(t — 7).
Since (1) is time-invariant, P, (t) is a solution to (1) with P«(t,) = P(t; — 7) > N = P(t1). By
Theorem 5 again, P.(t) > P(t) for ¢t € (¢, + 7,t1], or equivalently, P(t — ) > P(t) for every
7 € (0,t; — to). In other words, P(t) isincreasing in (ty,t;] as ¢t decreases. Proof of (ii) is similar
using the fact that V is an upper solution.]

Theorem 7 implies that if P is abounded solution to (1) on (—oco, ¢1] with N being an upper
or lower solution to (2), then P, =, lim P(t) existsand P isasolutionto (2). As aresult, we have

the following necessary and sufficient existence condition for solutions to (2).

Theorem 8. Equation (2) has a solution P € S™ with R(P) > 0 (R(P) < 0) if and only if it has a
pair (Y, Z) of upper and lower solutionswithY > Z and R(Z) > 0 (R(Y) < 0, respectively).

Proof. The necessity is obvious by choosing Y = Z = P. For the sufficiency, consider equation (1)
with boundary values N =Y and Z, respectively. Since Y is an upper solution and Z is a lower
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solution (1) in (—oo,t;], by Theorem 5, there exist solutions Py and P, on (—oo,t;] such that
Py(ty) =Y, P;(ty) =Z adY > Py > P, > Z. By Theorem 7, both Py and P, are monotone.
SoY, =Ilim__Py(t)and Z, =lim,_,_ P;(t) exist. Clearly Y, and Z,, are solutions to (2) and
they satify Y >Y, > Z, > Z. If R(Z) >0 then R(Ys) >R(Zy) > 0. If R(Y) <0 then
0>R(Ys) >R(Zy). O

In fact, Y, and Z, are the maxima and minimal solutions of (2) in the "interva"
[Z,Y]={P eS",Z < P<Y}, regpectively. Indeed, if M € [Z,Y] is a solution to (2), then
Y > Py(t) > M > Py(t) > Z,whichimply that Y., > M > Z .

Since equation (2) may arise from problems with different state equations, it is more
appropriate to introduce the concepts of stabilizability and detectability for equation (2) without
referring these state equations. Suppose A, B,C,D,G, Il areasin(4) and P € S". We have

Definition 2. (A,C,1I) isms-stableif thereexistsU € S™, U > 0 such that
LWU)+1I(U)=A"U+UA+C'UCH+1II(U) < 0; (23)

that is, L(P) + II(P) = 0 has astrict upper solution U > 0.

(A,B,C,D,II) is msdabilizable if there exits K e R¥™" such that
(A— BK,C — DK,II) is msstable; that is, £L(K; P) + II(P) has a strict upper solution U > 0.
Such amatrix K is caled an ms-stabilizing feedback matrix.

(\/E,A,C, H) is ms-detectable if G'= F’F for some F € R and there exist

My, M, € R"™ 7 suchthat (A — M, F,C — M,F,1I) isms-stable.
P € §" isms-stabilizing if (A — BK(P), C — DK(P), II) isms-stable.

As proved in [1, Theorem 1], the ms-stabilizability of (A, B,C', D,0) is equivalent to the
existence of amatrix K € R*" such that the solution x to (12) satisfies E{|z(t)[?} — 0 ast — cc.
When C'= D =0, the mssabilility, ms-sabilizability and ms-detectability defined here are
equivalent to those defined in [6, Definitions 3.1 and 3.2]. So our definitions generalize these classica
concepts to equation (2).

Assuming the ms-stabilizbility of (A, B,C', D, II), we obtain asmpler necessary and sufficient
condition for solutions to (2) in the next theorem.

Theorem 9. Suppose (A, B,C, D, 11) is stabilizable.
(i) Equation (2) has a solution P with R(P) > 0 if and only if it has a lower solution Z with
R(Z) > 0.
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(if) Equation (2) has a solution P with R(P) < 0 if and only if it has an upper solution Y with
R(Y) < 0.

