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Abstract. Let B be a ring with 1, C the center of B, G a �nite automorphism group of

B, and Ii = fc�gi(c) j c 2 Cg for each gi 2 G. Then, B is called a center Galois extension

with Galois group G if BIi = B for each gi 6= 1 in G, and a weak center Galois extension

with group G if BIi = Bei for some nonzero idempotent ei in C for each gi 6= 1 in G.

When ei is a minimal element in the Boolean algebra generated by fei j gi 2 Gg, Bei is a

center Galois extension with Galois group Hi for some subgroup Hi of G. Moreover, the

central Galois algebra B(1 � ei) is characterized when B is a Galois algebra with Galois

group G.
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1. Introduction

Galois extensions of rings was intensively studied in sixties and seventies [3, 4, 7, 9]. Let

C be a commutative ring with 1, G a �nite automorphism group of C, and CG the set of

elements in C �xed under each element in G. It is well known that C is a Galois extension

of CG with Galois group G if and only if the ideal generated by fc � gi(c) j c 2 Cg is C

for each gi 6= 1 in G [2, Proposition 1.2, page 80]. The commutative Galois extension C
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was generalized to several well known classes of noncommutative Galois extensions. Let

B be a ring with 1, G = fg1 = 1; g2; � � � ; gng an automorphism group of B of order n for

some integer n, and C the center of B. In [3, 7], F. R. DeMeyer and T. Kanzaki studied

the class of Galois extensions B such that B is an Azumaya C-algebra which is a Galois

algebra with Galois group GjC �= G. In [9], K. Sugano investigated the class of H-separable

Galois extensions B. In [1], R. Alfaro and G. Szeto studied the class of Azumaya Galois

extensions B, that is, B is a Galois extension of BG which is an Azumaya CG-algebra.

Recently, we called B a center Galois extension with Galois group G if its center C is a

Galois algebra over CG with Galois group GjC �= G [5, 6, 10, 11, 12], and it is shown that

B is a center Galois extension of BG if and only if BIi = B for each gi 6= 1 in G [12,

Theorem 3.2] where Ii = fc � gi(c) j c 2 Cg. In the present paper, we shall generalize

the class of center Galois extensions to a broader class of rings. A ring B is called a weak

center Galois extension with group G if BIi = Bei for some nonzero idempotent ei in C

for each gi 6= 1 in G. We note that GjC �= G and a weak center Galois extension is not

necessarily a Galois extension. The purpose of the present paper is to show a structure

of a weak center Galois extension B as follows: Let S be the Boolean algebra generated

by fei j gi 2 Gg, then, (1) if ei is a minimal element in S, there is a subgroup Hi of G

such that Bei is a center Galois extension with Galois group Hi and HijC(1�fi) = f1g,

(2) if the set of minimal elements ffi j i = 1; 2; � � � ;mg in S are contained in fei j gi 2 Gg,

B = �
Pm

i=1Bfi�B(1�_mi=1fi) where Bfi is a center Galois extension with Galois group

HijBfi
�= Hi, HijC(1�fi) = f1g, and GjC(1�_m

i=1
fi) = f1g. Moreover, it will be shown that

the complementary direct summand B(1� fi) of Bfi in B is a central Galois algebra over

C(1� fi) with Galois group HijB(1�fi) if and only if B(1� fi) is an Azumaya algebra and

equal to �
P

gj2Hi
BJj(1� fi) where Jj = fb 2 B j bx = gj(x)b for all x 2 Bg, and some

results are then obtained when B is a Galois algebra with Galois group G.
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2. De�nitions and Notations

Throughout, B will represent a ring with 1, G = fg1 = 1; g2; � � � ; gng an automorphism

group of B of order n for some integer n, C the center of B, BG the set of elements in B

�xed under each element in G, Ii = fc � gi(c) j c 2 Cg, Ji = fb 2B j bx = gi(x)b for all

x 2 Bg for each i, and J
(A)
i = fb 2A j bx = gi(x)b for all x 2 Ag for a subring A of B for

each i.

