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Abstract

Let B be a Galois extension of B with an inner Galois group
G, G ={g|g(x) = UyaU; " for some U, € B and for all z € B}.
Then it is shown that B contains a projective group algebra CGy
of G over the center C' of B where f : G Xx G — units of C is
a factor set. Characterizations for B generated by {Uy |g € G}
over B, and for a Galois CGy are given respectively.

1 Introduction

Let B be a ring with 1, G a finite automorphism group of B, C the
center of B, and BY the set of elements in B fixed under each element
in G. Following the definitions and notations in [9], we call B a Galois
extension of BY with Galois group G if there exist elements {a;, b; in B,
i =1,2,...,m for some integer m} such that >\ a;g(b;) = 014 for each
g € G. Such a set {a;,b;} is called a G-Galois system for B. A Galois
extension B of BY is called a Galois algebra if B is contained in C, and a
central Galois algebra if BY = C. Let A be a subring of B with the same
identity 1. We denote Vp(A) the commutator (also called centralizer)
subring of A in B, that is, Vg(A) = {b € Blbx = zb for all z € A}. We
call B a separable extension of A if there exist {a;,b; in B,i=1,2,...,m
for some integer m} such that Y a;b; = 1, and > ba; ® b; = > a; ® b;b
for all b in B where ® is over A. An Azumaya algebra is a separable
extension of its center. Let R be a commutative ring with 1 and U(R)
the set of units of R. As in [1], for a factor set (also called 2-cocycle)
f: Gx G — U(R) (that is, f(g,h)f(gh,k) = f(h,k)f(g,hk) for all g,
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h,and k in G), RGy =3 ¢
over R if RGy is an algebra with a free basis {U, | g € G} over R where
U, is an invertible element for each g € G, the multiplications are given
by (reUg)(rpUp) = rgrpUyUp, and U,Up, = f(g, h)Ugy, for 74,7, € R and
g,h € G; that is, f(g,h) = UgUhUg_hl. Noting that UgUhUg_h1 is in the
center of RGy and that (G, -) is associative, we can check that f: G x
G — U(R) is a 2-cocycle. Let Z%(G, R) be the group of 2-cocycles and
B2(G, R) be the group of 2-coboundaries. Then the second cohomology
group H*(G,R) = Z*(G,R)/B*(G,R). 1t is known that RG; = RG
for f, f' € Z?(G, R) if and only if f and f' are cohomologous cocycles in
Z?(G,R), that is, [f] = [f'] in H*(G, R). Thus RG; corresponds to [f]
in H?(G, R). For more detail, see [2].

Galois algebras with an inner Galois group have been intensively in-
vestigated ([1], [4], [5], [6], [7], [8]). It was shown that any central Galois
algebra B over C' with an inner Galois group G is an Azumaya projec-
tive group algebra CG s of G over C ([1], Theorem 6). The converse also
holds: any Azumaya projective group algebra CGy over C is a central
Galois algebra with an inner Galois group G induced by G ([2], Theorem
3). In [7], it was shown that any Galois algebra with an inner Galois
group G is either a direct sum of Azumaya projective group algebras or
a direct sum of Azumaya projective group algebras and a commutative
Galois algebra. The purpose of the present paper is to study any Galois
extension B of BY with an inner Galois group G whose order |G| is
invertible in B, where G = {g| g(z) = UyaU; " for some U, € B and for
all z € B}. We shall show that B contains a projective group algebra
CGy. Thus several characterizations are obtained for B generated by
{U, | g € G} over B¢. These characterizations generalize the results for
a central Galois algebra with an inner Galois group G ([1], Theorem 6).
Moreover, when B is an Azumaya algebra, properties of the commutator
subring Vg(BY) of BY in B are given.

