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Abstract

Let B be a ring with 1, C' the center of B, G a finite automorphism group
of B, and BY the set of elements in B fixed under each element in G. Then
it is shown that if B is a commutator Galois extension with Galois group G,
then B is an Azumaya C-algebra if and only if B¢ is an Azumaya C“-algebra.
This generalizes F. DeMeyer’s result for center Galois extensions. A Galois H-

separable extension of an Azumaya algebra is also characterized.

1. Introduction

Let B be a Galois extension of BY with Galois group G and C the center of B. In ([1],
[2]), the class of Galois extensions B with Galois group G such that BY is an Azumaya
C%-algebra (that is, B is an Azumaya Galois extension with Galois group G) was studied.
It can be shown that for a Galois extension B with Galois group G, BY is an Azumaya
C%-algebra implies that B is an Azumaya C-algebra. In [4], DeMeyer showed that, if C

is a Galois extension with Galois group G|c = G (that is, B is a center Galois extension
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with Galois group G), then B is an Azumaya C-algebra if and only if B¢ is an Azumaya
C%-algebra ([4], Lemma 2). Noting that an Azumaya Galois extension is not necessarily a
center Galois extention, in the present paper, we are interested in a more general problem:
Is it true that B is an Azumaya C-algebra if and only if B® is an Azumaya C%-algebra
for a Galois extension B with Galois group G7 We first prove this affirmatively when
Vp(BY), the commutator subring of BY in B, is a Galois extension with Galois group
Gly,(pey = G (that is, B is a commutator Galois extension with Galois group G). Since
C C Vg(BY), our result generalizes the above DeMeyer result for center Galois extensions.
Then, we construct an example of a Galois H-separable extension B ([6]) such that B is an
Azumaya C-algebra, but B is not an Azumaya C“-algebra. Moreover, several equivalent
conditions are given for a Galois H-separable extension B under which B is an Azumaya

C-algebra implies that so is BY over C'¢.

2 Basic Definitions and Notations

Throughout this paper, B will represent a ring with 1, C' the center of B, GG a finite
automorphism group of B, BY the set of elements in B fixed under each element in G,
B« the skew group ring of G over B, that is, B * G is the free left B-module in which the
multiplication is given by gb = g(b)g for b € B and g € G, and G the inner automorphism
group of B x G induced by G, that is, g(x) = grg~! for each x € B* G and g € G. We
note that G restricted to B is G.

Let A be a subring of a ring B with the same identity 1. We denote Vp(A) the
commutator subring of A in B. We call B a separable extension of A if there exist {a;, b;
in B,i=1,2,...,k for some integer k} such that > a;b; =1, and > ba; ® b; = > a; ® b;b
for all b in B where ® is over A. An Azumaya algebra is a separable extension of its
center. A ring B is called a H-separable extension of A if B® 4 B is isomorphic to a direct
summand of a finite direct sum of B as a B-bimodule. We call B a Galois extension of B¢

with Galois group G if there exist elements {a;,b; in B, ¢ = 1,2, ...,m} for some integer m
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such that >, a;g(b;) = 81 4 for each g € G ([4]). Such a set {a;,b;} is called a G-Galois
system for B. A Galois extension B of B is called a Galois algebra over B¢ if BY is
contained in C' ([4],]9]). We called B a center Galois extension with Galois group G if C
is a Galois algebra over C“ with Galois group G|c 2 G ([7],[8]), and a commutator Galois
extension of BY with Galois group G if Vz(BY) is a Galois extension of (Vg(B%))“ with
Galois group G|y, pey = G ([10]). A Galois extension B of B% with Galois group G is
called an Azumaya Galois extension if B is an Azumaya C“-algebra ([1],[2]). As studied
in [6], B is called a Galois H-separable extension of BY if it is a Galois and an H-separable

extension of BE.

3. Main Results

Theorem 3.1. Let B be a commutator Galois extension of BS with Galois group G.

Then B is an Azumaya C-algebra if and only if BS is an Azumaya C©-algebra.

Proof. (=) Since B be a commutator Galois extension of BY with Galois group
G, Vg(BY) is a Galois extension of (Vz(B%))“ with Galois group Glv, (o) = G. Noting
that Vz(BY) Cc BY - Vg(BY) C B, we have that both B¢ - Vz(BY) and B are Galois
extensions of B¢ with Galois group G|pe.v,,(pe) = G. Thus B = BY - Vg(BY). Clearly,
C C Vg(B%), so B = B® - Vg(B%) = BC - Vg(BY) such that BC and Vg(BY) are
C-subalgebras of the Azumaya C-algebra B. Hence, they are Azumaya C-algebras by the
commutator theroem for Azumaya algebras ([3], Theorem 4.3, page 57). But then the
center of B¢ is C“ (for the center of BYC is C). Thus, (Vg(B%))“ = (Ve (B%))¢ = CC.
Therefore, Vg(B%) is a Galois algebra over C“. This implies that there exists an element
¢ € C such that Trg(c) = 1 ([5], proof of Proposition 5, page 314). Next we claim that the
skew group ring B x G is a separable extension over B. In fact, let a; = ¢; and b; = cg, !
in BxG for i =1,2,....n where G = {g1,92,--+,9n} for some integer n and ¢ € C such
that Trg(c) = 1. Then Y a;b; = Y gi(cgi ') = 3 gi(e) = Trg(c) = 1, and for all b in B

and g € G,



> (bg)ai @ bi =Y (bg)gi @B cg; " =Y (99:)((99:) " (b)) ®p cg;”

