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Abstract. Let B be a ring with 1, C' the center of B, GG a finite automorphism group of
B, and I; = {c—g;(c) | ¢ € C} for each g; € G. Then, B is called a center Galois extension
with Galois group G if BI; = B for each ¢g; # 1 in G, and a weak center Galois extension
with group G if BI; = Be; for some nonzero idempotent e; in C' for each g; # 1 in G.
When e; is a minimal element in the Boolean algebra generated by {e; |g; € G}, Be; is a
center Galois extension with Galois group H; for some subgroup H; of G. Moreover, the
central Galois algebra B(1 — e;) is characterized when B is a Galois algebra with Galois

group G.
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1. Introduction

Galois extensions of rings was intensively studied in sixties and seventies [3, 4, 7, 9]. Let
C be a commutative ring with 1, G a finite automorphism group of C, and C% the set of
elements in C' fixed under each element in G. It is well known that C' is a Galois extension
of C% with Galois group G if and only if the ideal generated by {c — g;(c) | c € C} is C

for each g; # 1 in G [2, Proposition 1.2, page 80]. The commutative Galois extension C
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was generalized to several well known classes of noncommutative Galois extensions. Let
B be aring with 1, G = {g1 = 1,92, -, gn} an automorphism group of B of order n for
some integer n, and C the center of B. In [3, 7], F. R. DeMeyer and T. Kanzaki studied
the class of Galois extensions B such that B is an Azumaya C-algebra which is a Galois
algebra with Galois group G|¢ = G. In [9], K. Sugano investigated the class of H-separable
Galois extensions B. In [1], R. Alfaro and G. Szeto studied the class of Azumaya Galois
extensions B, that is, B is a Galois extension of B which is an Azumaya C%-algebra.
Recently, we called B a center Galois extension with Galois group G if its center C' is a
Galois algebra over C¢ with Galois group G|c = G [5, 6, 10, 11, 12], and it is shown that
B is a center Galois extension of BY if and only if BI; = B for each g; # 1 in G [12,
Theorem 3.2] where I; = {c — g;(c) | ¢ € C'}. In the present paper, we shall generalize
the class of center Galois extensions to a broader class of rings. A ring B is called a weak
center Galois extension with group G if BI; = Be; for some nonzero idempotent e; in C
for each g; # 1 in G. We note that G|c = G and a weak center Galois extension is not
necessarily a Galois extension. The purpose of the present paper is to show a structure
of a weak center Galois extension B as follows: Let S be the Boolean algebra generated
by {e;|g; € G}, then, (1) if e; is a minimal element in S, there is a subgroup H; of G
such that Be; is a center Galois extension with Galois group H; and H;|c(i—y) = {1},
(2) if the set of minimal elements {f; |i = 1,2,---,m} in S are contained in {e;|g; € G},
B=aY " Bfi®B(1-V™,f;) where Bf; is a center Galois extension with Galois group
Hi|py, = Hi, Hiloa—y) = {1}, and Gloa—vr 5 = {1}. Moreover, it will be shown that
the complementary direct summand B(1 — f;) of Bf; in B is a central Galois algebra over
C(1— f;) with Galois group H;|g(1—y,) if and only if B(1 — f;) is an Azumaya algebra and
equal to ® -, ¢y, BJ;(1 — fi) where Jj = {b € B | bz = g;(x)b for all z € B}, and some

results are then obtained when B is a Galois algebra with Galois group G.



2. Definitions and Notations

Throughout, B will represent a ring with 1, G = {g1 = 1,92, --,9n} an automorphism
group of B of order n for some integer n, C the center of B, B the set of elements in B
fixed under each element in G, I; = {¢ — gi(c) | ¢ € C}, J; = {b €B | bx = g;(x)b for all
x € B} for each i, and Ji(A) ={b €A | bxr = g;(z)b for all z € A} for a subring A of B for

each 1.

