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Abstract. Let B be a Galois algebra over R with Galois group G, C the center of B,

Jg = fb 2 B j bx = g(x)b for all x 2 Bg for each g 2 G, eg an idempotent in C such that

BJg = egB, Kg = fg 2 G j g(egc) = egc for each egc 2 egCg, and Bg =
P

k2Kg
egJk.

Then characterizations are given for Bg being a central Galois algebra with Galois group

Kg. Consequently, the results of DeMeyer and Kansaki on central Galois algebras are

generalized respectively.
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1 Introduction

Let B be a Galois algebra over a commutative ring R with Galois group G, C the center of

B, and K = fg 2 G j g(c) = c for each c 2 Cg. A natural question is whether B is a central

Galois algebra with Galois groupK. The answer is a�rmative if R contains no idempotents

but 0 and 1 ([2], Theorem 1). For any R, a central Galois algebra with Galois group K

was characterized in terms of fJg j g 2 Gg where Jg = fb 2 B j bx = g(x)b for all x 2 Bg

([5], Proposition 3). We note that for an g 2 G, BJg = egB for some central idempotent

eg in C ([5]). Let Kg = fg 2 G j g(egc) = egc for each egc 2 egCg and Bg =
P

k2Kg
egJk.

Then Kg is a subgroup of G and Bg is invariant under Kg. The purpose of the present

paper is to characterize a central Galois algebra Bg with Galois group Kg in terms of the

Azumaya Galois extension (egB)
L with Galois group Kg=L where L = fk 2 Kg j k(a) = a

for all a 2 Bgg, and the Azumaya Galois extension is in the sense of [1]. Consequently,

our results derive a characterization of the central Galois algebra B1 (=
P

h2K Jh) with

Galois group K (= K1), and the central Galois algebra B in which eg = 0 or 1 for any

g 2 G, respectively; and so the results of DeMeyer and Kansaki on central Galois algebras

are generalized respectively.
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2 Basic De�nitions and Notations

Throughout, let B be a Galois algebra over a commutative ring R with Galois group G,

C the center of B, K = fg 2 G j g(c) = c for each c 2 Cg, Jg = fb 2 B j bx = g(x)b

for all x 2 Bg for each g 2 G, eg a central idempotent in C such that BJg = egB

([5]), G(eg) = fg 2 G j g(eg) = egg, Kg = fg 2 G j g(egc) = egc for each egc 2 egCg,

Bg =
P

h2Kg
egJh for each g 2 G, and J

(A)
g = fa 2 A j ax = g(x)a for all x 2 Ag for a

subring A of B. We keep the de�nitions of a Galois extension, a Galois algebra, a central

Galois algebra, a separable extension, and an Azumaya algebra as de�ned in ([6]). An

Azumaya Galois extension A with Galois group G is a Galois extension A of AG which is

a CG-Azumaya algebra where C the center of A ([1]).

3 Central Galois Algebras Bg

Keeping the de�nitions and notations in section 2, let Kg = fg 2 G j g(egc) = egc for

each egc 2 egCg and Bg =
P

h2Kg
egJh for each g 2 G. Noting that Kg is an Azumaya

automorphism group of egB, we have that (egJk1)(egJk1) = egJk1k2 for any k1; k2 2 Kg,

and so Bg is a subring of egB and invariant under Kg. We shall characterize the central

Galois algebra Bg with Galois group Kg (= Kg=L) where L = fk 2 Kg j k(a) = a for all

a 2 Bgg in terms of the Azumaya Galois extension (egB)
L with Galois group Kg, and

derive some consequences when eg = 1 and eg = 0 or 1 for any g 2 G, respectively. We

begin with some properties of Kg, Bg, and (egB)
Kg .

Lemma 3.1. The order of Kg is a unit in egC.

Proof. Since B is a Galois algebra over R with Galois group G, there exists a c 2 C such

that TrG(c) = 1 by Proposition 5 in [5] on page 314. Clearly, G(eg) (= fg 2 G j g(eg) = egg)

is a subgroup of G, and Kg is a subgroup of G(eg). Let fG(eg)hi jhi 2 G; i = 1; 2; � � � ; n

for some integer ng be the set of the right cosets of G(eg) in G and d =
Pn

i=1 hi(c).

Then TrG(eg)(d) =
P

g2G(eg)
g(d) =

P
g2G(eg)

Pn
i=1 ghi(c) = TrG(c) = 1. Noting that
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g(eg) = eg for each g 2 G(eg), we have that TrG(eg)(egd) = eg. Next, let fgiKg j gi 2

G(eg); i = 1; 2; � � � ;m for some integer mg be the set of the left cosets of Kg in G(eg).

