
1

General Algebraic and Differential Riccati Equations

from Stochastic LQR Problems with Infinite Horizon

Libin Mou

Department of Mathematics

Bradley University

Peoria, IL 61625

 Abstract. This is a continuation of the paper [12]. We consider general matrix Riccati

equations, including those from stochastic linear regulator problems with infinite horizon. For

differential Riccati equations, we prove a monotonicity of solutions, which leads to a necessary and

sufficient condition for the existence of solutions to algebraic Riccati equations. For solutions to the

algebraic Riccati equations, we obtain results on their comparison, uniqueness, stabilizability and

approximation.

§ 1. Introduction

 The following differential Riccati equation has been studied in [12] by using the method of

upper and lower solutions.

ÚÝ a bÛÝÜ a b a b a ba b
T � E T � TE�G TG � � T

� F T � H TG � W V � H TH F T �H TG � W œ !ß

T > œ R

w

�"

"

X X

X X X X XX

K C

,
(1)

where  is the transpose of , ,  is a symmetric matrix, E E T œX w .T
.> R C is a linear map of symmetric

matrices, and EßFßGßHß ßV WK  and  are bounded and measurable matrix functions with appropriate

dimensions The main results in include an interpretation of upper and lower solutions,. [12] 

comparison theorems, an upper-lower solution theorem, necessary and sufficient conditions for

existence of solutions, an estimation of maximal existence intervals of solutions and an approximation

of solutions.

 This paper is a continuation of focus on [12] with the algebraic equation associated with (1):

E T � TE�G TG � � T

� F T � H TG � W V � H TH F T �H TG � W œ !

X X

X X X X XX

K Ca b
a b a b a b�" ,

(2)

where constant matrices with EßFß ßHß ßV WG K  and  are appropriate dimensions; see (4) below.

 The inclusion of the term  is important to stochastic control problems with MarkovianC

jumping noises and differential game problems with noises depending on both of the and control; see
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[18] and [11], for example. If C œ !, then equation (2) becomes

E T � TE�G TG �

� F T � H TG � W V � H TH F T �H TG � W œ !

X X

X X X X XX

K

a b a b a b�" .

(3)

This equation arises from a stochastic LQR) problem of infinite horizonlinear quadratic regulator (

with control-dependent noises; see Problem (11) below in Section 2.

 A monotonicity property for solutions to equation (1) will be proved, which leads to necessary

and sufficient conditions for the existence of solutions to (2). For solutions to equation (2), we will

prove results on comparison, uniqueness, stabilizability and approximation. Several of our results are

new while others are generalizations of known results for special cases. See [1] and [23] for some

results on equation (2), and[6], [7]  [22] for results on equation (1) with , and [2],G œ H œ W œ !

[3], [4], [5], [9], [10], [16], [17], [19], [21]  [25] for results on classical Riccati[15], [20],  and

equations.

 Our method uses upper and lower solutions to equations (1), (2) and (3), which satisfy the

inequalities associated these equations. This method is closely related to the methods of linear matrix

inequalities in [1] [19] and semidefinite programming in [23]. As pointed out in [12], our method has

several desirable merits. For example, it directly links equation (3) with the LQR problem (11); see

Theorem 2 below. It derives our main results under general assumptions. It gives verifiable necessary

and sufficient conditions for the existence of solutions (Theorems 8 and 9). It also leads to algorithms

for approximating solutions (Theorem 16). In [12], this method is used to estimate the maximal

existence intervals of solutions to differential Riccati equations. It applies to both differential and

algebraic Riccati equations.

 The paper is organized as follows. In Section 2, we introduce some notations and define upper

and lower solutions. In addition, we describe the LQR problem (11) and interpret upper and lower

solutions to (3) in Theorem 2. Section 2 ends with some results from [12] that are needed in this

paper. Specifically, Theorem 5 is an upper-lower solution theorem for equation (1) on a finite

interval. Propositions 3 and 4 are some structural properties of equations (1), (2) and (3).

 In Section 3, we prove a monotonicity (Theorem 7) for solutions to (1), which leads to a

general necessary and sufficient condition (Theorem 8) for the existence of solutions to (2). A simpler

existence result (Theorem 9) for (2) is proved under ms-stabilizability. Theorem 9 generalizes a main

result in [1, Theorem 10] for (3) with . The definitions of ms-stability, ms-stabilizability and ms-W œ !

detectability for equation (2) are also given in this section.

 In Section 4, we study the comparison, uniqueness, stabilizability and approximation of

solutions to (2). Theorem 11 is a comparison theorem for ms-stabilizing solutions. Theorem 12 shows
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the uniqueness and extreme properties of stabilizing solutions. Generalizing a classical relationship

between detectability and stability, Theorem 14 shows that ms-detectability implies the ms-

stabilizability of solutions to (2). Theorem 16 gives algorithms for approximating solutions to (2).

§ 2. Preliminary Results

 We start with some notations used in this paper. For reader's convenience, most frequently

used notations are collected in the Appendix.