The ring B is called a Galois extension of B¢ with Galois group G if there exists a
Galois system {a;,b; in B, i = 1,2, ...,p} for some integer p such that Y >, a;g(b;) = 61,4
for each g € G, and B is called a center Galois extension of BY if C' is a Galois algebra
over C¢ with Galois group G|c = G. In [12], the authors of the present paper show that
B is a center Galois extension of B¢ with Galois group G if and only if B has a Galois
system {b; € B, ¢; € C, i = 1,2,...,m} for some integer m. B is called a weak center
Galois extension of BY with group G if BI; = Be; for some nonzero idempotent e; in C
for each g; # 1 in G. Obviously, a center Galois extension with Galois group G is a weak
center Galois extension, and a weak center Galois extension is not necessarily a Galois
extension. Throughout, we assume that B is a weak center Galois extension of BY with
group G and E = {e;|i = 2,---,n} are the nonzero idempotents in C for each ¢g; # 1 in G
such that BI; = Be;.

3. Center Galois Extensions

Let S be the Boolean algebra generated by the elements in £ and M = {fi1, fo, -, fm}
all distinct non-zero minimal elements in S. Then, it is easy to see that fi, fo,---, f;, are
orthogonal idempotents in C'. We shall show that if M C E, then B = & 2111 Bf, ®
B(1 — Vi, fi) where Bf; is a center Galois extension with Galois group H;|py, = H;,
Hilc(—) = {1} for some subgroup H; of G, and G|O(1—v;’;1fi) = {1}. We begin with

some properties of a weak center Galois extension B with group G.

3



Lemma 3.1. Let B be a weak center Galois extension with group G. Then, for each
gi Z1in G,

(1) giei) = e,

(2) there ezists {bie; € Be;;cre; € Ceyy k=1,2,---,p} such that Zizl(bkei)(ckei) =
e; and Y r_,(bre;)gi(cre;) =0, and

(3) gilc(1—e;) = 1.

Proof. (1) For any b = 2221 bi(ck — gi(ck)) € BI; = Be;, where by € Band ¢, € C, k =
1,2, ...,t for some integer ¢, we have g;(b) = 91(22:1 br(ck—gi(ck))) = 2221 9i(br)(gi(ck)—
9i(gi(ck))) € BI; = Be;. Hence g;(Be;) C Be;. Thus, g; restricted to Be; is an automor-
phism of Be; since g; is an automorphism of B. Therefore, g;(e;) = e; since e; is the
identity of Be;.

(2) Since BI; = Be;, there exist {by, € B, ¢, € C, k = 1,2, ..., t} for some integer ¢ such
that 2221 b (ck — gi(ck)) = e;. Therefore, 22:1 brcr, = e; + 22:1 brgi(ck). Let p=t+1,
b, = — 22:1 brgi(ck), and ¢, = 1. Then > 7_, brex = e; and > §_, brgi(cr) = 0. Noting
that g;(e;) = e; by (1), we have > %_, (bre;)(cre;) = e; and Y 5_, (brei)gi{cre;) = 0.

(3) By (1), gi(e;) = e;. Hence for any ¢ € C, c(1—e;)—gi(c(1—e€;)) = (c—gi(c))(1—e;) €
Ce;NC(1 —e;) = {0}. Thus, g;(c(1 —e;)) = ¢(1 — ¢;) for all ¢ € C. This proves that g;

restricted to C'(1 — e;) is an identity.

Corollary 3.2. Assume B is a weak center Galois extension with group G and each

non-identity element g; in G has order 2. Then,

(1) Be; is a center Galois extension with Galois group H,, = {1, g;} for each g; # 1 in
G, and

(2) B is a sum of center Galois extensions if Y . ,e; = 1.

Lemma 3.3. Let B be a weak center Galois extension with group G, f; € M, and

H, = {gj e ‘ gle(l—f,-) = 1}. Then



(1) H; is a subgroup of G, and

(2) C(1—e;) CCQ— f;) for each g; # 1 in H;.

Proof. (1) It is clear.

(2) We first claim that e; > f; for each g; # 1 in H;. Suppose that e; »# f;. Since
fi is a nonzero minimal element in S, it must be that fie; = 0. Hence (1 — f;)e; = e;.
Therefore, e; < 1 — f;. Thus Ce; C C(1 — f;). But gjlca—g) = 1, so gjlce; = 1. By
Lemma 3.1-(3), gjlc¢(1—e;) = 1. Thus, gj|c = 1. This contradicts to I; # {0} for each
g; # 1in G. Hence it must be that e; > f; for each g; # 1 in H;. Therefore, 1—e; < 1—f;,

and so C(1 —e;) C C(1— f;) for each g; # 1 in H,.

