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Abstract. Let B be an Azumaya Galois extension or a DeMeyer-Kanzaki Galois extension
with Galois group G. Equivalent conditions are given for a separable subextension of a
Galois extension in the skew group ring B * G being an invariant subring of a subgroup of

the Galois group G.

1. Introduction

The fundamental theorem for the Galois extension of a field was generalized to a commu-
tative ring with no idempotents but 0 and 1 ([4], Chapter 3). For a Galois extension of
noncommutative ring, there exist some one-to-one correspondences between certain sub-
sets of separable subextensions ([2], [3]). Let B be a Galois extension of B¢ with Galois
group G of order n invertible in B for some integer n, and K a subgroup of G. Then it can
be shown that the invariant subring BX = {b € B|k(b) = b for each k € K} is a separable
extension of BY. We note that there are separable extensions of B in B which are not
invariant under a subgroup of GG. It is interesting to know which separable extension of
B% in B is invariant under a subgroup of G. In the present paper, we shall give some
equivalent conditions for a separable extension S of B¢ in B (or of C% in C) such that
S is invariant under a subgroup of GG for a DeMeyer-Kanzaki Galois extension B where B
is called a DeMeyer-Kanzaki Galois extension of B with Galois group G if the center C
of B is a Galois algebra over C“ with Galois group induced by and isomorphic with G,
and B is an Azumaya C-algebra (see [4]). Moreover, assume that B is an Azumaya Galois

extension with Galois group G, that is, B is a Galois extension of B¢ with Galois group G
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and BY is an Azumaya C'“-algebra (see [1]). We note that the skew group ring B*G is also
a Galois extension of (B * G)% with Galois group G where G is the inner automorphism
group of B x G induced by GG. Equivalent conditions are given for a separable extension S
of (B*G)% in B * G such that S = (B * G)¥X for some subgroup K of G.

2. Basic Definitions and Notations

Throughout this paper, B will represent a ring with 1, G an automorphism group of B of
order n invertible in B for some integer n, C' the center of B, B x G a skew group ring
in which the multiplication is given by gb = g(b)g for b € B and g € G, B® the set of
elements in B fixed under G, and G the inner automorphism group of B x G induced by
G, that is, g(f) = gfg~! for each f € B* G and g € G. We note that G restricted to B is
G.

Let A be a subring of a ring B with the same identity 1. We denote Vp(A) the
commutator subring of A in B. We call B a separable extension of A if there exist {a;, b;
in B, i=1,2,...,m for some integer m} such that > a;b; = 1, and > ba; ® b; = > a; @ b;b
for all bin B where ® is over A. An Azumaya algebra is a separable extension of its center.
B is called a G-Galois extension of BY if there exist elements {c;,d; in B, i = 1,2,...,m}
for some integer m such that ., ¢;g(d;) = 61,4. As defined in [1], B is called an Azumaya
Galois extension of BY if B is a G-Galois extension of B¢ which is an Azumaya C'“-algebra,
and B is called a DeMeyer-Kanzaki GG-Galois extension if B is an Azumaya C-algebra and
C is a G|c-Galois algebra with G|¢ = G (see [4]). It can be shown that a DeMeyer-
Kanzaki Galois extension is an Azumaya Galois extension. For a B-module M, we denote
Anmmp(M) ={be B|bm =0 for all m € M}.

3. DeMeyer-Kanzaki Galois extensions

In this section, let B be a DeMeyer-Kanzaki Galois extension. We shall give an equivalent
condition for a separable subring 7' being invariant under a subgroup K of G when (i)
BY C T C B and (ii) C% C T C C respectively. We begin with the commutator theorem
for Azumaya algebras and the structure theorem for a DeMeyer-Kanzaki Galois extension

which will take an important role.



Proposition 3.1. ([4], Theorem 4.3, p.57) Let A be an Azumaya algebra over its center
C and E a separable subalgebra of A. Then

(1) V(E) is a separable subalgebra such that V4(V4(E)) = E.

(2) If E has center C, then V4(E) has center C' such that A= E ®c Va(E).

Proposition 3.2. Let A be an Azumaya algebra over its center C and E a separable
subalgebra of A with center D. Then VA(E) is an Azumaya D-algebra such that V(D) =
E ®p Va(E) as Azumaya D-algebra.