Noting that egC � (egB)
Kg by the de�nition of Kg, we have that eg = TrG(eg)(egd) =

Pm
i=1

P
k2Kg

gik(egd) = jKgj
Pm

i=1 gi(egd) where jKgj is the order of Kg. But eg is the

identity of egC, so jKgj is a unit in egC.

Lemma 3.2. (egB)
Kg is a separable algebra over egR.

Proof. Since B is a Galois algebra over R with Galois group G, B is a separable algebra

over R. Hence egB is a separable algebra over egR ([3], Proposition 1.11, page 46). Since

B is a Galois algebra over R with Galois group G again, egB is a Galois extension of

(egB)
Kg with Galois group Kg because eg 2 CKg ([6], Lemma 3.7). Hence egB is a �nitely

generated and projective left (or right) module over (egB)
Kg . Moreover, by Lemma 3.1,

the order of Kg is a unit in egC, so (egB)
Kg is a direct summand of egB as a bimodule

over (egB)
Kg . Thus (egB)

Kg is a separable algebra over egR by the proof of Theorem 3.8

on page 55 in [3] for Beg is a separable algebra over egR.

Lemma 3.3. Let Z be the center of Bg. Then Bg and (egB)
Kg are Azumaya algebras

over Z such that Bg = VegB((egB)
Kg ) and VegB(Bg) = (egB)

Kg .

Proof. Since B is a Galois algebra over R with Galois group G, egB is a Galois extension

of (egB)
Kg . Hence VegB((egB)

Kg ) = �
P

k2Kg
J
(egB)
k . But, by Lemma 3.3 in [6], J

(Beg)
k =

egJk for each k 2 Kg, so VegB((egB)
Kg ) = �

P
k2Kg

egJk = Bg. By Lemma 3.2, (egB)
Kg

is a separable algebra over egR, so (egB)
Kg is a separable subalgebra of the Azumaya

algebra egB over egC. Thus Bg (= VegB((egB)
Kg )) is a separable subalgebra of egB over

egC, and VegB(Bg) = (egB)
Kg by the commutator theorem for Azumaya algebras ([3],

Theorem 4.3, page 57). This implies that Bg and (egB)
Kg are Azumaya algebras over the

same center Z.
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Lemma 3.4. Let L = fk 2 Kg j k(a) = a for all a 2 Bgg. Then

(1) the order of L is a unit in egB and

(2) (egB)
L is a Galois extension of (egB)

Kg with Galois group Kg (= Kg=L).

Proof. (1) By Lemma 3.1, the order of Kg is a unit in egB. But L is a subgroup of Kg, so

the order of L is a unit in egB.

(2) Since B is a Galois algebra with Galois group G, egB is a Galois extension of

(egB)
G(eg) with Galois group G(eg) ([6], Lemma 3.7). Noting that L � Kg � G(eg) as

normal subgroups, we have that (egB)
L is a Galois extension of (egB)

Kg with Galois group

Kg.

Lemma 3.5. Let A be an Azumaya Galois extension of AG with Galois group G. Then

A = AG � VA(A
G) �= AG 
CG VA(A

G) where C is the center of A.

Proof. Since A is an Azumaya Galois extension of AG with Galois group G, AG is an

Azumaya CG-algebra by de�nition and the skew group ring A � G is an Azumaya CG-

algebra by Theorem 1 in [1]. Hence A � G is an Azumaya CG-algebra containing an

Azumaya subalgebra AG. Thus A�G = AG �VA�G(A
G) �= AG
CG VA�G(A

G) as Azumaya

CG-algebras by the commutator theorem for Azumaya algebras ([3], Theorem 4.3, page

57). Since VA�G(A
G) = VA(A

G) � G, A � G �= (AG 
CG VA(A
G)) � G. This implies that

A �= AG 
CG VA(A
G) �= AG � VA(A

G), and so A = AG � VA(A
G).

Next we show the main theorem.

Theorem 3.6. Let eg 6= 0 for an g 2 G. Then the following are equivalent:

(1) Bg is a central Galois algebra over Z with Galois group Kg.

(2) (egB)
L = (Bg)(egB)

Kg .

(3) (egB)
L is an Azumaya Galois extension of (egB)

Kg with Galois group Kg.

Proof. (1) =) (2) Since Bg is a central Galois algebra over Z with Galois group Kg,

Bg 
Z (egB)
Kg is a Galois extension of Z 
Z (egB)

Kg with Galois group Kg 
 1. But
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Bg
Z (egB)
Kg is an Azumaya Z-algebra by Lemma 3.3, so Bg
Z (egB)

Kg �= (Bg)(egB)
Kg

([3], Theorem 4.4, page 58). Hence (Bg)(egB)
Kg is a Galois extension of (egB)

Kg with

Galois group Kg (�= Kg 
 1). Noting that Bg � (egB)
L and (egB)

Kg � (egB)
L, we have

that (Bg)(egB)
Kg � (egB)

L which are Galois extensions of (egB)
Kg with Galois group

Kg. Thus (egB)
L = (Bg)(egB)

Kg .