Lemma 3.4. Let B, f;, and H; be given in Lemma 3.3 and {e;,,€;,,---,e;, } the maximal

subset of E such that f; = e; e, ---e;,. Then H; C{1l,9i,, iy, "0, }

Proof. For each g; # 1 in H;, we have that e; > f; by the proof of Lemma 3.3. Hence
fie; = fi. Therefore, e; € {e;,,e€;,, - ,€;, } by the maximality property of the set. So

g; c {1agi1agi27"'7git}'

Keeping the notations of Lemma 3.3, we now show a structure theorem for a weak

center Galois extension.

Theorem 3.5. Let B be a weak center Galois extension with group G. Then,

(1) if H; # {1}, Bf; is a center Galois extension with Galois group H;|ps, = H; and
Hiloq-ry) = {1}, and

(2) if H; # {1} for each i, B =&Y ;" Bfi ® B(1 — VI, f;) where Bf; is a center
Galois extension with Galois group Hi|py, = H;, Hilca—y,) = {1}, and Glca—vrm 1) =

{1}



Proof. For each g; # 1 in H;, by Lemma 3.1, there exist {bk ej,c,(f)ej, k=12 .-

;M }
where bg) € B and cg) €C,k=1,2,---,m; for some integer m; such that
Z?’:jl(b;j) )(cgj)ej) = e; and kail(b(J)eJ)g](céj)ej) = 0. Denote the elements in H; by

{1,951, 9., -, 9j. } for some integer u. Let b, fy,.. k. = b;il)bg;) --~b§i“)f¢ and

Chy koo by = cgll)c;j;) (J“)fl for k, =1,2,---mj, and I = 1,2,---u. Noting that c(”)
C,l= 1,2,---u, we have
Z Z Z bklyk27'7k Ck17k27'7k
’\,1 1 k2 1 u*l
My Mg Mjy
_ Z Z Z b(jf)bg;) . szuu)fi)(czjlﬂcéjj) . Céju“)fz')
k1=1ko=1
mjq Mjq My
= > e es) Y 0 e ) (e es) D0 (b e ) (e e )
ki1=1 ko=1 ky,=1

= 6.71632 ...ejufi = fl’

and for each g; # 1 in H;, noting that g;(f;) = fi, we have

mJl m-72 Mijy
Z Z Z Ok ks, sk 9 Ckl;k27’7 W)
k=1 ko=1
My Mig Mjy
_ Z Z Z (Jll)b(m) . bgfu“)fz')gg(cgff)cgff) (J")fz)
k1=1 ko=1
i D 50g (0 £) S 0 £)gy = 40 f)g5 (0
= $)gi (et fi VD g (e ) T 00 £ gi (e i)
ki=1 ko=1 k.,=1
mjy mjq (i2) G
- Z ‘71 e, fi)9; ck1 ehfl) Z (bk‘;2 ejZfi)g](cka2 ejofi) -
ki=1 ko=1
ST 00 195 e £)
ku=1
00 () <2 () (j2) X ) ()
Z (bx, Ve )g; (ijl €ji)fi Z (ka2 €js)9; (Ckm €js)fie Z (bkj: €. )9j (iju €j. ) fi
k=1 ko=1 ky=1
=0.

Thus, {bk, ko, ky € Bfi; Chyko,kw € Cfi, ki =1,2,---my, and | = 1,2,---u} is a H;-
Galois system for B f;. This proves that B f; is a center Galois extension with Galois group

H;|By, = H; [12, Theorem 3.2].



(2) Since f1, fa,- -+, fm are orthogonal idempotents in C, we have that
B=®)» Bfi®B(1-VLf)
i=1
where Bf; is a center Galois extension with Galois group H;|py, = H; and H¢|O(1_fi) =
{1}. Since fi, fa, -, fm are all the distinct nonzero minimal elements in S which is
generated by {e;|g; € G}, VIL, fi = V}_,e;, the identity element in S. Hence C(1 —
VI, fi) = C(1=V}_,e;). Since 1-V}_je; < 1—ey for each g, € G, C(1-V]_je;) C C(1-
er) for each g, € G. Thus, G|C(1_V;L:1€j) = {1} by Lemma 3.1-(3), that is, G|C(1—v;’;1fi) =

{1}. This completes the proof.
By Lemma 3.1-(3), we obtain a condition under which H; # {1}.