Proof. Since E is a separable subalgebra of A, Vg(FE) is a separable subalgebra such that
Va(Va(E)) = E by Proposition 3.1. Hence D = Vg(E) = ENV4(E) = V4(Va(E)) N
Va(E) = Vy,(g)(Va(E)) = the center of V4(E). Thus both E and V4(E) are Azumaya
D-algebras. Since E is a separable subalgebra of A with center D, D is a separable
subalgebra of A with itself as center (see [4], Theorem 3.8, p.55). Hence, by the above
argument, V4(D) is an Azumaya D-algebra such that E is an Azumaya subalgebra of
Va(D). Thus V4(D) 2 E ®p Va(FE) as Azumaya D-algebras by Proposition 3.1.

Proposition 3.3. ([3], Lemma 2, p.120) Let B be a DeMeyer-Kanzaki Galois extension
of BY with Galois group G. Then B = BYC = BY @cc C by the multiplication map such
that B is an Azumaya C< -algebra.

Theorem 3.4. Let B be a DeMeyer-Kanzaki Galois extension of B, B¢ C T, a
separable extension of BY in B, and K = {g € G | g(t) =t for allt € T}. Then, T = BX
if and only if Annc(Ty) = {0} for each g § K where T, is the C-module generated by

{t—g(®)[teT}.

Proof. Since B is a DeMeyer-Kanzaki Galois extension with Galois group G, B * G is an
Azumaya C%-algebra ([1], Theorem 3.1). But T and BX are separable C%-subalgebras
of B * G, so by Proposition 3.1, T = B¥ is equivalent to Vg.q(T) = Vp.c(BY). Since
Vieea(BY) = Vg(BY) * G = C * G by Proposition 3.3, Vg.q(B¥) C Vg.q(BY) = C *G.
This implies that Vg.q(BX) = Vowg(BX) which is C x K by the definition of K. Thus, we
only need to show that Vg.q(T) = C x K if and only if Anng (7)) = {0} for each g € K.

Assume that Vp.q(T) = C « K. Let ¢I, = {0} for some ¢ € C and g € G. Then
te = ct = cg(t) for all t € T. Hence t(cg) = (tc)g = cg(t)g = (cg)t for all t € T, that is,
cg € Vp«q(T) = C * K. Thus, ¢ must be 0 if g ¢ K. This proves that Annc(7,) = {0}
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for each g ¢ K. Conversely, for any > - bg9 € Veac (1), t(X_,cqb99) = (X2 ,cq bg9)t =
> gec bgg(t)g. so thy = byg(t) for all t € T'. But BY CT,sotb, =bytallte B Hence
b, € Vp(B%) which is C by Proposition 3.3. Thus byt = tb, = b,g(t) for all t € T, and so
by(t —g(t)) =0 for all t € T. This implies that b,T, = {0}. Therefore, if Annc(7},) = {0}
for each g ¢ K, then b, = 0 for each ¢ ¢ K. We have Vg.q(T) C C = K. Clearly,
CxK CVpua(T), s0 Vpq(T) =C x K.

As given in Theorem 3.4, for a separable subring T" of B over B, we have a subgroup
Kr={g€G|gt) =tforalteT} LetC={T = a separable extension of B in B
| Anng(Ty;) = {0} for each g ¢ Kr}. We have a correspondence theorem for the set of
subgroups of G.

Corollary 3.5. Let B be a DeMeyer-Kanzaki Galois extension of B with Galois group

G. Then there exists a one-to-one correspondence between C and the set of subgroups of

G.

Let T be given in Theorem 3.4, by the one-to-one correspondence as given in [3],
T = BY(TNC) ([3], Lemma 2, p.120). We then derive another characterization of T equal
to BE for some subgroup K of G.

Theorem 3.6. Let T be given in Theorem 3.4. Then T = BX if and only if TNC = CK.

Proof. Assume that T = BX. Then TNC = BENC = CX. Conversely, if T NC = CK,
then T = B¢(T'nC) = BYCK = (BYC)X = BX,

Next we give an equivalent condition for a separable subring W such that C¢ c W C

C being invariant under a subgroup K of G. We begin with a Lemma.

