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Abstract

1t is often known in advance rhat certain subsets of faciors act independently upon 2 re-
sponse. Such 1nformation can be used to estimational advantage by aliasing low-order effzcts
with such zero interactions. We find the best 2" * fractions for the case when the [aciors can be
partitioned into two classes such that non-zero interactions may exist only between classes but
not within a class, T 199% Elsevier Science B.V. All rights reserved.

AMS classification: 62K10; 05B03

1. Introduction

Fractional 2" * designs are frequently used in experimentation. There 1s rich
literature on the selection and analysis of such fractions. We refer to Box and Hunter
(1961a, b) for basic properties of these designs, including the design resolution. Recent
contributions focus on the selection of designs in the presence of prior informauon
regarding certain interactions. Deterministic knowledge often informs that ceriain
factors, or subsets of factors, act independently (additively, to be exact) upon the
response. Interactions beiween such factors are therefore non-existent. This promp1s
exploitation of the aliasing set. whereupon fractions would be selected in which
important low-order effects are aliased with the zero interactions.

In this paper we provide a complete study of the case in which the set of faciors can
be partitioned into two classes. such that no interactions are present between factors
in the same class, but they may be present between factors in different classes. A useful
way to interpret such situations is by thinking that factors are partitioned according
to “gender” with possible interactions due only to the “gender difference”.
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If factors Fy, Fs, ..., F, are believed to influence the response y, and each factor F;
has two levels, high and low, we denote the two values that F, can take by land -1,
the former when F; is at high level and the latter when it is at low level. Let H be
a subgroup of rank k of the group of interactions. The elements in H are said to be
aliased with the identity I. The full interaction group is, therefore, partitioned into
2"~ * aliasing sets (or cosets of H). Two interactions are aliased (or in the same coset of
H) if and only if their product is contained in H. A 2"~ * fractional factorial design ( fid)
is thus produced. We call H the subgroup of defining relations {sdr). A set of generators
of H is called its defining relations. For convenience, we write 4 = Bif the interactions
A and B are aliased. The smallest order among the non-identity interactions in H is
called the resolution of the design. We denote by R(m k) the maximum resolution
possible to be achieved among all 2" * fractional factorial designs.

Denote by (k) the order of interaction k. For a subgroup of defining relations H let
n:{H) be the number of interactions of order i in H and the vecior

V(fﬂ = (HI(H}9 nZ(H): T )

be its order partern. We say that H, has lesser aberrarion than H- if the first unequal
components, say the ith components, of V{H;) and V{H-) satisiv n;(H,) < n;(H,). A sdr
H is said to have minimum aberration if there is no sdr which has lesser aberration
than H. Note that the minimum aberration design has maximum resolution. We refer
to Fries and Hunter (1980) and Franklin (1984) for more information on design
aberration.

The projection of an interaction h onto factors {i1, fa, -- .0,r Is the interaction
obtained from h by ignoring the factors not from the set s b2y e odp). For example,
the projection of the interaction 125679 onto factors {1.2.3.4.5} is 125 and the
projection of the interaction 125679 onto factors {6. 7. 8,9} is 679. The projection of
a sdr H onto factors {iy, iz, ...,i,} is the subgroup obtained by projecting each
interaction of H onto {iy, ia, ... ,i,}. For example, the projection of

H = {I, 123479, 345689, 125678}
onto factors {1,2, 3,4, 5} is
H, = {1,1234,345, 125).

As previously stated, from deterministic knowledge usually due o engineering
reasons. the experimenter often knows that certain interactions between factors are
zero. A graph G is therefore constructed as follows. Vertices are the factors. Join
vertices i and j by an edge if interacrions which incolve both Jfacrors Fiand Fj are zero.
Whereas we cannot assert that such interaction structure is alwavs a reflection of what
one finds in natural phenomena, it always is, on the other hand. less restrictive than
working with main effects and second-order interactions only. by pretending that all
the higher-order interactions are zero. The approach to the study of higher-order
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interactions is central to factorial experimentation. A detailed and clear discussion of
the main thrusts of the problem can be found in Srivastava {1990, Section §1.