 Denote , where  is the transpose of . We write ’ ‘8 8‚8
" #œ T − À T œ T T T Q   Qe fX X

( ) if  positive semidefinite (definite).  For a map  we writeQ � Q Q �Q À Ä" # " #
8 8 8− ’ C ’ ’is a 

C   ! Q ! Q if .Ca b     ! for each 

Assumption. We assume that  and  in equations (1), (2) and (3) are constantEßFßGßHßKßVßW R

matrices and C ’ ’À Ä8 8 is a linear map, which satisfy

EßG − à FßHßW − àV − −‘ ‘ ’ ’ C8‚8 8‚5 8X 5 ; K R   Þ, ; 0 (4)

 For a Hilbert space  and an interval ,  is the space of all bounded and measurable— —M P Mß_a b
functions from  to . Furthermore, we define  TheM P Mß œ ÖT − P Mß ß T − P Mß ×Þ— — — —"ß_ _ w _a b a b a b
solution  to (1) is assumed to be in . Since all matrices in (1) are constant, a solution T P Mß T"ß_a b’8

on an interval is actually smooth. The solution  to (2) and (3) is assumed to be in T ’8, which may be

considered as a constant solution to the associated differential equation (1).

 As in [12], we abbreviate (1), (2) and (3) as

Ú
ÛÜ

T �w L
L
L

Q
Q
Q

a b a b a ba b a ba b
T � T œ !ß T > œ

T � T œ !ß
T œ !ß

C
C

" Rß (1)
(2)
(3)

where LQ Qa b a bT œ K � T �L  anda bT

œ a bL ,
Q

(5) 
a b a b a b a bT œ E T � TE�G TG

F T �H TG � W V � H TH F T �H TG � W

X X

X X X X XX
T œ �"

 We remark that Q  and LQ  may make sense even if  is singular. To seea b a bT T V � H THX

this, we introduce the following notations

e fa b a bT T F T �H TG � Wœ V � H TH œX X X, . (6)

^
e f e

e f e
a b œ a b a b a ba b a b a bT œ

T T T

T T T

�"

�
if   is nonsingular,
if  is singular,

(7)
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where  is the pseudoinverse of . Recall that any matrix  has a unique Moore-Penrosee ea b a bT T Q�

pseudoinverse  with the following properties (see [14] and [1]):Q�

QQ Q œ Qß Q QQ œ Q

Q − Q − QQ œ Q Q

Q   ! Q   !

� � � �

8 � 8 � �

�

. (8)
If , then  and . 

 if and only if .
’ ’

 For a  always exists, but it may not be function T − T œ T TP Mß"ß_a b’ ^ e f8 �, a b a b a b
bounded on  nor satisfyM

f e ^a b a b a bT œ T T . (9)

We recall the following definitions given is said to be in [12]. A function T − P Mß"ß_a b’8  iffeasible 

^ ‘a b a bT − P Mß_ 5‚8  and (9) holds a . feedback matrixA function  is called  O P Mß− _ 5‚8a b‘

associated with . T − P Mß"ß_a b’8  if it satisfies f ea b a bT œ T O O =The set of all such  is denoted byw

Š ^a b a bT T. Suppose  − TP Mß T Á g_ 5‚8a b‘ , then  is if and only if feasible Ša b , and in this case,

Q (10)a bT œ ^ e ^ ea b a b a b a bT T T œ O T OX X ,

for each ; see [12] for proofs of these relationships. In short, Q  and LQ  are well-O − Ša b a b a bT T T

defined by (10) whenever  is feasible.T

 If T − T’8 is constant, then  is  as long as (9) holds. The definition of "feasible"feasible

consists with the term defined in [23] for the associated semidefinite programming problem.

Definition 1. T − P Mß"ß_a b’8  is a solution (upper solution, lower solution) to (1) if

L L  ( )  ( , Q Q ,a b a b a bT T � T Ÿ ! Þ� œ !   ! ß T > œ R   R Ÿ RÑC a b"
An upper (or lower) solution is strict if one of the inequalities is strict. Similarly,  is a T − ’8 solution

(upper, lower solution) to (2) if L  ( , , respectively).Qa b a bT � TC œ ! Ÿ !   !

 We now briefly describe the LQR problem that leads to equation (3). For a detailed account

of this problem, see [1] and [23]. Consider

Ú
ÛÜ

a ba b e f' a ba b a b a b
minimize/maximize  for , where 

 subject to (11.1)
0

N Ò!ß_Ñ

N K

!

? ? −

? œ I B B � #B W? � ? V? .>

.B œ EB � F? .> � GB �H? .[ß >   à B œ

h
_
!

X X X

D, (11.2)
(11)

where  is a standard Brownian motion for  on a complete probability space with[ > ! Ÿ > � _a b
[ œ !a b! Ò!ß_Ñ almost surely, Ief is the expectation of the enclosed variable, and h  is the set of all

admissible control processes  defined below. ? Let  (same as  in [1]) be the space ofP P# 5 # 8a b a b‘ ‘Y
?

‘5-valued  that are processes  on adapted to the -field generated by  and satisfy? [ >Ò!ß_Ñ 5 a b
I l?l .> � _ ? −'_ #

!  (square-integrable). Each control. We say thatP# 5a b‘  is an open-loop 

? − BP D −# 5 8a b‘ ‘ is  if the solution  to equation (11.2) satisfiesms-stabilizing for every  
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I lB l Ä ! > Ä _e fa b> #  as . The state equation (11.2) is if there exists a feedback matrixstabilizable 

O − ? œ �OB B‘5‚8 such that  is stabilizing, where  is the solution to

.B œ B.> � B.[ß B œa b a b a bE � F G � HO O ! D, (12)

which is induced from (11.2) by . In this case,  is called a . A? œ �OB O stabilizing feedback matrix

solution  to (3) is said to be if  is stabilizing.T − ? œ � T B’ ^8 stabilizing a b
 These concepts will be generalized for equation (2) without referring to the state equation

(11.2).

 The admissible set  consists of all  such that the solution  to equationh ‘Ò!ß_Ñ ? − P B# 5a b
(11.2) is -integrable; that is,  is well-defined for eachP I lB > l .> � _ N ?# #e f a b' a b_

! . Clearly 

? − hÒ!ß_Ñ. Furthermore, the following relationship holds.