(2) =) (3) By Lemma 3.4, (egB)
L is a Galois extension of (egB)

Kg with Galois

group Kg. By Lemma 3.3, Bg and (egB)
Kg are Azumaya algebras over Z, so (egB)

L =

(Bg)(egB)
Kg �= Bg
Z(egB)

Kg which is an Azumaya algebra over Z. Noting that ZKg = Z,

we conclude that (egB)
L is an Azumaya Galois extension of (egB)

Kg with Galois group

Kg.

(3) =) (2) By hypothesis, (egB)
L is an Azumaya Galois extension of (egB)

Kg with

Galois group Kg, so (egB)
L = ((egB)

L)Kg � V(egB)L(((egB)
L)Kg ) by Lemma 3.5. Since

((egB)
L)Kg = (egB)

Kg for L is a subgroup of Kg, it su�ces to show that V(egB)L((egB)
Kg )

= Bg. In fact, since Bg = VegB((egB)
Kg ) by Lemma 3.3, and Bg � (egB)

L � egB,

we have that Bg = VBg ((egB)
Kg ) � V(egB)L((egB)

Kg ) � VegB((egB)
Kg ) = Bg. Thus

V(egB)L((egB)
Kg ) = Bg.

(2) =) (1) By Lemma 3.3, (Bg)(egB)
Kg �= Bg 
Z (egB)

Kg as Azumaya Z-algebras

such that Bg = V(egB)L((egB)
Kg ) = �

P
k2Kg

J
((egB)

L)

k
. By hypothesis, (egB)

L =

(Bg)(egB)
Kg which is an Azumaya Galois extension of (egB)

Kg with Galois groupKg, so it

can be check that J
((egB)

L)

k
= J

(Bg)

k
for each k 2 Kg. Hence Bg = �

P
k2Kg

J
(Bg)

k
. Noting

that ZKg = Z and that Bg is an Azumaya Z-algebra, we conclude that J
(Bg)

k
J
(Bg)

k
�1 = Z

for all k 2 Kg. Thus Bg is a central Galois algebra with Galois group Kg ([4], Theorem

1).

When eg = 1, Theorem 3.6 derives a characterization of the central Galois algebra

B1 (=
P

h2K Jh) with Galois group K (= K1), and the central Galois algebra B in which

eg = 0 or 1 for any g 2 G, respectively. We recall that K = fg 2 G j g(c) = c for each
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c 2 Cg.

Corollary 3.7. Let BK =
P

h2K Jh and L = fk 2 K j k(a) = a for all a 2 BKg. Then

BK is a central Galois algebra with Galois group K if and only if BL = BKB
K which is

an Azumaya Galois extension of BK with Galois group K=L.

Proof. It is easy to check that K1 = K and B1 = BK , so the corollary is the case eg = 1

of Theorem 3.6.

Corollary 3.8. B is a central Galois algebra with Galois group K if and only if eg = 1

or 0 for each g 2 G.

Proof. (=)) SinceB is a central Galois algebra with Galois groupK, B = �
P

h2K Jh. But

B is a Galois algebra with Galois group G, so B = �
P

g2G Jg. Thus �
P

g 62K Jg = f0g.

Therefore Jg = f0g, that is, eg = 0 for each g 62 K. Noting that K = K1, we have that

eg = 1 or 0 for each g 2 G.

((=) Since B is a Galois algebra with Galois group G, B = �
P

g2G Jg. But eg = 1

or 0 for each g 2 G by hypothesis, so B =
P

h2K1
Jh =

P
h2K Jh = B1 = BK where BK

is de�ned in Corollary 3.7. Hence B (= BK) is a central Galois algebra with Galois group

K by Corollary 3.7 because BL = B = BKB
K .

Corollary 3.9 ([2], Theorem 1) If C contains no idempotents but 0 and 1, then B is a

central Galois algebra with Galois group K.

Proof. Since C contains no idempotents but 0 and 1, eg = 1 or 0 for each g 2 G. Hence

by Corollary 3.8, B is a central Galois algebra with Galois group K.

Corollary 3.10. ([5], Proposition 3) B is a central Galois algebra with Galois group K if

and only if Jg = f0g for each g 62 K.

Proof. By noting that K1 = K and that Jg = f0g if and only if eg = 0, the corollary is an

immediate consequence of Corollary 3.8.
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