Proof. (i) The necessity istrivia. For sufficiency, suppose that (A, B,C, D, IT) is ms-stabilizable and
that Z is a lower solution with R(Z) > 0. Then £L(K;U) +II(U) < 0 for some K € R**" and
U>0.LetY =qaU.Choosean «a > 0 suchthat Y > Z and

LIK;Y)+T(Y)+G(K)=a(L(K;U)+TI(U)) + G(K) <0,

where G(K') isdefined in (18). It follows that R(Y) > R(Z) > 0. By Proposition 3 (ii) with P =Y,
we have that

LQ(Y) + II(Y) < L(K;Y) + II(Y) + G(K) < 0.

This shows that Y is a strict upper solution to (2). By Theorem 8, equation (2) has a solution in
[Z,Y]. The proof of (ii) issimilar or it follows from Remark 6. O

Inthecase C = D = S = 0, some of the results in this section are well-known; for example,
see [6], [7] and [22].

8 4. Comparison, Uniqueness, Stabilizability and Approximation of Solutionsto (2)

Now we consider the uniqueness, ms-stabilizability and approximation of solutionsto (2). We
first prove some equivalent descriptions of the ms-stability of (A,C,II). Define 72 S" — S™ by
T(U) = [, e(CTUC +1(U))edt. Denote by A(A) the set of all eigenvalues of A and by
r,(7) the spectral radius of 7.

Theorem 10. (i) The following are equivalent.
(@ (A,C,II) isms-stable.
(b) ReA(A) < 0and 7, (1) < 1.
(©) L(U)+1II(U) + G = 0 has a unique solution for every G € S*. If G > 0 then U > 0
andif G > 0thenU > 0.

(i) Suppose (A,C,II) is ms-stable and (U,V) is a pair of upper and lower solutions to
L(P)+1II(P)+G=0,thenU > V.

Proof. (a) = (b). Suppose U € S", U > 0 satisfies L(U) + II(U) < 0. Let H = —[L(U) + II(U )]
> 0, then we have
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ATU + UA+ CTUC +1I(U) + H = 0. (24)

In particular, AU + U A < 0, which impliesthat A must be stable in the sense that all eigenvalues of
A have negative real parts; that is, ReA\(A) < 0. Now (24) can be rewritten as

U= / eM(CTUC +TI(U) + H)eMdt = 7(U) + M,
0

where M = [[“e"HeA'dt > 0. It follows that for al integers k> 0, U = 7"1(U) + f.(M),
k

where f,.(M) =Y 7(M). Since M >0, f,,(M) is an increasing sequence and f;,(M) < U.
i=0
Therefore, the series fo, (M) =Y 7'(M) converges and f., (M) = U. Since each P € S" can be
i=0

written as P= P, — P_ where P. >0 and f,, is linear, f,, is well-defined for al P € S™ by

fso(P) = fo(Py) — fo(P-). Now if X is an eigenvalue of 7, then >_ A" must converge to an
1=0

eigenvalue of f. Therefore,

A <landsor,(r) < 1.
(b) = (c) Suppose Rel(A) <0 and 7,(7) < 1. Then f(P)=>_7/(P) is defined for every
i=0

PesS". Take P = [;"et'GeMdt. Itiseasily checked that U = f(P) satisfiesthat U = P + 7(U),
which is equivaent to L(U) + II(U) + G = 0. Since any solution to L(U) +TI(U)+ G =0 is
represented as f..(P), where P = [“e?""GeA'dt, the solution has to be unique. If G > 0 or > 0,
then P > 0 or > 0, whichimpliesthat U > 0 or > 0, respectively.
(c) = (@.Let G=F, then L({U)+TII(U)+ E =0 has a solution U > 0. So (A,C,1I) is ms-
stable. This finishes the proof of (i).

To prove (ii), consider P=U — V. Then P satisfies L(P)+II(P)+ H =0 for some
H > 0. Part (i.c) impliesthat U > V.00

The idea of the proof of Theorem 10(i) is from [22] and [6], which proved (i) for the case
C=D=5=0.

Unlike (1), the solutions of (2) may not be unique. Nevertheless, we have the following
comparison result for (2).

Theorem 11. Suppose that Y is an upper solution and Z a lower solution to equation (2). Then
Y > Z if either (i) Y isms-stabilizingand R(Z) > 0, or (ii) Z isms-stabilizingand R(Y") < 0.