Proposition 1. Each ? − hÒ!ß_Ñ ? œ �OB is stabilizing. Conversely, if   isO − ‘5‚8 such that

stabilizing, then .? Ò!ß_Ñ− h

Proof. If , then the solution  to (11.2) satisfies , which implies? − hÒ!ß_Ñ B I lB > l .> � _e f' a b_
!

#

that  as . In other words,  is stabilizing. Conversely, if  isI lB l Ä ! Ä _ ? ? œ �OBe fa b> >#

stabilizing, then by , there exists , , such that , where[1, Theorem 1] T − T � ! � !’8 _a bOàT

_a bOàT œ O T � T O � O T Oa b a b a b a bE � F E � F G � H G � H
X X , (13)

which is L  under the substitution . With a b a b a bT EßG Ä E � FOß G �HO ? œ �OB, equation

(11.2) reduces to (12). y the Fundamental Theorem of calculus and Ito's lemma, we haveB

I B > TB > œ D TD � I B > TB > .>
.

.>

œ D TD � I B OàT B.>

e f a b a ba b a b (
( a b

X X X

X X

" "

>

!
>

!

"

"

_ . 

(14)

From (14) and the fact that that I lB l Ä ! > Ä _e fa b>"
#

" as , one has I B OàT B.>'_
!

X_a b
œ �D TD OàTX . This implies that . I lB > l .> � _e f' a b_

!
#  because . So _a b � ! ? − Ò!ß_Ñh ¨

 interestingThrough approaches of convex optimization and semidefinite programming, 

relationships between equation (3) and the LQR problem (11) have established in [1] and [23]. Next

theorem reveals a close relationship between upper and lower solutions to (3) and the LQR Problem

(11).

Theorem 2. Suppose  is feasible and stabilizing. We haveT − ’8

(i) If LQ  and , then .a bT   !   !e ha bT N TD ? − Ò!ß_Ña b?   DX  for each 

(ii) If LQ  and , then .a bT Ÿ ! Ÿe ha bT ! N TD ? − Ò!ß_Ña b? Ÿ DX  for each 
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(iii) )  then  is the minimum (maximum,If LQ  and  (or a bT œ !   !e ea b a bT T ! TDŸ D, X

respectively) value of  over occurs when , where and N Ò!ß_Ñ ? œ �OB O − T Ba b? h Š, which a b
satisfies (12).

Proof. Suppose ? − Ò!ß_Ñh  and  is the solution to B equation . (11.2) By the Fundamental Theorem

of calculus and Ito's formula, we have

I B > TB > œ D TD � I B > TB > .>
.

.>

œ D TD � I B T B � #? F T �H TG B � ? H TH? .>ß

e f a b a ba b a b (
( e fa b a b

X X X

X X X X X X X

" "

>

!
>

!

"

"

L  

(15)

where L  as defined in (5). Since a bT œ E T � TE�G TG >X X I lB l Ä ! > Ä _e fa b" #
" as , the limit

of (15) becomes

! œ D TD � I B T B � #? F T �H TG B � ? H TH? .>X X X X X X X( e fa b a b_

!
L . (16)

Adding (16) to and using the notations  and  in (6), we obtainN T Ta b? e fa b a b
N œ D TD � I B T � K B � #? T B � ? T ? .>a b? X X X X( e fa b a b a ba b_

!
L .f e

Since  for each , we can writef e Ša b a b a bT œ T O O − T

#? T B � ? T ? œ ? � OB T ? � OB �O T OX X XX
f e e ea b a b a b a ba b a b .

Recall that LQ L . It follows thata b a b a bT œ K � T �O T OXe

N œ D TD � I B T B � ? � OB T ? � OB .>Þa b? X X X( ˜ ™a b a b a ba b_

!
LQ e (17)

In case (i), we have  for everyLQa b a bT T ! N D TD  ?  0 and , so (17) implies that e   a b X

? − Ò!ß_Ñ D TD ? − Ò!ß_Ñh h. Similarly, in case (ii), (17) implies that  for every . In caseN ? Ÿa b X

(iii), (17) implies that for every ,? − Ò!ß_Ñh

N ? œ D TD � I ? � OB T ? � OB .>Þa b a b a ba b( ˜ ™X X
_

!
e

It follows that  has a minimum (maximum)  at  if if .N ? D TD ? œ �OB T   ! Ð T Ÿ !Ña b a b a bX e e

Equation (12) is precisely the state equation  with . (11.2) ? œ �OB ¨

 Note that when  the cost  becomes , where? œ �OBß N ? N œ B O B.>a b a b'O
_
!

XZ

Za bO œ O VO � O W � W O � KX X X . (18)
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 The following two propositions and Theorem 5 are proved in [12] and will be used in this

paper.

Proposition 3. Suppose  is feasible and , T − P Mß − T OàT"ß_a b a b a b’ ‘8 _ 5‚8O P Mßa b. Let LQ _

and  be defined in (5), (13) and (18), respectively. ThenZa bO

(i) ,LQ (19)a b a b a bT � œ O � OàTa b a ba b^ ^a b a bT T�O T �O
X
e Z _

(ii)
, if         
, if         

.         