Givena 2"7* fid D and a graph G associated with D in the manner described above.
we define the G-sets and G-estimable interactions under the pair (D, G). The G-sers
under (D, G} are obtained by deleting the prescribed zero interactions from the
aliasing sets of D. An interaction is G-estimable under (D, G) if it is either a prescribed
zero interaction or the onlv interaction in a G-set.

Example. Let D be the 2~ fid with defining relations / = 123 = 34, and let G be the
graph of 4 vertices with edges 12. 23, 24, 34, Then the aliasing sets are

H = 1{I,123. 34, 124},
L
2,13.234, 14},
(3,12, 41234,

T
]
b

3.134,24),
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The G-sets are

lHG = {l}-
2H = {2,13.14,
3HG = {3, 4}.

The only G-estimable non-zero interaction under (D, G) is therefore the main effect 1.
We distinguish between the fid (D, G) o which interactions containing edges of
G are all zero, and the fid D with no restrictions attached. Whenever necessary we
emphasize the difference by calling D the unconstrained ffd.
For a fid D and a graph G, we define a (n + 1)-dimensional vector,

m(‘D: G) = (m}-. Mmy, ..., Ny mn-?l)s

where the ith coordinate m; (written also as my(D, G); i=1,2, ... ,n, represents the
number of G-estimabie non-zero i-factor interactions, and m, , , is the resolutiorn of the
design D. '

Let D, and D, be 2°~* iractional factorial designs and G a graph. We say that the
design D, is G-berter than D, if my(D,, G) > m,(D,, G) or there exists positive
integer t such that my(D,, G) = m(D,, G)for 1 <i<tandm. (D}, G) > my.,(Ds. G):
1 <t <n A2 *fractional factorial design D is G-best for a given graph G if no other
2"* fractional factorial design is G-better than D.

This criterion leads most of the time to designs that are rather nice and whose
resolution is either highest possible or close to it. Occasionally, however, the designs
that are G-best turn out to have a resolution that is unacceptably low. We illustrate by
an extreme example. Consider an experiment on four factors, each at two Jevels. We
are interested in a half fraction, knowing that all interactions that contain either of
13, 14, 23, 24 are zero. In accordance to the above criterion the G-best half fraction is
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a design of resolution | with subgroup of relations 1 = 1. In this design all effects
except 1 are G-estimable. Effect 1 is, of course, completely obiiterated with no chance
of being recovered even if some additional interactions are zero or negiigible. In
contrast, the {raction 1234 = I, has both effect ! and 234 not G-estimable, but its
resolution is maximal. Should the 3-factor interaction 234 turn out to be zero, then all
effects, including the main effect 1, are G-estimable. For all practical purposes, it is
difficult to argue in favor of the first design eventhough the criterion prefers it; most
practioners would opt for the latter, since it arguably offers at least a chance of
rescuing effect 1.

We supplement the above criterion by constructing designs of either maximal
resolution, or resolution at least five, in addition to the designs that the criterion
selects as optimal. This is pointed out throughour the paper, whenever the situation
requires such corrective measures.

A graph is completeif there is an edge between any pair of distinct vertices. A graph
Is a direct sum of two complete graphs if its vertices can be parttioned into two classes
such that there are no edges between vertices from diferent classes but there is an edge
berween any pair of vertices in the same class. For example. the graph with edges
12,13, 14, 23, 24, 34, and 56 is a direct sum of two complete graphs. For the direct sum
of these two complete graphs the G-best 2°72 fid is the design with the sdr

H = {1, 1236, 1245, 3456},

in which the G-estimable non-zero interactions are ail the main effects and the 2-factor
interactions 15, 16, 25, and 26. We prove this in Section 3.2.2. If we know in advance,
for example, that interactions 35 and 46 are important and that the zero interactions

are given as above, then the G-best design to use has sdr
HUMD = (11346, 2345, 1256},