Lemma 3.7. Let B be a DeMeyer-Kanzaki Galois extension of BE with Galois group G.
Then VB*G(B) =C.

Proof. We first claim that Vp.c(C) = B. In fact, it is clear that B C Vp.c(C). Conversely,
for each 3 5 bg9 in Vp.c(C), we have c(3_ g by9) = (32 e byg)c for each c in C, so
cby = byg(c), that is, by(c — g(c)) = 0 for each g € G and ¢ € C. But C is a commutative
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G-Galois extension of C%, so the ideal of C' generated by {c — g(c) | ¢ € C} is C ([4],
Proposition 1.2-(5)). Thus b, = 0 for each g # 1. But then > ., b,9 = b1 € B. Hence
Ve« (C) C B, and so Vp.g(C) = B. Therefore, Vg.q(B) = C by Proposition 3.1 for the
Azumaya C%-algebra B x G.

Theorem 3.8. Let B be a DeMeyer-Kanzaki Galois extension of B¢, CY C W a separable
CY-subalgebra of C and K = {g € G | g(w) = w for all w € W}. Then, W = CX if
and only if Anng(W,) = {0} for each g ¢ K where W, is the B-module generated by
{w—g(w) |weW;.

Proof. Observing that Vg.q(B) = C by Lemma 3.7, we have Vp.q(B * K) = C¥.
But Vi.q(Ve.q(CK)) = CK by Proposition 3.1 for the Azumaya C-algebra B * G,
50 VBaa (VB+g(CH)) = Vpuq(B * K). Hence Vp.q(CK) = B+ K by Proposition 3.1 again.
Therefore, W = C¥ if and only if Va.q(W) = V.q(C¥) = B* K. Thus we only need to
show that V.o (W) = B x K if and only if Anng(W,) = {0} for each g € K.

Assume that Vp.q(W) = Bx K. If b € Anng(W,) for a g ¢ K, that is, bW, = {0}
for some b € B and g ¢ K, then wb = bw = bg(w) for all w € W. Hence w(bg) = (wb)g =
bg(w)g = (bg)w; and so bg € Vp.q(W) = B x K. Therefore, b must be 0 if g ¢ K. This
proves that Anng(W,) = {0} for each g ¢ K.

Conversely, for any deG 09 € Vea(W), w(zgeG byg) = (deG byg)w =
> gec bgg(w)g. This implies that wby = byg(w) for all w € W, that is, b,W, = {0}. Thus
that Anng(W,) = {0} for each g ¢ K implies that Vp.q(W) C Bx K. On the other hand,
it is clear that B * K C Vp.g(W), so Vp.q(W) = B * K. This completes the proof.

Corollary 3.9. Let B, W, and W, be given in Theorem 3.8, Kw = {9 € G | g(w) = w
for allw € W}, and D = {W = a separable extension of C¢ in C | Anng(W,) = {0} for
each g & Kw}. Then there exists a one-to-one correspondence between D and the set of

subgroups of G.

4. Azumaya Galois Extensions

In this section, we consider an Azumaya Galois extension B with Galois group G. We note
that (B x G)% C B G is a Galois extension with Galois group G. By Theorem 3.1 in [1],

we also note that B x G is an Azumaya C%-algebra. Next are two equivalent conditions
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for a separable extension of (B * G)% in B % G which is invariant under a subgroup K of

G.

Theorem 4.1. Let B be an Azumaya Galois extension of B, S a separable subalgebra
of B x G such that (B *G) CS, K={9g€G|g(s)=s foralls € S}, and D the center
of S. Then S = (Vuq (D)X if and only if (Va.q(S))X = D.