The ring B is called a Galois extension of BG with Galois group G if there exists a

Galois system fai; bi in B, i = 1; 2; :::; pg for some integer p such that
Pp

i=1 aig(bi) = �1;g

for each g 2 G, and B is called a center Galois extension of BG if C is a Galois algebra

over CG with Galois group GjC �= G. In [12], the authors of the present paper show that

B is a center Galois extension of BG with Galois group G if and only if B has a Galois

system fbi 2 B, ci 2 C, i = 1; 2; :::;mg for some integer m. B is called a weak center

Galois extension of BG with group G if BIi = Bei for some nonzero idempotent ei in C

for each gi 6= 1 in G. Obviously, a center Galois extension with Galois group G is a weak

center Galois extension, and a weak center Galois extension is not necessarily a Galois

extension. Throughout, we assume that B is a weak center Galois extension of BG with

group G and E = feiji = 2; � � � ; ng are the nonzero idempotents in C for each gi 6= 1 in G

such that BIi = Bei.

3. Center Galois Extensions

Let S be the Boolean algebra generated by the elements in E and M = ff1; f2; � � � ; fmg

all distinct non-zero minimal elements in S. Then, it is easy to see that f1; f2; � � � ; fm are

orthogonal idempotents in C. We shall show that if M � E, then B = �
Pm

i=1Bfi �

B(1 � _mi=1fi) where Bfi is a center Galois extension with Galois group HijBfi
�= Hi,

HijC(1�fi) = f1g for some subgroup Hi of G, and GjC(1�_m
i=1

fi) = f1g. We begin with

some properties of a weak center Galois extension B with group G.
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Lemma 3.1. Let B be a weak center Galois extension with group G. Then, for each

gi 6= 1 in G,

(1) gi(ei) = ei,

(2) there exists fbkei 2 Bei; ckei 2 Cei; k = 1; 2; � � � ; pg such that
Pp

k=1(bkei)(ckei) =

ei and
Pp

k=1(bkei)gi(ckei) = 0, and

(3) gijC(1�ei) = 1.

Proof. (1) For any b =
Pt

k=1 bk(ck � gi(ck)) 2 BIi = Bei, where bk 2 B and ck 2 C, k =

1; 2; :::; t for some integer t, we have gi(b) = gi(
Pt

k=1 bk(ck�gi(ck))) =
Pt

k=1 gi(bk)(gi(ck)�

gi(gi(ck))) 2 BIi = Bei. Hence gi(Bei) � Bei. Thus, gi restricted to Bei is an automor-

phism of Bei since gi is an automorphism of B. Therefore, gi(ei) = ei since ei is the

identity of Bei.

(2) Since BIi = Bei, there exist fbk 2 B, ck 2 C, k = 1; 2; :::; tg for some integer t such

that
Pt

k=1 bk(ck� gi(ck)) = ei. Therefore,
Pt

k=1 bkck = ei+
Pt

k=1 bkgi(ck). Let p = t+1,

bp = �
Pt

k=1 bkgi(ck), and cp = 1. Then
Pp

k=1 bkck = ei and
Pp

k=1 bkgi(ck) = 0. Noting

that gi(ei) = ei by (1), we have
Pp

k=1(bkei)(ckei) = ei and
Pp

k=1(bkei)gi(ckei) = 0.

(3) By (1), gi(ei) = ei. Hence for any c 2 C, c(1�ei)�gi(c(1�ei)) = (c�gi(c))(1�ei) 2

Cei \ C(1 � ei) = f0g. Thus, gi(c(1 � ei)) = c(1 � ei) for all c 2 C. This proves that gi

restricted to C(1� ei) is an identity.

Corollary 3.2. Assume B is a weak center Galois extension with group G and each

non-identity element gi in G has order 2. Then,

(1) Bei is a center Galois extension with Galois group Hgi = f1; gig for each gi 6= 1 in

G, and

(2) B is a sum of center Galois extensions if
Pn

i=2 ei = 1.

Lemma 3.3. Let B be a weak center Galois extension with group G, fi 2 M , and

Hi = fgj 2 G
�� gj jC(1�fi) = 1g. Then
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(1) Hi is a subgroup of G, and

(2) C(1� ej) � C(1� fi) for each gj 6= 1 in Hi.