Ú
ÛÜ

a b a b a b a ba b a b a b a ba b a b a b
LQ (20.1)
LQ (20.2)
LQ (

T Ÿ O � OàT T   !
T   O � OàT T Ÿ !
T œ � àT

Z _ e
Z _ e
Z _^ ^a b a bT T 20.3)

(20)

Proposition 4. Suppose . Denote] ^ O P Mßß − P Mß −"ß_a b’ ‘8 _ 5‚8 are feasible and a b
T œ ] � ^ ^ ^ ^,  . ThenE œ E � Fs ^ ^ ea b a b a bß G œ G �H V œs s and 

(i) LQ (21)a b] � ^

œ E T � TE�G TG �s s s s

LQa b
X X X

X X X X Xˆ ‰ ˆ ‰ ˆ ‰F T �H TG V � H TH F T �H TGs s s�

(ii) If  is given, then (1) for  is equivalent to the following equation for ^ ] œ �equation T ] ^ :

ÚÝÛÝÜ
a b

a b
T E T � TE�G TG � Ts s s s

�

T > œ ^ >

w

" "

� K�s
X X

X X X X X
X

Cˆ ‰ ˆ ‰ ˆ ‰a bF T �H TG V � H TH F T �H TG œ !ßs s s

�

�

R ,

(22)

where K œ ^ ^ ^s w � � ÞLQa b a bC

 Note that ^ K ! R ^ >s is a lower solution to (1) if and only if  and  is a  !�   !a b" , that is, 

lower solution to (22)  is an upper solution to (1) if and only if  an upper solution to. Similarly, ^ !

(22). In other words, equation (1) has an upper or lower solutions is equivalent to that (1) can be

translated to a problem that has  as an upper or lower solution.standard !

 Also note that Propositions 3 and 4 hold, in particular, for  and Tß ] ß ^ − O −’8 ‘5‚8Þ

Theorem 5  (Upper-lower solution theorem). Suppose that  is a pair of upper-lower solutionsa b] ^, 

to (1) on a finite interval .M

(i) If either  or , then one of is strict, thene ea b a b^ ] ] ^ ] ^  ! Ÿ !   . In addition, if  and

] ^� .

(ii) If either  or , then equation (1) has a unique solution  with e ea b a b^ ] ] ^� ! � ! T   T   .

Remark 6. As noted in [12, Remark 3], if a lower solution  (if it exists) to (1) with  has^ ^ea b � !

certain property, then an upper solution  (if it exists) to (1) with  also has the] ]ea b � !
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corresponding property. Same is true for equations (2) and (3). Because of this, properties of upper

solutions may be stated without proof.

§3. Monotonicity of Solutions to (1) and Existence of Solutions to (2)

 Now we consider equations (1) and (2), which are

Xa bT ´ T � T � T œ !ßw LQa b a bC T œa b> R" , (1)

Xa bT ´ LQa b a bT � T œ !C . (2)

Since a solution  to (2) is also a solution to (1), we use the same notation  for bothT − T’ X8 a b
equations. By the local theory of differential equations, equation (1) has a unique solution in a

maximum interval .Ð ß Ó> >! "

 Next theorem shows that a solution to (1) is monotone if and only if R  is a lower or upper

solution to (2); that is,  or .X Xa b a bR ! R  Ÿ !

Theorem 7. Suppose  is the feasible solution of (1) in . Then we haveT Ð ß Ó> >! "

(i)   is increasing in  as  decreases.Xa bR ! > >  T Ð ß Ó > if and only if ! "

(ii)  is decreasing in  as  decreases.Xa bR ! > >Ÿ T Ð ß Ó > if and only if ! "

Proof. (i) If , then  is a lower solution to (1). By Theorem 5,  for allXa b a bR R R  ! T >  

> − Ð ß ÓÞ − !ß > � > T À Ð ß Ó Ä T > œ T > �> > > � > �! " ! " For any number , define  by .7 ’ 7a b a b a b" ! ‡ ‡
87 7

Since (1) is time-invariant,  is a solution to ( ) with . ByT > T œ T �   œ T‡a b a b a b a b1 * > > R >" " "7

Theorem 5 again,  for , or equivalently,  for everyT >   T > > − Ð ß Ó T > �   T >‡a b a b a b a b> � >! "7 7

7 − !ß > � > T > Ð ß Ó >a b a b" ! . In other words,  is increasing in  as  decreases. Proof of (ii) is similar> >! "

using the fact that .R  is an upper solution ¨

 Theorem 7 implies that if  is a bounded solution to (1) on  with  being an upperT Ð�_ß > Ó R"

or lower solution to (2), then   exists and  is a solution to (2). As a result, we haveT ´ T > T_ _
>Ä�_
lim a b

the following necessary and sufficient existence condition for solutions to (2).

Theorem 8. Equation (2) has a solution  with   if and only if it has aT − T � ! T � !’ e e8 a b a ba b
pair  of upper and lower solutions with  and  , respectively .a b a b a ba b] ß ^ ]   ^ ^ � ! ] � !e e

Proof. The necessity is obvious by choosing . For the sufficiency, consider equation (1)] ^œ œ T

with boundary values  and , respectively. Since  is an upper solution and  is a lowerR œ ] ^ ] ^
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solution (1) in , by Theorem 5, there exist solutions  and  on  such thatÐ�_ß Ó T T Ð�_ß Ó> >" "] ^

T > œ ] T > œ ^   T   T   T T] " ^ " ] ^ ] ^a b a b,  and . By Theorem 7, both  and  are monotone.] ^

So  and  exist. Clearly  and  are solutions to (2) and] œ T > ^ œ T > ] ^_ >Ä�_ ] _ >Ä�_ ^ _ _lim lima b a b
they satisfy ] ^ ^ � !  ]   ^  _ _ . If  then ea b e ea b a b]   ^_ _ � ! ] � !. If  thenea b
! � e ea b a b]   ^_ _ . ¨

 In fact,  and  are the maximal and minimal solutions of (2) in the "interval"] ^_ _c d e f c d^ ] ^ ]ß œ T − ß^ Ÿ T Ÿ ] Q − ß Ð Ñ’8 , respectively. Indeed, if  is a solution to 2 , then

] ^  T >   Q   T >   ]   Q   ^] ^ _ _a b a b , which imply that .