Itis simply obtained by a suitable relabeling of factors. This is the G-best 28~ 2 fraction
i which, as before, all the main effects are G-estmable along with the 2-factor
interactions 35, 36, 45, 46, the first and last of which are the two interactions we
believe are particularly important,

2. An overview of cases

We assume that the factors Fy, F,, ..., F, can be partitioned into rwo classes such
that there is no interactions between the factors in the same class but there may be
interactions between the factors from different classes. Without loss of generality, we
can assume the partition of the factors to be {F;, F-, ..., Fa} and {F,.. |, ..., F,} with
m & n — m. Therefore, the graph G described in the introduction is the direct sum of
the two complete graphs with vertices {1, 2, ... ,m}and {m + l.m + 2, ... L}, respec-
tively. Since we assume that interactions which contain an edge of G are zero, it
follows that the only possibly non-zero interactions are the main effects 1,2, ... ,n and
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the 2-factor interactions =12 ..omj=m+ 1,m+2, ... n We, therelore. need
only investigate the G-estimability of these Interactions, since zero interactions are
G-estimable by the definition of G-estimability.

For different resolutions and different values of fractions of designs the methods of
constructing the G-best design are different. We, for convenience, separate the results
into three parts: designs of resolution at least 5, designs of resolution at most 4 with
k> 6, and designs of resolution at most 4 with k < 6. These three paris will be
discussed in Sections 3-3. respectively. A useful technical result is the following.

Lemma 2.1 (The 3-factor lemma — TFL). Let D be a 2"°% fid with sdr H. If each
non-identity interacrion in H incolres at least three factors from {1,2, ... .m} or art leasr
three factors from fm+=1m=2 _. .n}, then every interaction is G-estimable under
(D, G).

Proof. Since everv non-identity interaction in H invoives at least three factors from
{1,2, ....m} or at least three factors from fm+1,m+2, . , 1}, every interaction in
iH, except main effect & involves either at Jeast two factors from {1, 2, ... .m’ or at
least two factors from Mmeima2, .. o} i=12, ... n Hence every interaction
In iH is a zero interaction, except main effect i. Therefore, main effect 7 is the only
interaction in the G-set iH. Hence, all the main effects are G-estimable. Stmilarly,
every interaction in §fH, i = 1.2. ... M j=m+1m+2, .. nisazero interacton,
except the 2-factor interaction i, Therefore, all the 2-factor interactons ij, -
i=1L2 ...mj=m+1,m=2, .., nare G-estimable. This completes the proof of
the iemma. [

3. Designs of resolution at Jeast 5

Lemma 3.1. If a 2°"* design of resolution 5 exists, then the G-best 2"—* 5 is the
unconstrained maximum resolurion 2"~ design. In this design every interaction is
G-estimable.

Proof. Let D be a maximum resolution 2"~* fid with sdr H. Then each non-identity
interaction in H has order at least 5§ since R(n, k} = 5. Hence, each pon-identity
interaction in H involves either at least three factors from {1,2, ... ,m} or at least
three factors from {m + 1,m + 2, ... ,n}. By TFL every interaction is G-estimable
under (D, G). Therefore, the design {D, G} is the G-best design since it has maximum
resolution. This completes the proof. [

4. Designs of resolution 4

In many practical situations, due to restrictions on cost or other considerations,
a design of resolution at most 4 is either what is available or preferred. The rest of the
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paper explores and completely classifies the G-best designs whose resolution is at most
four in the presence of the graph G described above. Construction of designs of high
resolution appears in Addelman (1963) and Daniel (1962). Recent studies on aberra-
tion are found in Chen and Wu (1991}. In this section we give the G-best 22~ ¢ (k> 6)
designs of resolution at most 4. We first give a preliminary result:

Lemma 4.1 (Resolution-four lemma — REL) If(n—k-1D)(n—-k—-272 > k, then
R(n, k) = 4.

Proof. Since (n—k — 1)(n — k — 2)/22 k, we can choose k distinct interactions
{hy, ks, ... .7} of order 3 from the set of the 3-factors interactions

{123,124, .., 1201~ k), 134,135, ..., 13(n— kg, ...,
(R —k—2)n—k—1)(n — k)}.