Proof. (1) It is clear.

(2) We �rst claim that ej > fi for each gj 6= 1 in Hi. Suppose that ej 6> fi. Since

fi is a nonzero minimal element in S, it must be that fiej = 0. Hence (1 � fi)ej = ej .

Therefore, ej < 1 � fi. Thus Cej � C(1 � fi). But gj jC(1�fi) = 1, so gj jCej = 1. By

Lemma 3.1-(3), gj jC(1�ej) = 1. Thus, gj jC = 1. This contradicts to Ij 6= f0g for each

gj 6= 1 in G. Hence it must be that ej > fi for each gj 6= 1 in Hi. Therefore, 1�ej < 1�fi,

and so C(1� ej) � C(1� fi) for each gj 6= 1 in Hi.

Lemma 3.4. Let B, fi, and Hi be given in Lemma 3.3 and fei1 ; ei2 ; � � � ; eitg the maximal

subset of E such that fi = ei1ei2 � � � eit . Then Hi � f1; gi1 ; gi2 ; � � � ; gitg

Proof. For each gj 6= 1 in Hi, we have that ej > fi by the proof of Lemma 3.3. Hence

fiej = fi. Therefore, ej 2 fei1 ; ei2 ; � � � ; eitg by the maximality property of the set. So

gj 2 f1; gi1 ; gi2 ; � � � ; gitg.

Keeping the notations of Lemma 3.3, we now show a structure theorem for a weak

center Galois extension.

Theorem 3.5. Let B be a weak center Galois extension with group G. Then,

(1) if Hi 6= f1g, Bfi is a center Galois extension with Galois group HijBfi
�= Hi and

HijC(1�fi) = f1g, and

(2) if Hi 6= f1g for each i, B = �
Pm

i=1Bfi � B(1 � _mi=1fi) where Bfi is a center

Galois extension with Galois group HijBfi
�= Hi, HijC(1�fi) = f1g, and GjC(1�_m

i=1
fi) =

f1g.
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Proof. For each gj 6= 1 in Hi, by Lemma 3.1, there exist fb
(j)
k ej ; c

(j)
k ej ; k = 1; 2; � � � ;mjg

where b
(j)
k 2 B and c

(j)
k 2 C, k = 1; 2; � � � ;mj for some integer mj such that

Pmj

k=1(b
(j)
k ej)(c

(j)
k ej) = ej and

Pmj

k=1(b
(j)
k ej)gj(c

(j)
k ej) = 0. Denote the elements in Hi by

f1; gj1 ; gj2 ; � � � ; gjug for some integer u. Let bk1;k2;���;ku = b
(j1)
k1

b
(j2)
k2

� � � b
(ju)
ku

fi and

ck1;k2;���;ku = c
(j1)
k1

c
(j2)
k2

� � � c
(ju)
ku

fi for kl = 1; 2; � � �mjl and l = 1; 2; � � �u. Noting that c
(jl)
kl

2

C, l = 1; 2; � � �u, we have
mj1X

k1=1

mj2X

k2=1

� � �

mjuX

ku=1

bk1;k2;���;kuck1;k2;���;ku

=

mj1X

k1=1

mj2X

k2=1

� � �

mjuX

ku=1

(b
(j1)
k1

b
(j2)
k2

� � � b
(ju)
ku

fi)(c
(j1)
k1

c
(j2)
k2

� � � c
(ju)
ku

fi)

=

mj1X

k1=1

(b
(j1)
k1

ej1)(c
(j1)
k1

ej1)

mj2X

k2=1

(b
(j2)
k2

ej2)(c
(j2)
k2

ej2) � � �

mjuX

ku=1

(b
(ju)
ku

eju)(c
(ju)
ku

eju)fi

= ej1ej2 � � � ejufi = fi;

and for each gj 6= 1 in Hi, noting that gj(fi) = fi, we have
mj1X

k1=1

mj2X

k2=1

� � �

mjuX

ku=1

bk1;k2;���;kugj(ck1;k2;���;ku)