 Since equation (2) may arise from problems with different state equations, it is more

appropriate to introduce the concepts of stabilizability and detectability for equation (2) without

referring these state equations. We haveSuppose  are as in (4) and .  EßFßGßHßKß T −C ’8

Definition 2.   is  if there exists  such thata bEßGß − ß � !C ms-stable Y Y’8

L ; (23)a b a b a bY Y Y Y Y Y� œ E � E � G G � � !C CX X

that is, L  has a strict upper solution .a b a bT T� œ ! Y � !C

  is  if there exists  such thata bEßFßGßHß O −C ms-stabilizable ‘5‚8

a b a b a bE � FOß G �HOß OàT � T Y � !C _ C is ms-stable; that is,  has a strict upper solution .

Such a matrix  is called an ms-stabilizing feedback matrix.O

  is  if  for some  and there existŠ ‹ÈKßEßGß K œ J J J −C ‘ms-detectable X ;‚8

Q Q Q Q" # " #
;ß − V E � J ßG � Jß8‚  such that  is ms-stable.  a bC

  is if  is ms-stableT − E � F T ß G �H T ß Þ’ ^ ^ C8 ms-stabilizing a ba b a b
 As proved in [1, Theorem 1],  the  ms-stabilizability of  a bEßFßGßHß! is equivalent to the

existence of a matrix  such that the solution  to (12) satisfies .O − B‘5‚8 I lB l Ä ! > Ä _e fa b> #  as 

When , the ms-stabilility, ms-stabilizability and ms-detectability defined here areG œ H œ !

equivalent to those defined in [6, Definitions 3.1 and 3.2]. So our definitions generalize these classical

concepts to equation (2).

 Assuming the we obtain a simpler necessary and sufficientms- , stabilizbility of a bEßFßGßHß C

condition for solutions to (2) in the next theorem.

Theorem 9. Suppose  is stabilizable.a bEßFßGßHß C

(i) Equation (2) has a solution  with it has a lower solution  withT T � ! ^ea b  if and only if 

ea bZ .� !
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(ii) Equation (2) has a solution  with it has an upper solution  withT T � ! ]ea b  if and only if 

ea b] � !.

Proof.   (i) The necessity is trivial. For sufficiency, suppose that  is ms-stabilizable anda bEßFßGßHß C

that  is a lower solution with . Then ^ ^ � !ea b _ Ca b a bOà � � ! O −Y Y  for some ‘5‚8 and

Y � ! ] œ Y � ! ]   ^. Let . Choose an  such that  and! !

_ C Z ! _ C Za b a b a b a b a ba b a bOà] � ] � O œ Oà � � O � !ßY Y

where  is defined in (18). It follows that . By Proposition 3 (ii) with ,Z e ea b a b a bO   ^ � ! T œ ]]

we have that

LQa b a b a b a b a b] � ] Ÿ Oà] � ] � OC _ C Z � !Þ

This shows that  is a strict upper solution to (2). By Theorem 8, equation (2) has a solution in]c d^ß] . The proof of (ii) is similar or it follows from Remark 6. ¨

 In the case , some of the results in this section are well-known; for example,G œ H œ W œ !

see [6], [7] and [22].

§ 4. Comparison, Uniqueness, Stabilizability and Approximation of Solutions to (2)

 Now we consider the uniqueness, ilizability and approximation of solutions to (2). Wems-stab

first prove some equivalent descriptions of the ility of . Definems-stab a bEßGßC  :  by7 ’ ’8 8Ä

7 C -a b a b a b'Y Y Yœ / ÐG G � Ñ/ .> E E . Denote by  the set of all eigenvalues of  and by_
!

E > E>X X

<5a b7 7 the spectral radius of .

Theorem 10. (i) The following are equivalent.

 (a)  is ms-stable.a bEßGßC

 (b)  and .Re- 7a b a bE � ! < � "5

 (c)  has a unique solution for every . If  then La b a bY Y K K K�C � œ ! −   ! Y   !’8

and if  then .K � ! Y � !

(ii) Suppose  is ms-stable and  is a pair of upper and lower solutions toa b a bEßGß Y ß ZC

L , then a bT � K œ ! Y   Z Þ�Ca bT

Proof. (a) (b). LÊ �Suppose  satisfies L . Let Y Y L Y Y− ß � ! Y � Y � ! œ �’8 a b a b c dC a b a bC

� !, then we have
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E � E � G G � � œ !X XY Y Y Y LCa b . (24)

In particular, E � E � ! EXY Y , which implies that  must be stable in the sense that all eigenvalues of

E have negative real parts; that is, Re Now (24) can be rewritten as-a bE � !. 

Y Y Y L Y Qœ ( a b_

!

E > E>/ Ð � Ñ/ .> œ � ß
X

G G �X Ca b 7  

where Q L Y Yœ / / .> � !Þ 5   ! œ � 0 Q' a b a b_
!

E > E> 5�"
5

X

 It follows that for all integers , ,7

where . Since ,  is an increasing sequence and .0 Q ´ � ! 0 Q 0 Q Ÿ Y5 5 5
3œ!

5
3a b a b a b a b!7 Q Q

Therefore, the series  converges and  Since each  can be0 ´ 0 Q œ Þ T −_ _
3œ!