= (99:) @5 ((99) 7" ®))cg; " = (99 @5 c((99:) " (b))g; '

= (99:) @5 cg; (9:((99) 7 (0))) = > _(99:) @5 cg; " (97 (b))

= (99:) @5 cgg) (g ' (B) =D _(99:) @5 c(gg:) " (bg)

= Zai ®@p bi(bg)-
Therefore, {a; = gi; b; = cg; '} is a separable system of B * G over B. Thus the skew
group ring B *x G is a separable extension over B. By hypothesis, B is an Azumaya C-
algebra, so B x G is a separable C-algebra by the transitivity of separable extensions.
Since Vg (BY) is a Galois algebra over C“ again, Vg (BY) is finitely generated, projective,
and separable over C%. But Vp(BY) is an Azumaya C-algebra, so C is a separable
C%-algebra ([3], Theorem 3.8, page 55). Thus B * G is a separable C%-algebra by the
transitivity of separable extensions again. But B¢ = Homp.q (B, B) = VHomcc(B,B)(B *
G) where B is a progenerator C“-module, so Homgc (B, B) is an Azumaya C“-algebra ([3],
Proposition 4.1, page 56) containing a separable subalgebra B x G. Thus, the commutator
subalgebra BY is also a separable C%-algebra ([3], Theorem 4.3, page 57). Therefore B¢

is an Azumaya C“-algebra.

(<=) Since B is a Galois extension of BY, B is a separable extension of BY. By
hypothesis, B¢ is an Azumaya C%-algebra, so B is a separable C'“-algebra by transitivity

of separable extensions. Thus, B is an Azumaya C-algebra ([3], Theorem 3.8, page 55).

If B is a center Galois extension of B“, then C is a Galois algebra over C“ with
Galois group G|c = G by the definition of a center Galois extension. But C C Vg(B%),
so Vg(BY) is a Galois extension of Vg(B%)Y with Galois group G|y, (Be) = G with the
same Galois system as C. Hence the DeMeyer’s result ([4], Lemma 2) is an immediate

consequence of Theorem 3.1.



Corollary 3.2. ([4], Lemma 2) Let B be a center Galois extension of B¢ with Galois

group G. Then B is an Azumaya C-algebra if and only if BE is an Azumaya C© -algebra.

For a general Galois extension B of B¢ with Galois group G, the necessity of Theorem

3.1 is not true. A counter example can be constructed by using the following theorem.

Theorem 3.3. Let A be an Azumaya Galois extension of AS with Galois group G of
order n invertible in A and E the center of A. Then
(1) AxG is a Galois H-separable extension of (A x G)a with inner Galois group G, and

(2) AxG is an Azumaya EC -algebra, but (A x G)a is not an Azumaya E%-algebra.

Proof. (1) Since A is a Galois extension of A% with Galois group G, A*G is a Galois
extension of (A x G)E with an inner Galois group G with the same Galois system for A.

Thus A x G is an H-separable extension of (A G)a because G is inner ([6], Corollary 3).

(2) Since A is an Azumaya Galois extension of A with Galois group G' by hypothesis,
A % G is an Azumaya E-algebra (2], Theorem 1). Since n is invertible in A, E“G is a
separable E¢-subalgebra of the Azumaya EC-algebra A+G. Hence (AxG)¢ = V. (EYG)
is also a separable E%-subalgebra of A * G by the commutator theorem for Azumaya
algebras ([3], Theorem 4.3, page 57). Moreover, since (A x G)a and EYG are commutator
separable subalgebras of the Azumaya FE%-algebra A * G, they have the same center. But

the center of the group algebra E“G is not E“, so (A>i<G)a is not an Azumaya E®-algebra.

Theorem 3.3-(2) shows that for a Galois H-separable extension B (= A*G) of B, B
is an Azumaya C-algebra does not necessarily implies that B¢ is an Azumaya C“-algebra.

Next, we give some equivalent conditions for B“ being an Azumaya C%-algebra.

Theorem 3.4. Let B be a Galois H-separable extension of BY with Galois group G of

order n invertible in B. If B is an Azumaya C-algebra, then the following are equivalent:
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(1) BY is an Azumaya CY-algebra.
(2) The center of B¢ is C©.

(3) The center of Vg(B%) is C.
(4) B = BY -Vg(BY).

Proof. (1) = (2) It is clear.