=

mj1X

k1=1

mj2X

k2=1

� � �

mjuX

ku=1

(b
(j1)
k1

b
(j2)
k2

� � � b
(ju)
ku

fi)gj(c
(j1)
k1

c
(j2)
k2

� � � c
(ju)
ku

fi)

=

mj1X

k1=1

(b
(j1)
k1

fi)gj(c
(j1)
k1

fi)

mj2X

k2=1

(b
(j2)
k2

fi)gj(c
(j2)
k2

fi) � � �

mjuX

ku=1

(b
(ju)
ku

fi)gj(c
(ju)
ku

fi)

=

mj1X

k1=1

(b
(j1)
k1

ej1fi)gj(c
(j1)
k1

ej1fi)

mj2X

k2=1

(b
(j2)
k2

ej2fi)gj(c
(j2)
k2

ej2fi) � � �

� � �

mjuX

ku=1

(b
(ju)
ku

ejufi)gj(c
(ju)
ku

ejufi)

=

mj1X

k1=1

(b
(j1)
k1

ej1)gj(c
(j1)
k1

ej1)fi

mj2X

k2=1

(b
(j2)
k2

ej2)gj(c
(j2)
k2

ej2)fi � � �

mjuX

ku=1

(b
(ju)
ku

eju)gj(c
(ju)
ku

eju)fi

= 0:

Thus, fbk1;k2;���;ku 2 Bfi; ck1;k2;���;ku 2 Cfi, kl = 1; 2; � � �mjl and l = 1; 2; � � �ug is a Hi-

Galois system for Bfi. This proves that Bfi is a center Galois extension with Galois group

HijBfi
�= Hi [12, Theorem 3.2].

6



(2) Since f1; f2; � � � ; fm are orthogonal idempotents in C, we have that

B = �

mX

i=1

Bfi �B(1� _mi=1fi)

where Bfi is a center Galois extension with Galois group HijBfi
�= Hi and HijC(1�fi) =

f1g. Since f1; f2; � � � ; fm are all the distinct nonzero minimal elements in S which is

generated by fej j gj 2 Gg, _mi=1fi = _nj=1ej , the identity element in S. Hence C(1 �

_mi=1fi) = C(1�_nj=1ej). Since 1�_
n
j=1ej < 1�ek for each gk 2 G, C(1�_nj=1ej) � C(1�

ek) for each gk 2 G. Thus, GjC(1�_n
j=1

ej) = f1g by Lemma 3.1-(3), that is, GjC(1�_m
i=1

fi) =

f1g. This completes the proof.

By Lemma 3.1-(3), we obtain a condition under which Hi 6= f1g.

Corollary 3.6. Let B be a weak center Galois extension with group G. If M � E, then

B = �
Pm

i=1Bfi�B(1�_mi=1fi) where Bfi is a center Galois extension with Galois group

HijBfi
�= Hi 6= f1g, HijC(1�fi) = f1g, and GjC(1�_m

i=1
fi) = f1g.

Proof. For any fi, there exists an ej 2 E such that fi = ej since M � E. Hence

gj jC(1�fi) = 1 by Lemma 3.1-(3), that is, gj 2 Hi. Therefore, Hi 6= f1g for each i, and so

Theorem 3.5 implies the result.

4. Central Galois Algebras

By Theorem 3.5, assuming Hi 6= f1g, we have B = Bfi �B(1� fi) where Bfi is a center

Galois extension with Galois group HijBfi
�= Hi and HijC(1�fi) = f1g. In this section, we

shall discuss a structure of B(1 � fi), the complementary direct summand of Bfi in B.

The following theorem for a central Galois algebra as given by M. Harada [4, Theorem 1]

will be employed.
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Proposition 4.1. Let B be a separable R-algebra with a �nite automorphism group G.

If B = �
P

g2G Jg such that JgJg�1 = C, then B is a central Galois algebra [4, Theorem

1].

Lemma 4.2. If e2 = e 2 C and gj(e) = e, then J
(Be)
j = Jje, where J

(Be)
j = fb 2

Be j bx = gj(x)b for all x 2 Beg.