_
3 8a b a b a b!Q Q Y7 ’

written as  where  and  is linear,  is well-defined for all  byT œ T � T T   ! 0 0 T −� � „ _ _
8’

0 T œ 0 T � 0 T_ _ � _ �
3œ!

_
3a b a b a b !. Now if  is an eigenvalue of , then  must converge to an- 7 -

eigenvalue of . Therefore,  and so 0 l l � "- < � "5a b7 .

(b) (c)  is defined for everyÊ 0 œSuppose  and . Then V/ E � ! < � "- 7a b a b5 _
3œ!

_
3a b a b!T T7

T T K Y T Y T Y− œ / / .> œ 0 œ �’ 78 E > E>_
!. Take . It is easily checked that  satisfies that ,' a b a bX

which is equivalent to L . Since any solution to L  isa b a b a b a bY Y K Y Y K� � œ ! � � œ !C C

represented as , where , the solution has to be unique. If  or ,0 œ / / .>   ! � !_
_
!

E > E>a b 'T T K K
X

then  or , which implies that  or , respectively.T   ! � ! Y   ! � !

(c) (a). Let , then L  has a solution  So  is ms-Ê œ I � � I œ ! � !Þ EßGßK Y Y Ya b a b a bC C

stable. This finishes the proof of (i).

 To prove (ii), consider . Then  satisfies L  for someT œ Y � Z T T � � œ !a b a bC T L

L   ! Y   Z Þ. Part (i.c) implies that ¨

 The idea of the proof of Theorem 10(i) is from [22] and [6], which proved (i) for the case

G œ H œ W œ !.

 Unlike (1), the solutions of (2) may not be unique. Nevertheless, we have the following

comparison result for (2).

Theorem 11. Suppose that  is an upper solution and  a lower solution to equation (2). Then] ^

] ^ ] ^ ^ ]  � ! � ! if either (i)  is ms-stabilizing and , or (ii)  is ms-stabilizing and .e ea b a b
Proof. Suppose Let  and .] ^ ] ^ L is ms-stabilizing and . ea b � ! T œ � œ ^ � ]   !X Xa b a b
Then � œ T �L ]Ca b LQa b� LQ  By Proposition 3 (i) with  and , respectively,a b^ Þ T œ ] T œ ^
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�L œ T �

T �

C

C

a b
a b

LQa b
a b

] �

] �O ] ] �O � ^ �O ^ ^ �O

LQa b^ œ

OàT �_ a b a ba b a b a ba ba b a b a b a b^ e ^ ^ e ^
X X ,

(25)

where _a bOàT œ O T � T O � O T Oa b a b a b a bE � F E � F G � H G � H
X X  as defined in (13).

Setting  in (25), we getO œ ^a b]

_ Ca b a b^ ^ ^a b a b a b] ] ] LàT � T � a b a ba ba b a b^ e ^^ � ^ ^ � � œ !
X .

Since  and ,  is an upper solution to e ^a b a b^   ! L   ! T _ Ca b a b] à T � T œ !. By the assumption

that  is ms-stabilizing, ] a ba b a bE � F ß G �H ß^ ^ C] ]  is ms-stable. Therefore, we can apply

Theorem 10 (ii) to the linear equation _ Ca b a b^a b] à T � T œ ! to conclude that ; that is,T   !

] ^  Þ The proof (ii) is similar . or it follows from Remark 6 ¨

 Denote by  ( ) be set of all solutions  to (2) with  ( , respectively).m m ’ e� �
8T − T � ! � !a b

By Theorem 11, if  is ms-stabilizing, then  for every .  It follows that the ms-T − T   X X −m m� �

stabilizing solutions in  must be maximal and so unique. Similarly, ms-stabilizing solutions in m m� �

are minimal and unique. Therefore, we have the following uniqueness of ms-stabilizing solutions. For

the same result for classical Riccati equations ( ), see [25, Ch. 13] for example.G œ H œ W œ œ !C

Proposition 12.

(i) If  is ilizing, then  is maximal in  and  is the unique ms-stabilizing solutionT − Tm m� �ms-stab T

in .m�

(ii) If  is ilizing, then  is minimal in  and  is the unique ms-stabilizing solutionT − Tm m� �ms-stab T

in .m�

 Now we consider the ilizability of solutions to (2). First consider the linear equationms-stab

associated with (2):

L (26)a b a bT � T ´ E T � E � G GC X XT T � � K œ !ÞCa bT

and its generalization with O − À‘5‚8

_ Ca b a bOàT � T �K� VO O œ !X , (27)

where  is defined as in (13). We have_a bOàT

Theorem 13. Suppose that  is ms-detectable.Š ‹ÈKßEßGßC

(i) If (26) has an upper solution then  is ms-stable.T   EßGß!, a bC

(ii) More generally, if for some  and  with , (27) has an upper solutionO − V V − V � !5‚8 8’

T   ! E � FOß G �HOß, then a bC  is ms-stable.
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Proof. (i) The ms-detectability of Š ‹ÈKßEßGßC  implies that  for some  andK œ J J J −X ‘;‚8

there exist  such that  is ms-stable; that is,  Q Q Q Q" # " #
;ß − V E � J ßG � Jß8‚ a bC

a b a b a b a b a bE � J � E � J � G � J G � J � � !Q Z Z Q Q Z Q Z" " # #
X X

C (28)

for some . Expanding (28) we obtain! � Z − ’8

L (29)a b a b a bZ � Z � J Z � Z J � J Z G � G Z J � J Z J � !ÞC X X X XX X XQ Q Q Q Q Q" # #" # #

where L . With 0 dropped, (29) still holds. It followsa bZ œ E � E � G G J Z J  X X X XZ Z Z Q Q# #

that for some ,& � !

