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Abstract

Let A=D be a separable ring extension. Then it is shown that an exact

sequence of A-bimodules N �!M �! 0 splits if it splits as D-bimodules.

Let A be a separable R-algebra. Then it is well known that a left A-module M is

projective if it is projective as a left R-module ([1], Proposition 2.3). This is equivalent to

that an exact sequence of left A-modulesN �!M �! 0 splits if it splits as left R-modules.

The purpose of the present paper is to generalize the the above result from separable algebra

A over R to any separable ring extension A of D, where D is not necessarily contained

in the center of A, for sequences of left modules and bimodules; that is, for a separable

ring extension A of D, we shall show that the exact sequence of either left modules or

bimodules over A, N �! M �! 0 splits if it splits either as left modules or bimodules

over A.

Theorem 1.

Let A be a separable extension of D. Then an exact sequence of A-bimodules N �!

M �! 0 splits if it splits as D-bimodules.
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Proof. Let � : N �! M be an onto A-bimodule homomorphism. By hypothesis,

� : N �! M as an onto D-bimodule homomorphism has a splitting D-bimodule homo-

morphism �0 :M �! N such that ��0 = 1M . We shall use �0 to construct an A-bimodule

homomorphism � : M �! N such that �� = 1M . Let 
 be the set of abelian group ho-

momorphisms from M to N and de�ne an additive map

� : A�A �! 


by �(a; a0)(m) = a�0(a
0m) for all a � a0 2 A � A and m 2 M . Then we show that �

induces a map

e� : A
D A �! 


by showing that � is bilinear and D-middle associative. In fact, it is easy to see that

�(a+ b; a0) = �(a; a0) + �(b; a0) for all a; b; a0 2 A and

�(a; a0 + b0) = �(a; a0) + �(a; b0) for all a; a0; b0 2 A:

Moreover, for any d 2 D, and a; a0 2 A, d�0(a
0m) = �0(da

0m) since �0 is a D-bimodule

homomorphism from M to N . Thus

�(ad; a0)(m) = ad�0(a
0m) = a�0(da

0m) = �(a; da0)(m) for all m 2M:

Therefore �(ad; a0) = �(a; da0) for any d 2 D and a; a0 2 A. This implies that � induces

a map

e� : A
D A �! 


where e�(a
 a0) = �(a; a0) for a
 a0 2 A
D A.

Next, for any g 2 e�(A
D A), we de�ne an additive map

	g : A�A �! 
:

by 	g(b; b
0)(m) = g(mb)b0 for all a� a0 2 A�A and m 2M , and show that 	g induces a

map

e	g : A
D A �! 
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by showing that 	 is bilinear and D-middle associative. In fact, it is easy to see that

	g(a+ b; a0) = 	g(a; a
0) + 	g(b; a

0) for all a; b; a0 2 A and

	g(a; a
0 + b0) = 	g(a; a

0) + 	g(a; b
0) for all a; a0; b0 2 A:

Moreover, since g 2 e�(A 
D A), there exist fai; a
0
i 2 A, i = 1; 2; :::; t for some integer tg

such that g = e�(Pt
i=1 ai 
 a0i) and g(m) =

Pt
i=1 ai�0(a

0
im). Thus, for any d 2 D,

	g(bd; b
0)(m) = g(m(bd))b0 =

tX
i=1

ai�0(a
0

imbd)b0

=

tX
i=1

ai�0(a
0

imb)db0 (because �0 is a D-bimodule homomorphism)

= g(mb)db0

= 	g(b; db
0)(m)

for all m 2 M . Therefore 	g(bd; b
0) = 	g(b; db

0) for all d 2 D and b; b0 2 A. This implies

that 	g induces a map

e	g : A
D A �! 


where e	g(b
 b0) = 	g(b; b
0) for b
 b0 2 A
D A. Now, since A is a separable extension of

D, there exists a separable element e =
Pk

i=1 ai 
 bi 2 A
D A such that
P

aibi = 1, and

P
aai 
 bi =

P
ai 
 bia for all a in A. Let f = e�(e) and � = e	f (e). Then we claim that

� is the splitting A-bimodule homomorphism of �. In fact, for any m 2M

��(m) = �e	f (e)(m) = �(

kX
j=1

f(maj)bj)