Proof. It is clear that Jje � J
(Be)
j . Conversely, for any b 2 J

(Be)
j , b = be and bx = gj(x)b

for each x 2 Be. Hence for any y 2 B, by = (be)y = b(ye) = gj(ye)b = gj(y)eb = gj(y)b.

Thus, b 2 Jj , and so b = be 2 Jje. Therefore, J
(Be)
j = Jje.

Theorem 4.3. Keeping the notations as given in Theorem 3.5, B(1 � fi) is a central

Galois extension with Galois group HijB(1�fi)
�= Hi if and only if B(1�fi) is an Azumaya

algebra and equal to �
P

gj2Hi
Jj(1� fi).

Proof. (=)) Since B(1� fi) is a central Galois extension with Galois group HijB(1�fi)
�=

Hi, it is an Azumaya algebra. Moreover, by [7, Theorem 1], B(1� fi) =

�
P

gj2Hi
J
(B(1�fi))
j : But J

(B(1�fi))
j = Jj(1� fi) by Lemma 4.2, so B(1� fi) =

�
P

gj2Hi
Jj(1� fi).

((=) By hypothesis, B(1� fi) = �
P

gj2Hi
Jj(1� fi), so B(1� fi) =

�
P

gj2Hi
J
(B(1�fi))
j by Lemma 4.2. Also, by the de�nition of Hi, HijC(1�fi) = f1g where

C(1 � fi) is the center of B(1 � fi), so HijB(1�fi) is a C(1 � fi)-automorphism group of

B(1� fi). By hypothesis, B(1� fi) is an Azumaya algebra over C(1� fi), we have that

J
(B(1�fi))
g J

(B(1�fi))
g�1

= C(1�fi) for each g 2 Hi [8, Lemma 5]. Thus, B(1�fi) is a central

Galois extension with Galois group HijB(1�fi)
�= Hi by Proposition 4.1.

Theorem 4.3 can be applied to a Galois algebra. We �rst give two lemmas.
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Lemma 4.4. Let B be a Galois algebra with Galois group G, e2 = e 2 C, and T a subset

of G such that gj(e) = e and the ideal generated by fce� gj(ce) j ce 2 Ceg in Ce is Ce for

each gj 6= 1 in T . Then Jje = f0g for each gj 6= 1 in T .

Proof. For each b 2 Jje(= J
(Be)
j ) for gj 6= 1 in T , we have that b = be and b(xe) = gj(xe)b

for all xe 2 Be. Hence b(ce � gj(ce)) = 0 for all ce 2 Ce. But the ideal generated by

fce � gj(ce) j ce 2 Ceg in Ce is Ce for each gj 6= 1 in T , so b(Ce) = f0g. Therefore,

b = be = 0. Thus, Jje = f0g for each gj 6= 1 in T .

Lemma 4.5. Let B be a weak center Galois extension, and fi and Hi are given in

Theorem 3.5. If fi = et 2 CG for some gt in G, then

(1) Hi is normal subgroup of G, and

(2) Bfi is a center Galois extension with Galois group HijBfi
�= Hi 6= f1g and

HijC(1�fi) = f1g.

Proof. Part (1) is easy to check, and Corollary 3.6 implies part (2).

Theorem 4.6. Let B be a weak center Galois extension and fi = ej 2 CG for some gj

in G. If B is a Galois algebra with Galois group G, then, B(1 � fi) is a central Galois

algebra with Galois group HijB(1�fi)
�= Hi if and only if C(1� fi) is a Galois algebra with

Galois group G=Hi.

Proof. (=)) We denote (1 � fi) by e. Since B is a Galois algebra with Galois group

G, there exists a G-Galois system fa0t; b
0
t j t = 1; 2; :::;m for some integer mg such that

Pm
t=1 a

0
tg(b

0
t) = �1;g for each g 2 G. Let at = a0te and bt = b0te. Then

Pm
t=1 atg(bt) = e�1;g

for each g 2 G. Since B(1 � fi)(= Be) is a central Galois algebra with Galois group

Hi, jHij (the order of Hi) is a unit in Ce [7, Proposition 5]. Let xt =
1

jHij

P
h2Hi

h(at)

and yt =
P

h2Hi
h(bt). Then, xt and yt are invariant under each element in Hi. Hence
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xt; yt 2 Ce since (Be)Hi = Ce by hypothesis. It is straightforward to check that fxt; ytg

is a G=Hi-Galois system for Ce.