Proof. By the definition of K, S C (B * &)X, so Vgia(S) D Viua((B * G)K) =
Vi+a (Veeg(CYK)) = CYK by Proposition 3.1 (for CYK is a separable subalgebra of the
Azumaya C%-algebra B*(G). Similarly, since S is a separable subalgebra of B+G, Vg.q(95)
is also a separable subalgebra of B x G and Vg.¢(Vp.«c(S)) = S. Hence Vp.c(S) and S
have the same center D by Proposition 3.2. Thus, Vg.q(S) is an Azumaya D-algebra. Not-
ing that DK is a separable subalgebra of Vp.q(S), by Proposition 3.1 for the Azumaya
D-algebra Vp.q(S), Vy.o(5)(Wi.a(s)(DK)) = DK. Now assume (Ve (S))X = D.
Then Vi, .(5)(DK) = (Vg.c(S))®X = D. Hence DK = Wi () (Vo (s)(DK)) =
Wia.o(s)(D) = Viag(S). Thus S = Vpua(Ve«c(S)) = Vpua(DK) = (Vpua(D))®
Conversely, assume S = (Vg.a(D))X. Then S = (Ve.a(D)E = S(Vpua(9))E =
S ®@p (Vexa(S))X as an Azumaya D-algebra by Proposition 3.2. Thus (Vp.a(S))¥ = D.

Next is another equivalent condition for S = (B x G)X

Theorem 4.2. Let B be an Azumaya Galois extension of BY, S a separable subalgebra

such that (Bx Q)% C SC B+G, K={g€ G |§(s) =5 forallse S}, f, : S — B*G

by fo(s) = (s —g(s))g for all s € S and each g € G. Then

(1) f, € Homee (S, B * G) for each g € G.

(2) S = (B*G)X if and only if {f, 19 ¢ K} are linearly independent over C, that is,
ZggK cyfy =0 for some c, € C¢ implies that c, = 0 for each g ¢ K.

Proof. (1) is clear.

(2) Observing that B % G is an Azumaya C%-algebra, we have that S = (B * G)X if
and only if Va.c(S) = Vaea((B*G)X) = Vpug (Viec(CEK)) = CYK by Proposition 3.1.
Therefore, we only need to show that Vig.q(S) = CYK if and only if {f, | g ¢ K} are
linearly independent over C“. Now assume that Vp.q(S) = CK. If ZggK cqfg =0, that
i8, 2 g¢ K Cgfg(s) = 0 for some ¢, € C% and all s € 9, then > g¢k Co(s—5(s))g = 0. Hence

S gek €99 = 2igek €959 = Dgek Co9(8)9 = Do g¢k Co9s- Thus 30 4 cog € Vpua(S) =
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CYK. Therefore, ¢, must be 0 for each g ¢ K. This proves that {f, | g ¢ K} are linearly
independent over C'%. Conversely, since (B * G)% C S, Vp.a(S) C Vawa((B * G)%). But
Vs ((BxG)9) = Vi (Ve (CEG)) = CYG by Proposition 3.1, so Vg.q(S) € C¢G. For
any > cq ¢g9 € Vp«(S) where ¢, € cY, $(Dgeq €9 = (X e6 €99)8 = D yec €a9(8)9-
Hence - c;co(s—g(s))g = 0. Since k(s) = sfork € Kand s € S, 3 4 co(s—7(s))g =0
for all s € S, that is, ZggK cgfq = 0. By hypothesis, {f, | ¢ ¢ K} are linearly independent
over CY, so ¢, = 0 for each g ¢ K. Therefore, Vp.q(S) = CYK.

Corollary 4.3. Let B, S, and K be given in Theorem 4.2 and S, the C%-module generated
by {s—g(s) |se€S}. If ZggK S,g is a direct sum of faithful C%-modules {S,g | g ¢ K},
then S = (B x Q)X

Proof. By the proof of Theorem 4.2, for any > c ¢g9 € Vpi(S), 3 ¢k ¢o(5—G(s))g =0
for all s € S. Since ZggK Syg is a direct sum, ¢4(s — g(s))g = 0 for each g ¢ K and all
s € S. Hence ¢;S,9 = {0}. But S,g is a faithful C%-module, so ¢, = 0 for each g ¢ K.
Thus Vi.q(S) = CYK. Therefore, S = Vioc (Ve (S)) = Ve (CEK) = (B« G)E.

Corollary 4.4. Let B, S, and K be given in Theorem 4.2. If S = (B x G)K, then
Annga (S,) = {0} for each g & K where S, is the C©-module generated by = {s—g(s) | s €
St.

Proof. Since S = (B * G)X, Vg,a(S) = CEK. As given in the proof of Corollary 4.3,
cS, = {0} for a ¢ € C% implies that ¢ = 0 for each g ¢ K.
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