(2) = (3) Since B is a Galois H-separable extension of B with Galois group G,
Ve (Ve(BY)) = BY ([6], Proposition 4-(1)). This implies that BY and Vg(BY) have the
same center. Thus, the center of Vg (B%) is C“. But, clearly, C is contained in the center

of Vg(B%), so C = C“.

(3) = (1) Since BY and V(B%) have the same center, C is also the center of B%.
Hence C = CY. Since B is a Galois H-separable extension and n~' € B, Vg(B%) is
a separable C-algebra ([6], Proposition 4-(3), (i) (iii)); and so Vg(B%) is an Azumaya
C-algebra. But B is an Azumaya C-algebra, so BY (= Vg(Vg(B%))) is also an Azumaya
C-algebra ([3], Theorem 4.3, page 57).

(3) => (4) Since B is a Galois H-separable extension of B¢ with Galois group G,
Ve(BY) = @3 ,cqJy where J, = {b € B | zb = bg(x) for all z € B} for each g €
G (in particular, J; = C) ([5], Proposition 1). But, by hypothesis, C' is the center of
Vp(BY), so J, is not contained in the center of Vg(BY) for each g # 1 in G. Therefore,
glvy(Bey is not an identity for each g # 1 in G ([6], Proposition 5), that is, L = {g €
G ‘ 9glvy(Bey is an identity} = {1}. Thus, @deL J, = J1 = C, the center of Vg(B%), so
B = BY . Vg(BY) ([6], Proposition 6-(3), (i) (ii)).

(4) = (3) Since BY and Vp(B%) have the same center, the center of Vg(B%) is also
the same as the center of BY - Vg(BY). By hypothesis, B = B% - Vg(B%), so the center

of Vg(B%) is C.



The following theorem gives an equivalent condition under which a commutator Galois

extension is a center Galois extension.

Theorem 3.5. Let B be a commutator Galois extension with Galois group G. Then

B is a center Galois extension of BY if and only if Vg(B%) is commutative.

Proof. (=) Since B is a center Galois extension of BY, C is a Galois algebra over
CY% with Galois group G|c = G. Hence B and BYC are Galois extension of BY with the
same Galois system for C. Thus, B = B“C, and so Vg(B%) = Vg(BYC) = Vz(B) = C,
a commutative ring.

(«<=) Since V5(B%) is a Galois extension of (V5(B%))® with Galois group G|y, (BG) =
G, B and BY - Vg(BY) are Galois extensions of BY with the same Galois system for
Vg(BY). Thus, B = BY - Vg(BY). By hypothesis, Vg(B%) is a commutative ring, so
Vp(BY) = Vg(B® - Vg(BY)) = Vg(B) = C. Therefore, B is a center Galois extension of
BY.

We conclude this paper with two examples to demonstrate our results in Theorem 3.1
and Theorem 3.3, and to illustrate that a commutator Galois extension is not necessarily

a center Galois extension.

Example 1. Let A = Q[i,j, k] be the quaternion algebra over the rational field @,
B = M>(Q) ®, A where M>(Q) is the matrix ring of order 2 over the rational field @,

1 and

and G = {1®, 1, 1®, gi;, 1 ®, gj, 1 ®, gr} where g;(z) = izi ', g;(z) = jaj
gr(z) = kxk~! for all z in Q[i, 4, k]. Then

(1) BY = M>(Q) ®, Q = M>(Q).

(2) The center C' of B is Q ®, Q = Q.

(3) B is a Galois extension of B¢ with Galois group G with a Galois system
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{1®1,1®4,10j,10k 101, -1®i -10j, -1k}

(4) Vp(BY) = Q ®, A= A, and so Vp(BY) is a Galois extension with Galois group

Glv, ey = G with the same Galois system given in (3) and Vg(BY) # C.
(5) B is an Azumaya C-algebra.
(6) BY is an Azumaya C%-algebra.
(7) Vg(BY) is not commutative.

(8) B is not a center Galois extension of B¢ with Galois group G by Theorem 3.5.

Example 2. Let A = M>(C) be the matrix ring of order 2 over the field of complex
numbers C' and G = {1, ¢} with g((c;;)) = (¢;;) where ¢;; is the conjugate of ¢;; in C.
Then,

(1) A is a Galois extension of A“ with Galois group G with a Galois system {a; =
I,ay=1l; b = %I, by = _Ti]}, that is, a;b; + asbs = I and a1 g(by) + asg(bs) = 0, where

I is the identity of M>(C), 0 is the zero matrix in M»(C), and 4 is the complex unit.
(2) AY = M,(R), the matrix ring of order 2 over the field of real numbers R.
(3) The center of A is C.
(4) CY = R.
(5) A% is an Azumaya R-algebra.
(6) By (1) and (5), A is an Azumaya Galois extension of A%.

(7) By Theorem 3.3, A x GG is a Galois H-separable extension of (A * G)a with inner
Galois group G.
(8) Ax @ is an Azumaya R-algebra.

(9) (A*G)Y (= My(R) & Ms(R)g) has center R® Rg, so (A *G)Y is not an Azumaya

R-algebra.
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