= �(

kX
j=1

e�(e)(maj)bj) = �(

kX
j=1

kX
i=1

ai�0(bimaj)bj)

=

kX
j=1

kX
i=1

ai(��0)(bimaj)bj (because � is an A-bimodule homomorphism)

=

kX
j=1

kX
i=1

ai(bimaj)bj (because ��0 = 1M )

= (

kX
i=1

aibi)m(

kX
j=1

ajbj) = m:
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Thus we have �� = 1M . Moreover, since
P

aai 
 bi =
P

ai 
 bia for all a in A, we have

that e�(P aai 
 bi) = e�(P ai 
 bia) and e	f (
P

aai 
 bi) = e	f (
P

ai 
 bia). Hence for any

a 2 A and m 2M ,

�(am) = e	f (e)(am) =

kX
j=1

f(amaj)bj

=

kX
j=1

e�(e)(amaj)bj =

kX
j=1

kX
i=1

ai�0(biamaj)bj

=

kX
j=1

e�(X ai 
 bia)(maj)bj =

kX
j=1

e�(X aai 
 bi)(maj)bj

=

kX
j=1

kX
i=1

aai�0(bimaj)bj = a

kX
j=1

kX
i=1

ai�0(bimaj)bj

= a

kX
j=1

e�(e)(maj)bj

= a

kX
j=1

f(maj)bj = ae	f (e)(m)

= a�(m):

Also,

�(ma) = e	f (e)(ma) =

kX
j=1

f(maaj)bj

=

kX
j=1

f(m(aaj))bj = e	f (
X

aai 
 bi)(m)

= e	f (
X

ai 
 bia)(m) =

kX
j=1

f(maj)bja

= e	f (e)(m)a = �(m)a:

Therefore � :M �! N is an A-bimodule homomorphism such that �� = 1M .

By the proof of Theorem 1, we have the following corollary.

4



Corollary 1.

Let A be a separable extension of D. Then an exact sequence of left A-modules

N �!M �! 0 splits if it splits as left D-modules.

Corollary 2.

Let A be a separable extension of D. Then a left A-module M is projective if it is

projective as a left D-module.

Proof. Since any left module M over a ring B is a homomorphism image of a direct

sum of B's, that M is projective over B is equivalent to that every exact left B-modules

sequence N �!M �! 0 splits. Thus Corollary 2 is immediate by Corollary 1.

Remark 1.

Corollary 2 is a generalization of the lifting property of projective modules over a

separable extension from a separable algebra ([1], Proposition 2.3).

Remark 2.

Professor Shuichi Ikehata provides a di�erent proof of Corollary 2 as following: Since

DM is projective, there exists a dual bases for DM , fmi 2 M; gi 2 Hom(DM;DD) j i 2 I

for some index set Ig such that
P

i gi(m)mi = m for all m 2 M . Since A is a separable

extension of D, there exist fxj ; yj in A; j = 1; 2; :::; k for some integer kg such that

P
xjyj = 1, and

P
axj 
 yj =

P
xj 
 yja for all a in A where 
 is over D. Noting that

	 : A �! A
D A by 	(a) =
P

axj 
 yj =
P

xj 
 yja is an A-bimodule homomorphism,

we de�ne egi : AM �! AA as a composition of the following homomorphisms,

AM �! AA
A M
	
1M�! AA
D A
A M �! AA
D M

1A
gi
�! AA
D D �! AA by

m 7�! 1
m 7�!
X
j

xj
yj
m 7�!
X
j

xj
(yjm) 7�!
X
j

xj
gi(yjm) 7�!
X
j

xjgi(yjm);
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that is, egi(m) =
P

j xjgi(yjm) for each m 2M . We can see that for each m 2M

X
i

egi(m)mi =
X
i

X
j

xjgi(yjm)mi =
X
j

xj(
X
i

gi(yjm)mi) =
X
j

xj(yjm) = m:

Thus fmi; egig is a dual bases for AM , that is, AM is projective.
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