RU, is called a projective group algebra

2 Galois Extensions

In this section, let B be a Galois extension of B with an inner Galois
group G of order n invertible in B for some integer n, G = {g|g(z) =
ngU;1 for some U, € B and for all 2 € B}, C the center of B, and
B¢ the elements in B fixed under each ¢ € G. We shall show that B
contains a projective group algebra CGy, that is, CGy = ®4eqCU,,
UyUgy = Uy flg,9') for g,¢' € G where f: G x G — units of C' is a
factor set.

Theorem 2.1. Let B be a Galois extension of BE with an inner Galois
group G, G = {g|g(z) = Ugang_1 for some U, € B and for all x € B},
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and C the center of B. Then B contains a projective group algebra CG ¢
of G over C with a factor set f : G x G —> units of C.

Proof. Since B is a Galois extension of B with Galois group G,
B has a G-Galois system {z;,y; € B|i =1,2,...,m for some integer m}
such that > | 2;9(y;) = 61,4 for each g € G. We claim that {U, | g € G}
are linearly independent over C. In fact, let > a,Uy = 0 for some
ag € C. Then

geG

Zmi E ay,Uyh™ (i) = 0 for each h € G and

i=1 geG
m
Z ay inghfl(y,-)Ug = Z ay61,gn—1Uy = apUy.
geG i=1 geG

Noting that a, € C and U;h~ ! (y;) = gh~*(y;)Uy, we have that

Zmi Z agUghfl(yi) = Z ag ZﬂUighfl(yi)Ug;

i=1 geG geG i=1

and so apUp, = 0. But U, is invertible in B, so a, = 0 for each h €
G. Thus {U,|g € G} are linearly independent over C. Moreover, for
any g,h € G, Ugha:Ug_h1 = gh(z) = UgUh:z:Uh_lUg_1 for all z € B, so
wU, UgUp = U, UyUpa for all z € B. Hence U,,'U,Uy, € C for any
g,h € G. Now define f : G x G —> units of C by f(g,h) = Ug_hlUgUh.
Since (G, -) is associative, f is a factor set such that U,U, = U,p f(g, h).
Therefore deG CU, = CGy, a projective group algebra of G' over C
with factor set f. O

Next we show an equivalent condition for a Galois projective group
algebra C'G# to be contained in B as given in Theorem 2.1.

Lemma 2.1. Let B and CGy be given in Theorem 2.1, Z the center of
G, and G the restriction of G to CGy. Then G = G/K where K = {g €

Z| f(g,h) = f(h,g) for all h € G}.

Proof. Since CG; is invariant under each g € G, G is a group. Let
g =1¢€e G. Then g(Uy) = U,UU, ' = Uy for each h € G. Hence
UyUp = UpUy. Thus Ugn f(g,h) = Ungf(h,g). This is equivalent to that
gh = hg and f(g,h) = f(h,g) for each h € G, that is, g € K. Noting
that g — g is a group homomorphism, we have that G = G/K. O

Theorem 2.2. Let B be a Galois extension of BE with an inner Galois
group G of order n invertible in B and CGy as given in Theorem 2.1.
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Then CGy is a central Galois algebra with an inner Galois group G
(the restriction of G to CGy) if and only if {Uz|g € G} are linearly
independent over S where Uz = U, for each g € G and S is the center
of CGy.

Proof. (=) Since the order of G is invertible in B, CG is a separa-
ble algebra over C. Hence CGy is an Azumaya S-algebra ([3], Theorem
3.8, page 55). By hypothesis, CG; is a central Galois algebra with an
inner Galois group G, so CG; = 567 ([1], Theorem 6), a projective
group algebra of G over S with a factor set f : G x G — units of the
center of S induced by f: G x G — units of C. Thus {U;|g € G} are
linearly independent over S.

