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1 Introduction

Let B be a Galois algebra over a commutative ring R with Galois group G, C the center
of B, and K = {g € G|g(c) = cfor all ¢ € C}. In [1], it was shown that if C contains no
idempotents but 0 and 1, then B is a central Galois algebra with Galois group K and C is
a commutative Galois algebra with Galois group G/K ([1], Theorem 1). When C admits
more idempotents such that J, = {0} for each g ¢ K where J, = {b € B|bx = g(x)b
for all x € B} for each g € G, the above conclusion also holds for B ([3]). Moreover,
another sufficient condition was given for a central Galois algebra B with Galois group G:
itB=¢ deG Jg, B is a separable R-algebra, and J,J,-1 = C for each g € GG, then B is a
central Galois algebra with Galois group G ([2], Theorem 1). Recently, using the Boolean
algebra B, generated by {0,e, |g € G} where BJ, = Beg, the following structure theorem
of B was shown in [5]: There exist idempotents {e; |i = 1,2,...,m for some integer m} in
B, such that B = @ Z:il Be;® B f where Be; is a central Galois algebra with Galois group
H; (={h € G|ene; =¢;}) foreachi=1,2,...m, f=1->"" €;, and Bf = Cf which is
a commutative Galois algebra with Galois group induced by and isomorphic with G in case
1# 221 e;. The purpose of the present paper is to show that the above decomposition
is unique, that is, if there exist idempotents {e}|i = 1,2,...,m’ for some integer m'} in
B, such that B = & ZZ’; Be! @ Bf' where Be] is a central Galois algebra with Galois
group H; (={h € G|epe;, =e}}) foreachi =1,2,....m', f'=1- Zzl er,and Bf' =Cf'
which is a commutative Galois algebra with Galois group induced by and isomorphic with
G, then m = m' and {e;,|i =1,2,...,m} = {e}|i = 1,2,...,m'}. Moreover, we shall show
that these e; are the only idempotents in B, such that Be; are central Galois algebras
with Galois groups H; (= {h € G|ene; = €;}), that is, if Be is a central Galois algebra
with Galois group H. (= {h € G |epe = e}) for an idempotent e in B,, then e = ¢; for
some 1 <4 < m. Also, f is the only idempotent in B, such that Bf is a commutative

Galois algebra with Galois group induced by and isomorphic with G, that is, if Be is a
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commutative Galois algebra for an idempotent e in B, with Galois group induced by and
isomorphic with G, then e = f. Our results generalize the DeMeyer theorem for Galois
algebras ([1], Theorem 1), and the characterization of a central Galois algebra shown by
Kanzaki ([3], Proposition 3).

2 Definitions and Notations

Let B be a ring with 1, C' the center of B, G a finite automorphism group of B, and
B the set of elements in B fixed under each element in G. B is called a Galois extension
of BY with Galois group G if there exist elements {a;,b; in B, i = 1,2,...,m} for some
integer m such that > . a;g(b;) = 81 4 for each g € G. B is called a Galois algebra over
R if B is a Galois extension of R which is contained in C', and B is called a central Galois
extension if B is a GGalois extension of C'. Throughout this paper, we will assume that B is
a Galois algebra with Galois group G. Let J, = {b € B|bx = g(z)bfor all z € B}. In [3], it
was shown that B.J, = Be, for some central idempotent e, of B. We denote (B,; +,-) the
Boolean algebra generated by {0, ¢, | g € G} where e-¢’ = ee’ and e+¢e’ = e+¢€’ —ee’ for any
e and €' in B,. In [5], it was shown that there exist idempotents {e; |i = 1,2, ..., m for some
integer m} in B, and some subgroups H; of G such that B =& _." | Be; ® Bf where Be;
is a central Galois algebra with Galois group H; for each i = 1,2,..,m, f =1-)_" e,
and Bf = C'f which is a commutative Galois algebra with Galois group induced by and
isomorphic with G in case 1 # > | e; ([5], Theorem 3.8). Throughout, (B,; +,-) denotes
the Boolean algebra generated by {0,e,|g € G}, {e;, f|i = 1,2,...,m} are as given in
Theorem 3.8 in [5], and H, = {g € G'|e < e,} for each e € B,.

3 Galois Extensions Generated by an Idempotent

In this section, keeping the notations in section 2, we shall show that the decomposition
in Theorem 3.8 in [5] is unique and that {e;|i = 1,2,--- ,m} are the only idempotents
in B, such that Be; are central Galois algebras with Galois groups H.,. Also, f is the
only idempotent in B, such that Bf is a commutative Galois algebra with Galois group

induced by and isomorphic with G.