Proof. Suppose Y is ms-stabilizing and R(Z) >0. Let P=Y - Z and H =&(Z)—-&(Y) > 0.
Then —H =1I(P) + LQ(Y) — LQ(Z). By Proposition 3 (i) with P = Y and P = Z, respectively,
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~H =TI(P) + LQ(Y) - LQ(Z) = (25)
I(P) + L(K; P) — (K(Y) — K)' RY)(K(Y) - K) + (K(Z) - K)'R(Z)(K(Z) - K),

where £(K;P) = (A— BK)' P+ P(A— BK)+ (C— DK)'P(C — DK) as defined in (13).
Setting K = K(Y) in (25), we get

LK(Y); P) +1L(P) + (K(Z) = K(Y)) " R(Z)(K(Z) = K(Y)) + H = 0.

SinceR(Z) > 0and H > 0, P isan upper solution to L(K(Y); P) + II(P) = 0. By the assumption
that Y is msgabilizing, (A — BK(Y),C — DK(Y), II) is ms-stable. Therefore, we can apply
Theorem 10 (ii) to the linear egquation L(K(Y); P) + II(P) = 0 to conclude that P > 0; that is,
Y > Z. The proof (ii) issmilar or it follows from Remark 6.1

Denote by Z, (Z_) be set of al solutions P € S” to (2) with R(P) > 0 ( < 0, respectively).
By Theorem 11, if P € Z, isms-gtabilizing, then P > T for every T' € Z,. It follows that the ms-
stabilizing solutions in Z, must be maxima and so unique. Similarly, ms-stabilizing solutionsin Z_
are minimal and unique. Therefore, we have the following uniqueness of ms-stabilizing solutions. For
the same result for classical Riccati equations (C'= D = S = II = 0), see[25, Ch. 13] for example.

Proposition 12.

() If P € Z, isms-stabilizing, then P ismaximal in Z, and P is the unigue ms-stabilizing solution
inZ,.

(i) If P € Z_ isms-stabilizing, then P isminimal in Z_ and P is the unique ms-stabilizing solution
inZ_.

Now we consider the ms-stabilizability of solutions to (2). First consider the linear equation
associated with (2):

L(P) +II(P) = ATP + PA+ CTPC + II(P) + G = 0. (26)
and its generalization with K € R¥*" .
L(K;P)+TI(P)+ G+ K'RK = 0, (27)

where L( K ; P) isdefined asin (13). We have

Theorem 13. Suppose that (\/5,A,C, H) is ms-detectable.

(i) If (26) has an upper solution P > 0, then (A,C, 1I) is ms-stable.
(i) More generally, if for some K € R**" and R € S" with R > 0, (27) has an upper solution
P >0,then (A — BK,C — DK,II) isms-stable.
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Proof. (i) The ms-detectability of (\/E,A,c, H) implies that G = F'F for some F € R%" and
there exist M, M, € R"*? suchthat (A — M F,C — M, F,1I) isms-stable; that is,
(A= MF)'V +V(A—=MF)+ (C— MF)'V(C — MyF)+1I(V) < 0 (28)
for some(0 < V € S". Expanding (28) we obtain
L(V) 4+ IL(V) = (FTMIV + V M{F + FTMJV C 4 CTV MyF) + FTMIV MyF < 0. (29)

where L(V) = ATV + VA + CTVC. With FTM3V M, F > 0 dropped, (29) still holds. It follows
that for somee > 0,

L(V)+IL(V) — (FTMIV + V MyF + FTMIVC + C'V M, F) + &V + €CTV C < 0. (30)
Let a be the largest eigenvalue of (M{V M, + MV M,) /<. Then one has
FT(M{V M, + MV M)F/e* < aF"F = —a[L(P) + TI(P)], (31)
where the last inequality is just (26). Define W = aP + V. Then W > 0. Combining (30) and (31),
we obtain that
L(W) + (W) = a(L(P) + TI(P)) + L(V) + (V)
< =[V = FTM{V = VM F +&*C"VC — C"VMyF — FTM;VC + aF"F]
< —[(eE— M F/e)'V(eE — M F/e) 4 (eC — MyF /e)" V(eC' — MyF [¢)] < 0.