L . (30)a b a b a bZ � Z � J Z � Z J � J Z G � G Z J � Z � G Z G � !C % %X X X XX XQ Q Q Q" #" #
# #

Let + Z � Z Î be the largest eigenvalue of . Then one hasa bQ Q Q Q" #" #
X X &#

J Z � Z JÎ Ÿ +J J œ �+ T � TX XX Xa b c da b a bQ Q Q Q" #" # &# L , (31)C

where the last inequality is just (26). . Then . Combining (30) and (31),Define [ œ +T � Z [ � !

we obtain that

L La b a b a ba b a b� ‘
� ‘a b a b

[ � [ œ + T � T �

� � Z � J Z � Z J � G Z J � J Z G � +J J

Ÿ � I � JÎ Z I � JÎ �

C C La b a b
a b a b

Z � Z

G Z G �

G � JÎ G � JÎ Ÿ

C

& &

& & & & & & & &

# X X X X XX X

X X

Q Q Q Q

Q Q Q Z Q

" #" #

" " # #

#

!Þ

This shows that  is ms-stable.a bEßGßC

(ii) Let . Then By assumption, Y Y Yœ œ
J

V” •"Î#O
O O Q QX X XJ J � V E � J ßG � Jß. a b" # C

is ms-stable for some  and  Let  and . ThenQ Q Q Q" # " " # #Þ œ ß�FV œ ß�HV` `� ‘ � ‘�"Î# �"Î#

we have that

E � F � œ E � Jß G �HO � œ G � JO Q Q` `" " # #Y Y .

So , which  is ms-stable. Ina b a bE � F � ß G �HO � ß œ E � J ßG � JßO Q Q` `" # " #Y Y C C

other words, By (i) applied to (27),ˆ ‰ÈY Y CX ß ß ßE � F G � HOO  is ms-detectable. 

a bE � F G � HOOß ßC  is ms-stable The proof (ii) is similar . or it follows from Remark 6.¨

Remark 3. The special case  of Theorem 13 is proved in [6, Lemmas 3.2, 3.4].G œ H œ W œ ^ œ !

Note that n Theorem 13, i  is ms-detectable if . Indeed, let  such thatŠ ‹ÈKßEßGß K � ! J � !C

K œ J − !ß_ I � � I Î# œ E � I J œ GJ# �" �" and  such that . Take  and  .! ! C !a b a b a bQ Q" #

Then the left-hand side of (28) with  becomes . So  is ms-Z œ I # I � I � ! KßEßGß! C Ca b Š ‹È
detectable.
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 Now we prove the ms-stabilizability of solutions to (2). The special case

G œ H œ W œ ^ œ ! of Theorem 14 (i) has been proved in [6] and [22].

Theorem 14. Suppose  is a pair of upper-lower solutions to (2) and .a b] ^ ] ^ß  

(i) If  and  is ms-detectable, then  is ms-e X Ca b a bˆ ‰È^ ^ ]� ! ß ß ßE � F ^ G � H ^^ ^a b a b
stabilizing.

(ii) If  and  is ms-detectable, then  is ms-e X Ca b a bˆ ‰È] ] ^� ! � ß ß ßE � F ] G � H ]^ ^a b a b
stabilizing.

In both cases, (2) has a unique solution  in  and  is ms-stabilizing.T ß Tc d^ ]

Proof. (i) We first assume  and . The assumptions imply that  andW œ ! œ !   !ß V � !^ K

Š ‹ a bÈKßEßGß O œ TC ^ is ms-detectable. By (19) with , equation (2) is equivalent to

_ ^ C Z ^a b a b a ba b a bT àT � T � T œ !. (32)

Note that  and . So (32) is precisely (27) with .W œ ! T œ K � T V T O œ TZ ^ ^ ^ ^a b a b a b a ba b X

Because  is an upper solution to (2) and so it also an upper solution to (32), Theorem 13 (ii) implies]

that  is ms-stable; that is,  is ms-stabilizing. For the general case,a bE � F ] G � H ]^ ^a b a bß ßC ]

consider T ] ^œ � T. Then by (22), equation (2) for  is equivalent to

ÚÝÛÝÜ
a b

a b
K�s E T � TE�G TG � Ts s s s

�

T > œ ^ >

X X

X X X X X
X

Cˆ ‰ ˆ ‰ ˆ ‰a bF T �H TG V � H TH F T �H TG Ÿ !ßs s s

�   !

�

" "R ,

(33)

where E œ E � Fs ^ ^ C ea b a b a b a b a b^ ^ ^ß G œ G �H K œ ^ � ^   ! V œ � !s s s , LQ  and The. 

assumptions imply that (33) has a lower solution  with ms-detectable ! Š ‹ÈKß ß ßs E Gs s C . This is

precisely the case we just proved with  replaced by , respectively.EßGßKßV EßGßKßVs s s s  Therefore, T

is ms-stabilizing in the sense that  is ms-stable, whereŠ ‹a b a bE � F T ß G �H T ßs s s s^ ^ C

ŝ T œa b ˆ ‰ ˆ ‰ a b a bV � H TH F �H TG ]   ^ � !s sX XX
�"

. Since , it is directly checked thate e

^ ^ ^s T œ �a b a b a b] ^ ; see [12, proof of Proposition 5]. It follows that

a b Š ‹a b a b a b a bE � F ] ß G �H ] ß œ E � F T ß G �H T ßs s s s^ ^ C ^ ^ C

is ms-stable; that is, ]  is ilizing. This finishes proof (i). ms-stab In particular, all solutions to (2) inc d^ ]ß  are ms-stabilizing and so they must be unique by Proposition 12.