Lemma 3.1. Let {e;, f|i = 1,2,...,m} and the subgroups {H;|i = 1,2,...,m} of G be
given in Theorem 3.8 in [5]. Then



(1) {ei, fli=1,2,...,m} is the set of all minimal elements of B, in case f # 0,

(2) for each e # 0 in B,, there exists a unique subset Z, of the set {1,2,---,m} such that
e=) ez €iore=) i, €+f,

(3) H; = H,, for eachi=1,2,....m, and

(4) the subgroups {H;|i =1,2,...,m} are different subgroups of G.

Proof. For (1) and (2), see Lemma 3.1 in [7].

(3) By the definition of H; ([5], Theorem 3.8), H; is a maximum subset of G such that
e; = I em, e, # 0 or a maximum subset of G such that e; = (1 — Z;Zl ej) yeme, # 0 for
some t < ¢. Hence for each g € GG, we have that e;e, = e; if and only if g € H;. Therefore

H; = H,, foreachi=1,2,...,m.

(4) For any 1 < i < i’ < m, by the definition of H; ([5], Theorem 3.8), either (i) H; =
gH;g™ ! for some g ¢ N(H;), the normalizer of H; in G or (ii) ey = (1 — Zzlzl eij)ycm, eq
for some i <t <i'. In case (i), Hy is different from H;. In case (ii), if Hy = H;, then e; =

t’ t' t’ ¢
(=2 mei) gen, eg = (1= 325 ) geneg = (1= 32,5 €;)(1 — 30— €j)gen,eq =
(1—2;21 ej)e; = 0for ¢t <4 <t'. Thisis a contradiction. Hence Hy # H;. This completes
the proof.

Lemma 3.2. For anye,e’ 20 in B,, Hoyeo = H, N Hyi .

Proof. By Theorem 3.3 in [7], it is immediate.

Theorem 3.3. Lete #0 in B,. Then

(1) Be is a central Galois algebra with Galois group H. if and only if e = e; for some
1< <m.

(2) Be is a commutative Galois algebra with Galois group induced by and isomorphic with
G if and only ife = f.

Proof. (1) (=) Since Be is a central Galois algebra over Ce with Galois group H.,
Be=®) cn. J,(LBC) where Jf(LBe) = {b € Be|bx = h(x)b for all x € Be} for each h € H,
([3], Theorem 1). By Lemma 3.3 in [5], J,(zBe) =eJp foreachh € He,s0 Be =@} .y eJy.
Since B is a Galois algebra over R with Galois group G, B = @dee Jy. Hence Be =

O ec €y = (@ hem, edn) ® (B qn, €Jg). Thus eJ, = {0}, that is,
(%) ee, =0 for each g ¢ H..
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Now assume that e # e; for i = 1,2,...,m. Then by Lemma 3.1, e = Zieze e; with
|Ze] >20re=3 ., ei+ fand f#0. Incasee =} ,_, e; with |Z| > 2, by Lemma
3.2, Ho = Njez H,. By Lemma 3.1 again, H; = H,, for each ¢ = 1,2,...,m and the
subgroups {H;|i = 1,2,...,m} are different subgroups of G, so there exists an i € Z,
such that H, C H,, but H, # H.,. Thus there exists an g € H,, but ¢ ¢ H.. For
such an g, we have that e;e;, = e; # 0 since g € H,,. Also, noting that e; < e, we have
that e;e;, = ejee;, = 0 since g € H,. by the earlier result (x). This is a contradiction.
Incase e = Y ;c, e;+ fand f #0, Be = @) ,c, Be; ® Bf where Bf = C'f which
is a commutative Galois algebra with Galois group induced by and isomorphic with G.
Thus C'f is a commutative Galois algebra over (C'f)!c with Galois group induced by and
isomorphic with H.; and so H.|c; # {1}. Therefore (Be)He # Ce. This contradicts to
that Be is a central Galois algebra over C'e with Galois group H.. Consequently, e = ¢;
for some 1 < i < m.

(<=) It is a consequence of Theorem 3.8 in [5] and Lemma 3.1.

(2) (=) By Lemma 3.1, e = ZiEZe e;ore = Zieze e;i+fand f #£0. Ife = Zieze €i,
then Be = @)

so Be is not commutative, a contradiction. Hence e = )., e; + f and f # 0. If Z, is

ez, Be; where Be; is a central Galois algebra with Galois group H;; and
not empty, then Be is not commutative, a contradiction again. Thus e = f.

(«<=) This is given by Theorem 3.8 in [5].

Theorem 3.4. Let {e;|i = 1,2,...,m} be given in Theorem 3.8 in [5]. If there exist
idempotents {e} |i = 1,2,....m' for some integer m'} in B, such that B = & Zgl Be.@Bf'
where Be) is a central Galois algebra with Galois group H, for each i = 1,2,....m/,
fl=1- Zm, ei, and Bf' = Cf' which is a commutative Galois algebra with Galois

i=1 "~
group induced by and isomorphic with G, then m =m' and {e;,|i =1,2,....,m} = {e}|i =

1,2,...,m'}.