This showsthat (A, C, II) is ms-stable.

(i) Let F = [ } Then F'F = FT'F + K"RK. By assumption, (A — M, F,C — My F 1I)

F
R\2K
is ms-stable for some M; and M,. Let M; = [M;,—BRY/?] and My = [M,,—DR~'/?]. Then
we have that

A-—BK - M F=A—-MF,C—-DK — MyF =C— M,F.
So (A—BK — MyF,C—DK — MyF,I1)=(A— M F,C — MyF,II), which is ms-stable. In

other words, (\/F7F,A— BK,C— DK,II) is msdetectable. By (i) applied to (27),
(A— BK,C — DK,1II) isms-stable. The proof (ii) issimilar or it follows from Remark 6.00

Remark 3. Thespecial case C' = D = S = Z = 0 of Theorem 13 isproved in [6, Lemmas 3.2, 3.4].
Note that in Theorem 13, (\/@,A,C,H) is ms-detectable if G > 0. Indeed, let F > 0 such that

G =F?and a € (0,00) such that aF < —II(E)/2. Take M; = (A — aE)Ftand M, = CF~L.
Then the left-hand side of (28) with V = E becomes 2a.E + T1(E) < 0. So (\/E,A,C, H) is ms-
detectable.
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Now we prove the msdabilizability of solutions to (2). The specid case
C=D=S5=7=0of Theorem 14 (i) has been proved in [6] and [22].

Theorem 14. Suppose (Y, Z) isa pair of upper-lower solutionsto (2) andY > Z.

(i) If R(Z)>0 and (\/€(Z),A— BK(Z),C — DK(Z),1I) is ms-detectable, then Y is ms-
stabilizing.

(i) If R(Y) <0 and (y/-£(Y),A - BK(Y),C — DK(Y),1I) is ms-detectable, then Z is ms-
stabilizing.

In both cases, (2) has a unique solution P in [Z,Y] and P is ms-stabilizing.

Proof. (i) We first assume S =0 and Z = 0. The assumptions imply that G > 0, R > 0 and
(\/E,A,C, H) is ms-detectable. By (19) with K = K(P), equation (2) is equivalent to

L(K(P); P) +TI(P) + G(K(P)) = 0. (32)

Note that S = 0 and G(K(P)) = G + K(P)' RK(P). So (32) is precisely (27) with K = K(P).
Because Y is an upper solution to (2) and so it aso an upper solution to (32), Theorem 13 (ii) implies
that (A — BK(Y),C — DK(Y),1I) is ms-stable; that is, Y is ms-stabilizing. For the general case,
consder P =Y — Z. Then by (22), equation (2) for P isequivaent to

G+AP+PA+0 PO +1I(P)

— (B + D"PC) (R + D'PD) " (B'P + D'PC) < 0, (33)

P(t)) =N — Z(t) > 0,
where A=A — BK(Z), C=C—-DK(Z), G=LQ(Z)+11(Z)>0 and R =R(Z) > 0. The
assumptions imply that (33) has a lower solution 0 with ms-detectable (\/5, E, 6’, H). This is
precisdly the case we just proved with A,C, G, R replaced by A, C, G, R, respectively. Therefore, P
is msstabilizing in the sense that (E — BK(P),C — DIG(P),H) is msstable, where
K(P) = (R+ D'PD) (B + D'PC). Since R(Y) > R(Z) >0, it is directly checked that

-~

K(P)=K(Y)—-K(Z); see[12, proof of Proposition 5]. It follows that
(A — BK(Y),C — DK(Y),1I) = (E — BK(P),C — DK(P), H)
is ms-stable; that is, Y is ms-stabilizing. This finishes proof (i). In particular, all solutions to (2) in

[Z,Y] are ms-stabilizing and so they must be unique by Proposition 12.
The proof (ii) issimilar or it follows from Remark 6.L]

By Remark 3, the ms-detectability condition in Theorem 14 hold if Z is a strict lower solution (i.e.,
E(Z) > 0) or Y isastrict upper solution (£(Y) < 0). Thus we have the following corollary.
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Corollary 15. Suppose (Y, Z) isa pair of upper-lower solutionsand Y > Z.
M IfR(Z)>0and&(Z) > 0, thenY isms-stabilizing.