 The proof (ii) is similar . or it follows from Remark 6 ¨

By Remark 3, the ms-detectability condition in Theorem 14 hold if  is a strict lower solution (i.e.,^

X Xa b a b^ ] ]� ! � !) or  is a strict upper solution ( ). Thus we have the following corollary.
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Corollary 15. Suppose  is a pair of upper-lower solutions and .a b] ^ ] ^ß  

(i) If  and , then  is ms-stabilizing.e Xa b a b^ ^ ]� ! � !

(ii) If  and , then  is ms-stabilizing.e Xa b a b] ] ^� ! � !

In both cases, (2) has a unique solution in  and it is ms-stabilizing.c d^ ]ß

Finally we show that the stabilizing solution to (2) can be approximated by solutions to linear

equations.

Theorem 16. Suppose  is a pair of upper and lower solutions to (2) such that .a b] ^ ] ^ß  

(i) Suppose  and  is ms-detectable. Definee X Ca b a bˆ ‰È^ ^� ! ß ß ßE � F ^ G � H ^^ ^a b a b
L œ L" 3�"]  and  be the unique solution to

_ ^ Z ^ Ca b a b a ba b a bL àT � L � T œ !3 3 (34)

for  Then  and  is the unique ms-stabilizing solution to (2) in3   "Þ L   L   â   L œ L" # 3
3Ä_

^ lim

c d^ ]ß .

(ii) Suppose  and  is ms-detectable. Definee X Ca b a bˆ ‰È] ]� ! � ß ß ßE � F ] G � H ]^ ^a b a b
L œ 3   "Þ L Ÿ L Ÿ â Ÿ L œ L" 3�" " # 3

3Ä_
^ ] and H  be the solution to (34) for  Then  and  islim

the unique ms stabilizing solution to (2) in .c d^ ]ß

Proof. (i) We first show by induction that for ,  is an ms-stabilizing upper solution to (2) and3   " L3

L   3 œ " L œ ]   ^ ]3 "^ . For , we have  and  is an upper solution to (2) by assumption. By

Theorem 14(i),  is ms-stabilizing. Suppose now that  is ms-stabilizing upper solution to (2) and] L3

L   L L  3 3�" 3�"^ ^ ^ and show that . is an ms-stabilizing upper solution to (2) and  Using that  is

a lower solution with  and from (20.1) with  and , we havee ^a b a b^   ! T œ O œ L^ 3

! Ÿ � ŸLQa b a b^ ^ ^ ^C _ ^ Z ^ Ca b a b a ba b a bL à � L �3 3 .

This shows that  is a lower solution to (34). Since  is ms-stabilizing and  is a solution to^ L L3 3�"

(34), by Theorem 10 (ii), . Consequently, . By (20.1) withL   L   ^ � !3�" 3�"^ e ea b a b
T œ L O œ L3�" 3 and , we have^a b

LQa b a bL � L Ÿ3�" 3�"C _ ^ Z ^ Ca b a b a ba b a bL àL � L � L œ !3 3�" 3 3�" ,

where the last equation is just (34) for . So  is an upper solution to (2). By Theorem 14,L L3�" 3�"

L3�" must be ms-stabilizing.

 Next we show that . Using that  is an upper solution to (2) and from (19) withL   L L3 3�" 3

T œ L3, we have

!   L � L œLQa b a b3 3C _ ^ Z ^ Ca b a b a ba b a bL àL � L � L Þ3 3 3 3
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This shows that  is an upper solutions to (34). By Theorem 10 (ii) again, .L L   L3 3 3�"

 Now it is clear that the limit  exists and satisfies (2). By Theorem 14,  isL œ L Llim
3Ä_

3

stabilizing. The proof of (ii) is similar . or it follows from Remark 6 ¨

Appendix of Notation

 We collect here the notations frequently used in this paper.

 ’8 the set of all real symmetric  matricesœ 8 ‚ 8

 P Mß œ M_a b— —the space of all bounded and measurable functions from  to .

 P Mß œ ÖT − P Mß ß T − P Mß ×"ß_ _ w _a b a b a b— — —

 C ’ ’ ’ ’À Ä !8 8 8 8,  C C−  P ß_a b is linear and 

 EßG − ‘8‚8

 FßHß W −X ‘8‚5

 V − ’5

 , K R − ’8

 T ß ] ß^ − ’ ’8 8 or P Mß"ß_a b
 X Xa b a bT œ T œT � T � T T � Tw L LQ  or Q   (l.h.s. of (1) or (2))a b a b a b a bC C

 La bT œ E T � TE�G TGX X

 Qa bT œ a b a b a bF T � H TG � W V � H TH F T � H TG � WX X X X XX �"

 LQ L Qa b a b a bT œ K � T � T

 ea bT œ V � H THX ;   note ea b! œ V

 fa bT F T � H TG � Wœ X X ;  note fa b! œ W

 , where ^ e fa b a b a bT œ T T� e ea b a bT T� is the pseudoinverse of 

 -the set of feedback matrices associated with Š ‘a b e fT œ O − À T5‚8 f ea b a bT œ T O

  note Z Za b a bO œ O VO � O W � W O � Kà ! œ KX X X

 _a b a b a b a b a bOàT œ E � FO T � T E � FO � G � HO T G � HOX X

  Note that L ._a b a b!à T œ T
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