((=) Since B is a Galois algebra with Galois group G, B is an Azumaya algebra.

Hence B(1� fi) is also an Azumaya algebra [2, Proposition 1.11, page 46]. Therefore, by

Theorem 4.3, we only need to show that B(1 � fi) = �
P

gj2Hi
Jj(1 � fi). Since B is a

Galois algebra with Galois group G again, B = �
P

gj2G
Jj [7, Theorem 1]. This implies

that

B(1� fi) = �
X

gj2G

Jj(1� fi) = (�
X

gj2Hi

Jj(1� fi))� (�
X

gj 62Hi

Jj(1� fi)):

By hypothesis, C(1� fi)(= Ce) is a Galois algebra with Galois group G=Hi, so the ideal

generated by fce � �gj(ce) j ce 2 Ceg in Ce is Ce for each �gj 6= 1 in G=Hi [2, Proposition

1.2, page 80]. By noting that �gj(ce) = gj(ce), the ideal generated by fce�gj(ce) j ce 2 Ceg

in Ce is Ce for each gj 62 Hi. Thus, Jj(1 � fi) = Jje = f0g for each gj 62 Hi by Lemma

4.4. Therefore, B(1� fi) = �
P

gj2Hi
Jj(1� fi). This completes the proof.

We conclude the present paper with an example of a weak center Galois extension as

given in Theorem 3.5.

Example Let Q be the rational �eld, A = Q[i; j; k] the quaternion division algebra over Q,

B = A�A�A�A�A, and G = fg1 = 1; g2; g3; g4 = g2g3g such that g2(a1; a2; a3; a4; a5) =

(a2; a1; a3; a4; a5) and g3(a1; a2; a3; a4; a5) = (a1; a2; a4; a3; a5) for all (a1; a2; a3; a4; a5) 2

B. Then,

(1) BIi = Bei for each gi 6= 1 in G, where e2 = (1; 1; 0; 0; 0), e3 = (0; 0; 1; 1; 0), and

e4 = (1; 1; 1; 1; 0). Hence, B is a weak center Galois extension.

(2) B is not a center Galois extension with Galois group G since BI2 6= B. Actually,

B is not a Galois extension with Galois group G since G �xes the �fth component.
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(3) The Boolean algebra S generated by E = fe2; e3; e4g is S = f0; e2; e3; e4g and

the set M of all distinct non-zero minimal elements in S is ff1; f2g where f1 = e2 and

f2 = e3.

(4) H1 = f1; g2g and H2 = f1; g3g.

(5) Bf1(= Be2) is a center Galois extension with Galois groupH1jBf1
�= H1(= f1; g2g)

in which a Galois system is fb1 = (1; 0; 0; 0; 0); b2 = (0; 1; 0; 0; 0); c1 = (1; 0; 0; 0; 0); c2 =

(0; 1; 0; 0; 0)g, and Bf2(= Be3) is a center Galois extension with Galois group H2jBf2
�=

H2(= f1; g3g) in which a Galois system is fb1 = (0; 0; 1; 0; 0); b2 = (0; 0; 0; 1; 0);

c1 = (0; 0; 1; 0; 0); c2 = (0; 0; 0; 1; 0)g:

(6) B(1� f1 _ f2) = f(0; 0; 0; 0; a5) j a5 2 Ag � BG.

(7) B = Bf1 � Bf2 � B(1 � f1 _ f2) such that Bf1 and Bf2 are center Galois

extensions with Galois group H1jBf1
�= H1 and H2jBf2

�= H2 respectively, H1jC(1�f1) =

f1g, H2jC(1�f2) = f1g, and GjC(1�f1_f2) = f1g.
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