(<=) By hypothesis, {U;|g € G} are linearly independent over S, so
SG5 = @55SUy is a projective group algebra of G over S with factor
set f : G x G — units of S induced by f : G x G — units of C. By
Lemma 2.1, {U,|g =1€ G} = {U,|g € K}, so {Uy|g € K} C S.
Hence CGy = EB?E@‘SU? = Sé?' Noting that CG is an Azumaya S-
algebra, we conclude that SG is an Azumaya S-algebra. But then SG;
is a central Galois S-algebra with an inner Galois group G ([2], Theorem
3). Thus CGy is a central Galois algebra over S with an inner Galois
group G. O

By using Theorem 2.2, we obtain several characterizations for a Ga-
lois extension B generated by {U,|g € G} over BY. We recall that
C is the center of B, S the center of CGy, Z the center of GG, and
K={9geZ|f(g,h) = f(h,g) for all h € G}.

Theorem 2.3. Let B be a Galois extension of B with an inner Galois
group G of order n invertible in B. Then the following are equivalent:

(1) B=3,cc BSU,, i.e., B is generated by {U, | g € G} over BY;

(2) B = BGGf, a projective group ring of G over BE with factor set
f:G x G — units of C;

(3)C=S5;

(4) > yec CUy, the subring of B generated by {U,y|g € G} over C,
is a central Galois C-algebra with Galois group G = G;

(5) >yeq CUy is an Azumaya C-algebra;

(6) K = (1) and {U5|g € G} are linearly independent over S.

Proof. (1) = (3) Since C C B¢ and since B = dgec BCU,,
B = BG(dec CUy). Moreover, since g(z) = UyzU, ' = z for all
z € BY and g € G, we have that S C C. Hence S = C.

(3) = (4) Since > - CU, = CG; by Theorem 2.1, CGy is an
Azumaya S-algebra. By hypothesis, S = C, so CG is an Azumaya C-
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algebra. Hence ) ., CU,; (= CGy) is a central Galois C-algebra with
Galois group G = G ([2], Theorem 3).

(4) = (5) It is clear.

(5) = (2) Since 3 ;CU; = CGy by Theorem 2.1, statement
(5) implies that CGy is a central Galois C-algebra with Galois group
G = G (2], Theorem 3). Noting that CG; C > ogeG BSU,, we have that
> yeq B9U, is a Galois extension of BY with a same G-Galois system
as CGy. But B is a Galois extension of B@ with Galois group G, so
B =3 cc BYU,. Moreover, since CGy is a central Galois C-algebra
with Galois group G = G, there exists a G-Galois system {x;,y; €
CGyli=1,2,..,m for some integer m} such that Y ", z;9(y;) = 61,4
for each g € G. Noting that bx; = z;b for all b € B®, we can show
that {U, | g € G} are linearly independent over B¢ by the same proof of

Theorem 2.1. Thus B=3" BYU, = B“Gy.

(2) = (1) It is clear.

(3) = (6) Since G = G and G = G/K, we have that K = (1).
MoreoverLsince > 4ec CUy is a central Galois C-algebra and C' = S,
{U5|g € G} are linearly independent over S.

(6) = (3) Since K = (1) and G = G/K, we have that G & G.
Moreover, since deG CU, is a separable C-algebra, deG CU, is an
Azumaya S-algebra ([3], Theorem 3.8, page 55). By hypothesis, {Uz|g €
G} are linearly independent over S, so dec cU, = dec SU, = SG?
which is an Azumaya S-algebra. But then SG? is a central Galois S-
algebra with an inner Galois group G ([2], Theorem 3). Noting that
G = @, we have that C = S. This completes the proof. a

3 The Commutator Subring

By keeping the notations in section 2, let B be a Galois extension of B
with an inner Galois group G of order n invertible in B, G = {g|g(z) =
UyzU; " for some U, € B and for all z € B}, C the center of B, Z the
center of G, and K = {g € Z| f(g9,h) = f(h,g) for all h € G}. In this
section, we shall study the commutator (also called centralizer) subring
Ve(BY) of BY in B. Assume that B is an Azumaya C-algebra. It will
be shown that Vg(BY) is a central Galois algebra with an inner Galois
group G (= G/K) if and only if BX = BY - (CGy).