Corollary 3.6. Let B be a weak center Galois extension with group G. If M C E, then
B=®&Y " Bfi®B(1-V",f;) where Bf; is a center Galois extension with Galois group

Hi|lpy, = H; # {1}, Hilc—p) = {1}, and Gloa—vm ) = {1}

Proof. For any f;, there exists an e; € E such that f; = e; since M C E. Hence
gilca—g) = 1 by Lemma 3.1-(3), that is, g; € H;. Therefore, H; # {1} for each i, and so

Theorem 3.5 implies the result.

4. Central Galois Algebras

By Theorem 3.5, assuming H; # {1}, we have B = Bf; ® B(1 — f;) where Bf; is a center
Galois extension with Galois group H;|gy, = H; and H;|c(1—) = {1}. In this section, we
shall discuss a structure of B(1 — f;), the complementary direct summand of Bf; in B.
The following theorem for a central Galois algebra as given by M. Harada [4, Theorem 1]

will be employed.



Proposition 4.1. Let B be a separable R-algebra with a finite automorphism group G.
If B=¢& deG Jg such that J,J,-1 = C, then B is a central Galois algebra [4, Theorem

1].

Lemma 4.2. Ife’> = e € C and gj(e) = e, then JJ(,Be) = Jje, where J;Be) ={b €

Be | bx = g;(x)b for all x € Be}.

Proof. 1t is clear that Jje C J](Be). Conversely, for any b € J;Be), b = be and bz = g;(x)b
for each € Be. Hence for any y € B, by = (be)y = b(ye) = g;(ye)b = g;(y)eb = g;(y)b.
Thus, b € J;, and so b = be € J;e. Therefore, J](Be) = Jie.

Theorem 4.3. Keeping the notations as given in Theorem 3.5, B(1 — f;) is a central
Galois extension with Galois group Hi|p1—g,) = H; if and only if B(1— f;) is an Azumaya

algebra and equal to © 3 . J;(1 — fi).

Proof. (=) Since B(1 — f;) is a central Galois extension with Galois group H;|g(1_f,) =
H;, it is an Azumaya algebra. Moreover, by [7, Theorem 1], B(1 — f;) =
Oy em IO T But JPU) = (1 - i) by Lemma 4.2, s0 B(1 - f;) =
b ZgjeHi Jj(l - fz)

(<=) By hypothesis, B(1 — f;) = @32, cp, J;(1 = fi), so B(1 - f;) =
@ ZngHi J;B(l_f")) by Lemma 4.2. Also, by the definition of H;, H|c(1—yf,) = {1} where
C(1 — f;) is the center of B(1 — f;), so H;|p(1—y,) is a C(1 — f;)-automorphism group of
B(1 — f;). By hypothesis, B(1 — f;) is an Azumaya algebra over C(1 — f;), we have that
Jg(B(l_f"))Jgi(l_fi)) = C(1— f;) for each g € H; [8, Lemma 5]. Thus, B(1— f;) is a central

Galois extension with Galois group H;|p(1—y,) = H; by Proposition 4.1.

Theorem 4.3 can be applied to a Galois algebra. We first give two lemmas.
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Lemma 4.4. Let B be a Galois algebra with Galois group G, €2 =e € C, and T a subset
of G such that gj(e) = e and the ideal generated by {ce — g;(ce)|ce € Ce} in Ce is Ce for
each gj #1 inT. Then Jje = {0} for each g; #1 inT.

Proof. For each b € J;e(= J](Be)) for g; # 1 in T, we have that b = be and b(ze) = g;(ze)b
for all ze € Be. Hence b(ce — gj(ce)) = 0 for all ce € Ce. But the ideal generated by
{ce — gj(ce)|ce € Ce} in Ce is Ce for each g; # 1 in T, so b(Ce) = {0}. Therefore,
b = be = 0. Thus, Jje = {0} for each g; # 1in T

Lemma 4.5. Let B be a weak center Galois extension, and f; and H; are given in
Theorem 3.5. If fi = e, € CY for some g; in G, then

(1) H; is normal subgroup of G, and

(2) Bf; is a center Galois extension with Galois group H;|py, = H; # {1} and

Hilca-r) ={1}.

Proof. Part (1) is easy to check, and Corollary 3.6 implies part (2).