Proof. 1t is an immediate consequence of Lemma 3.1 and Theorem 3.3.

Theorem 3.5. Let B be a Galois algebra with Galois group G, C the center of B, and
K={geG|g(c)=c forallce C}. Then
(1) K = H, where HH ={g € G|1<e;} ={g9€Gley, =1}.

(2) B is a central Galois algebra with Galois group K and C is a commutative Galois
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algebra with Galois group G /K if and only if B, = {0, 1}.

Proof. (1) For any g € Hy, BJ, = Be, = B. But J, = {b € B|bx = g(z)b for all z € B},
so for any b € J,, b(g(c) —c) = 0 for all ¢ € C. Therefore B(g(c)—c) = BJ,(g(c)—c) = {0}.
Thus g(c) = ¢ for all ¢ € C; and so H; C K. Conversely, for any g € K, g is an Azumaya
algebra automorphism of B over C, so BJ, = B ([4], Proposition 4). Hence e, = 1. Thus
g € Hy. This implies that K = H;.

(2) («<=) Since B, = {0,1}, 1 is the minimal element of B,. Therefore, by Theorem
3.3, B is a central Galois algebra with Galois group H;. But by (1), K = Hy, so B is a
central Galois algebra with Galois group K. Moreover, the order of K is a unit in B ([3],
Corollary 3), so C is a commutative Galois algebra with Galois group G/K.

(=) By hypothesis, B is a central Galois algebra with Galois group K. But by (1),
K = H,, so B is a central Galois algebra over C' with Galois group H;. Hence 1 is the
minimal element of B, by Theorem 3.3. Thus B, = {0,1}.

Theorem 3.5 is a generalization of the DeMeyer theorem for Galois algebras, and the

characterization of a central Galois algebra shown by Kanzaki is also derived.

Corollary 3.6. ([1], Theorem 1) Let B be a Galois algebra with Galois group G, C the
center of B, and K = {g € G|g(c) = c for all ¢ € C}. If C contains no idempotents but
0 and 1, then B is a central Galois algebra with Galois group K and C is a commutative

Galois algebra with Galois group G/ K.

Proof. Since C' contains no idempotents but 0 and 1, B, = {0, 1}. Hence by Theorem 3.5,
B is a central Galois algebra with Galois group K and C' is a commutative Galois algebra
with Galois group G/ K.

Corollary 3.7. ([3], Proposition 3) Let B be a Galois algebra with Galois group G, C the
center of B, and K = {g € G |g(c) = c for all c € C}. Then B is a central Galois algebra
with Galois group K and C is a commutative Galois algebra with Galois group G /K if and

only if J, = {0} for each g ¢ K.

Proof. (<) Since J, = {0} for each g ¢ K, e, = 0 for each g ¢ K. But by Theorem
3.5-(1), e, = 1 for each g € K, so B, = {0,1}. Thus by Theorem 3.5-(2), B is a central
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Galois algebra with Galois group K and C is a commutative Galois algebra with Galois
group G/K.

(=) Since B is a central Galois algebra with Galois group K (= Hj), 1 is the minimal
element of B, by Theorem 3.3. Hence B, = {0,1}. Therefore e, = {0} for each g ¢ K,
that is, J, = {0} for each g ¢ K.

Remark: Let G(e) = {g € G |g(e) = e} for each e # 0 in B, and {e;|i = 1,2,...,m}
be given in Theorem 3.8 in [5]. Then it can be shown that H., is a normal subgroup
of G(e;) and Ce; is a commutative Galois algebra with Galois group G(e;)/H,, for each

i=1,2,....m.

References

[1] F. DeMeyer. Galois theory in separable algebras over commutative rings, Illinois J.
Math., 10: 287-295, 1966.

[2] M. Harada, Supplementary results on Galois extension, Osaka J. Math., 2: 343-350,
1965

[3] T. Kanzaki. On Galois algebra over a commutative ring. Osaka J. Math., 2: 309-317,
1965.

[4] A. Rosenberg and D. Zelinsky, Automorphisms of separable algebras, Pacific J. Math.,
11: 1109-1117, 1961

[5] G. Szeto and L. Xue. The structure of Galois algebras. Journal of Algebra, Vol. 237,
No. 1: 238-246, 2001.

[6] G. Szeto and L. Xue. The Boolean algebra and central Galois algebras, International
Journal of Mathematics and Mathematical Sciences, Vol. 28, No. 4(2001), 237-242.

[7] G. Szeto and L. Xue. The Boolean algebra of Galois algebras, International Journal

of Mathematics and Mathematical Sciences, (to appear).