Theorem 3.1. Let B be a Galois extension of B with an inner Galois
group G of order n invertible in B. If B is an Azumaya C-algebra, then
Vi(BY) = CGy.
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Proof. Since n, the order of G, is invertible in B, the projective
group algebra C'G is a separable subalgebra of the Azumaya C-algebra
B. Hence Vg(Ve(CG¢)) = CGy by the double centralizer property of
Azumaya algebras ([3], Theorem 4.3, page 57). Noting that Vg(CGy) =
BY, we have that Vg(B%) = CGj. O

As given in Theorem 2.2, the central Galois algebra C'Gy is charac-
terized in terms of the freeness property of {Uy|g € G} over the center
of CGy. Next we show a characterization of the central Galois algebra
CGy in terms of the Galois extension BX over BY.

Theorem 3.2. Let B be an Azumaya C-algebra and a Galois extension
of BY with an inner Galois group G of order n invertible in B. Then
CGy is a central Galois algebra with Galois group G if and only if BE =
BY . (CGy).

Proof. (=) Since CGy is a central Galois algebra with Galois group
G (= G/K), CG; has a G-Galois system. Clearly, CG; C BY-(CGy) C
BX and (B¢ (CGy))¢ = (BX)Y = BY, so BY-(CGy) and BX are also
Galois extensions with the same Galois system as CG by noting that
the restrictions of G to B¢ - (CG) and BX are isomorphic with G of G
to CGy. Thus BX = BY - (CGy).

(<=) By hypothesis, B is a Galois extension of BY with an inner
Galois group G of order n invertible in B, so BX is a Galois extension
of BY with an inner Galois group G/K. Let S be the center of CG.
Since CGy is a separable C-subalgebra of the Azumaya C-algebra B,
Vs (Ve(CGy)) = CGy. Hence CGy, B (= V(CGy)), and BS - (CGy)
have the same center S. By hypothesis, BX = BY . (CGy). Thus S is
the center of BX. But BY is a Galois extension of BY with an inner
Galois group G (= G/K), so BE contains the separable projective group
algebra 567 where f : G x G — units of S induced by f: G x G —
units of C' by Theorem 2.1. Thus {Uy|g € G} are linearly independent
over S. Therefore CG; is a central Galois algebra with Galois group G
by Theorem 2.2. |

Corollary 3.1. Let B be an Azumaya C-algebra and a Galois extension
of BS with an inner Galois group G of order n invertible in B. Then
BX is a Galois projective group ring of G over BS with factor set
f:G x G — units of C.

Proof. By Theorem 3.2, BX = B% . (CGy) and CGy = SGy, so
BX = BY.(CGy) = BG(Séf) = (BGS)G? which is a Galois projective
group ring of G over BYS with factor set f : G x G — units of C. O
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We conclude the present paper with two examples to illustrate the
results for Theorem 2.1 and Theorem 2.3.

Example 3.1. (See Examples 1 and 2 in [4]) Let A be any noncom-
mutative ring with 4 invertible in A, C' the center of A, B = M>(A),
the 2 by 2 matrix ring over A, and G = {g1, g2, 93,94} where g;(z) =

UnU;Y, i = 1,2,3,4, for all € B and Uy = <1 0) U, = (o 1)7

01)’ -10
UgZ <(]j _01>, U4: <? (]j> Then

(1) The center of B is {(S 2) lce C}=C,

@5 ={(§ ) lacay=a

(3) B is a Galois extension of B with an inner Galois group G’ of
order 4 invertible in B, and
(4) B contains the projective group algebra CG of G over C. O

Example 3.2. Let B = M>(RJi, j,k]) be the 2 x 2 matrix ring over
the real quaternion RJi,j, k] with the inner automorphism group G =
{1, ¢, 95, gx} induced by iI, jI, kI, the scalar matrices. Then

(1) BY = My(R) and the center of B is R,

(2) RGy = R® Ri® Rj @ Rk, a projective group algebra with center
R, and so it is a central Galois algebra over R with an inner Galois group
G =G, and

(3) B = BY[i, j, k] = BYG}, a Galois projective group ring of G over
BE. 0
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