Theorem 4.6. Let B be a weak center Galois extension and f; = e; € CY for some 9;
in G. If B is a Galois algebra with Galois group G, then, B(1 — f;) is a central Galois
algebra with Galois group H;|pn— ) = H; if and only if C(1 — f;) is a Galois algebra with
Galois group G/ H;.

Proof. (=) We denote (1 — f;) by e. Since B is a Galois algebra with Galois group
G, there exists a G-Galois system {a;,b; | t = 1,2,...,m for some integer m} such that
S ayg(by) = 61,4 for each g € G. Let a; = aje and by = bje. Then Y )" | arg(by) = edy 4
for each ¢ € G. Since B(1 — f;)(= Be) is a central Galois algebra with Galois group
H;, |H;| (the order of H;) is a unit in Ce [7, Proposition 5]. Let z; = ﬁ > nem, Plar)

and y; = ), H, h(bt). Then, x; and y; are invariant under each element in H;. Hence
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z¢,y; € Ce since (Be)fi = Ce by hypothesis. It is straightforward to check that {xs,y;}

is a G/ H;-Galois system for Ce.

(<=) Since B is a Galois algebra with Galois group G, B is an Azumaya algebra.
Hence B(1 — f;) is also an Azumaya algebra [2, Proposition 1.11, page 46]. Therefore, by
Theorem 4.3, we only need to show that B(1 — f;) = ®3°, g, J;j(1 — fi). Since B is a
Galois algebra with Galois group G again, B = & e J; [7, Theorem 1]. This implies

that

Bl-f)=o) Jil-f)=(@ )Y JLd-f)e@ Y Jl-1).

g9; €G g; €H; 9; €H;
By hypothesis, C'(1 — f;)(= Ce) is a Galois algebra with Galois group G/H;, so the ideal
generated by {ce — g;(ce)|ce € Ce} in Ce is Ce for each g; # 1 in G/H; [2, Proposition
1.2, page 80]. By noting that g;(ce) = g;(ce), the ideal generated by {ce —g;(ce) | ce € Ce}
in Ce is Ce for each g; ¢ H;. Thus, J;(1 — f;) = J;e = {0} for each g; ¢ H; by Lemma
4.4. Therefore, B(1 — f;) = & Zg e, Ji(1 = fi). This completes the proof.

We conclude the present paper with an example of a weak center Galois extension as

given in Theorem 3.5.

Ezample Let ) be the rational field, A = Q[i, j, k] the quaternion division algebra over @),
B=AoA®A®ABA, and G = {g1 = 1,92, 93,94 = g293} such that gs (a1, as,as,aq,a5) =
(az,a1,a3,a4,as) and gs(ay,as,a3,a4,as) = (a1,a2,a4,a3,a5) for all (a1, as,as3,aq,a;5) €
B. Then,

(1) BI; = Be; for each g; # 1 in G, where e = (1,1,0,0,0), e3 = (0,0,1,1,0), and
es = (1,1,1,1,0). Hence, B is a weak center Galois extension.

(2) B is not a center Galois extension with Galois group G since Bl # B. Actually,

B is not a Galois extension with Galois group G since G fixes the fifth component.
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(3) The Boolean algebra S generated by E = {es,e3,e4} is S = {0, ea, €3, e4} and
the set M of all distinct non-zero minimal elements in S is {fi, fo} where f; = es and
f2 =es.

(4) Hy = {1,g92} and Hy = {1, ¢3}.

(5) B f1(= Bes) is a center Galois extension with Galois group Hi|pf, = Hi(= {1, 92})
in which a Galois system is {b; = (1,0,0,0,0),b> = (0,1,0,0,0); c; = (1,0,0,0,0),¢c2 =

(0,1,0,0,0)}, and Bf2(= Bes) is a center Galois extension with Galois group Hz|py,

Hy(={1,g3}) in which a Galois system is {b; = (0,0,1,0,0),b, = (0,0,0,1,0);
¢ = (0,0,1,0,0), ¢5 = (0,0,0,1,0)}.
(6) B(L— fiV f2) ={(0,0,0,0,a5) | a5 € A} C BY.
(7) B = Bfi ® Bfy ® B(1 — f1 V f3) such that Bf; and Bfy are center Galois

extensions with Galois group Hi|py, = H; and Hs|py, = Hj respectively, Hi|c(—f) =

{1}, Holo—g,) = {1}, and Gleca—f,vp.) = {1}
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