(i) IfR(Y)<0and £(Y) < 0, then Z is ms-stabilizing.

In both cases, (2) has a unique solution in [Z, Y] and it is ms-stabilizing.

Finally we show that the stabilizing solution to (2) can be approximated by solutions to linear
eguations.

Theorem 16. Suppose (Y, Z) isa pair of upper and lower solutionsto (2) such that Y > Z.
(i) Suppose R(Z)>0 and (\/€(Z),A— BK(Z),C— DK(Z),II) is ms-detectable. Define
H, =Y and H;,, be the unique solution to

L(K(H;); P)+G(K(H;)) +11(P) =0 (34)

fori>1. Then Hy > Hy > --- > Z and H = lim H; is the unique ms-stabilizing solution to (2)in

[Z,Y].
(ii) Suppose R(Y) <0 and (\/—E€(Y),A— BK(Y),C — DK(Y),II) is ms-detectable. Define
H, = 7 and H;,, be the solution to (34) for i > 1. Then H; < Hy <---<Y and H =IlimH; is

1—00

the unique ms stabilizing solutionto (2) in [Z, Y].

Proof. (i) We first show by induction that for i > 1, H; is an ms-stabilizing upper solution to (2) and
H,>7Z. Fori=1,wehave HH =Y > Z and Y is an upper solution to (2) by assumption. By
Theorem 14(i), Y is ms-stabilizing. Suppose now that H; is ms-stabilizing upper solution to (2) and
H; > Z and show that H;, isan ms-stabilizing upper solutionto (2) and H;,; > Z. Usingthat Z is
alower solution with R(Z) > 0 and from (20.1) with P = Z and K = K(H;), we have

0 < LQ(Z) +I1(Z) < LIK(H,); Z) + G(K(H;)) + 11(Z).
This shows that Z is a lower solution to (34). Since H; is ms-stabilizing and H,,, is a solution to

(34), by Theorem 10 (ii), H;.; > Z. Consequently, R(H;i1) > R(Z) > 0. By (20.1) with
P=H;,and K = K(H;), we have

LQ(H;t1) + I(Hiv1) < LIK(H:); Hisa) + G(K(H;)) + H(Hi) =0,
where the last equation is just (34) for H,; ;. SO H;, is an upper solution to (2). By Theorem 14,
H; 1, must be ms-stabilizing.

Next we show that H; > H,,,. Using that H; is an upper solution to (2) and from (19) with
P = H;, wehave

0> LQ(H;) + I(H;) = LIK(H;); H;) + G(K(H;)) + 1L(H;).
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This shows that H; is an upper solutions to (34). By Theorem 10 (ii) again, H; > H; .

Now it is clear that the limit H = lim H; exists and satisfies (2). By Theorem 14, H is

1—00

stabilizing. The proof of (i) issimilar or it follows from Remark 6.1

Appendix of Notation

We collect here the notations frequently used in this paper.

S™ = the set of dl real symmetric n x n matrices

L*>(I,X) = the space of all bounded and measurable functions from I to X.

LY(I,X) = {P € L*(I,X), P’ € L™(I,X)}

II:S"— 8", IT e L*S",S")islinearand IT > 0

A,C e R

B,D, ST e R™*F

R eSF

G,N es"

P,Y,Z € S"or LY>*(1,S")

E(P)=P +LQ(P)+1II(P) or &(P) = LQ(P) + II(P) (l.h.s. of (1) or (2))

L(P)=A"P+ PA+C"PC

Q(P) = (B"P+ D'PC + S)"(R+ D"PD) " (B'P+ D"PC + S)

LQ(P) =G +L(P) - Q(P)

R(P)=R+ D'PD; noteR(0) =R

S(P)=B"P+ D"PC+ S; noteS(0) = S

K(P) = R(P)"S(P), where R(P)" isthe pseudoinverse of R (P)

K(P) = {K € R¥" : §(P) = R(P)K }-the set of feedback matrices associated with P

G(K)=K'"RK — K'S— STK + G; note G(0) =

L(K;P)= (A— BK)'P+ P(A— BK)+ (C — DK) P(C — DK)
Notethat £(0; P) = L(P).
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