Let H be the sdr generated by
{1hy, 2h,, ... Jkh}.

Then H has resolution 4. Hence Rin,k)=4. O
Corollary 4.1. Ifn > 2k and k > 3, then R(n, k) = 4.

Proof. It is easy to see that n > 2k and k > 4 implies that (n —k~ 1) (n — k — 2)/2
= k. Therefore, R{n, k)= 4 for k> 4 by RFL. Since R(8.4) = 4. Rinm,k)=4 for
k>3 0O

4.1 The case: mz= k> 6

Below we describe the G-best designs and explain why they have this property.
Assume that k> 6 and m > k. Leti+j=ksuchthati=j0rj=i+l.
fn—m>m or m> k, or k is an even number, then R{n— m.j) =4
and Rim, i =24 for i>3 by RFL. But for i=3. Jj=4 we have
R{m.i)=R(m,3) > R(7,3) =4 and R(n—m,j)=R(n—m, 4 > R(8, 4)=4. Let
H,, be the sdr of a maximum resolution 2™~ unconstrained fd on L2, ,m} and
H,_ ., be the sdr of a maximum resolution 2~m™~J umconstrained fild on
{m+1m+2, ., .n}. Let D be the 2" % §id with sdr the direct product of H,, and
H,_ . Then the design D has resolution 4 and every interaction in D is G-estimable by
TFL, and therefore, the design D is the G-best design for R(n. k) < 4.
Hhk=m=n-m=20+1 > 6, the [ > 3. By RFL RR2I+21+N)zdfor 23
Therefore. R(n — m, | + =R+ 1,1+ 1) 3for!> 3. Let X be the sdr of a max-
imum resolution 2™ =0+ 0 ypeanctrained fid on factors {m +~ 1, m + 2, ... ,n} and

K ks k)
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is a set-of generators of K. Denote by &Y the interaction k& ky -+ k. =102 L

Let D be the 2"~ " fid with sdr H generated by
T, 268 (= 13k (1 4 Ko, o (24 Dy

Then D has resolution at least 4 and every inieraction in H involves at least three
factors from either {1.2. . .m! or {m + 1, m + 2, ... .n}. Hence. every interaction is
G-esumable under (D. G) by TFL, and therefore D is the G-best design.

4.2. The case:m < kandk > 6
We first prove a lemma.

Lemina 4.2 (Resolution three lemma ~ RTL). R(n, k} =3 if and only if 2" % > n. i,
n>log,(n) + k.

Proof. 1f 2% > i, then 2°"* — (n — k) — 1 > k. Therefore, there exist & distinct inter-
actions hy, hy, ... .h, on the set of factors {k+1,k+2, .. .n} with order at ieast 2.
Let H be the sdr generated by

{1hy, 2hy. ... kR

Ther H has resolution at least 3. Therefore, R(n, k)= 3.

Or the other hand. if 2"* < n, then 2°™% — (n — k) — 1 < k — 1. Therefore. there
are at most k — 1 distinct interactions on the factors {k + 1,k + 2, ... .n} with order
atleast 2. Let H,, be the sdr of a 2" ~* design. Without loss of generality, we can assume
that H, i1s generated by

{1A1, 2/41. - k.’{k},

where 4;’s are interactions on the set of factors {k+1,k+2, ... ,n} Hany of the 4.5
has order less than 2. then H has resolution less than 3. Assume, therefore, that all A;'s
have order at least 2. Since there are at most k — 1 distinct interactions on the factors
{k+LEk+2, .., n; with order at least 2, at least two of 4;s are the same, sav 4, and
A, Then 12 is contained in H,. Hence, H, has resolution 2. We have, therefore,
proved that 2% < n impiies that R(n, k) < 2. [

In the remainder of the paper there are many cases to examine and find G-best
designs for. Formal demonstrations are omited in cases where the design is clearly
G-best, either because every interaction is G-estimable, or because of the nature of
construction.

4.2.1. G-Best 2% (m = 1) designs
(a} If R{n, k) > 4, then the G-best 2"~* ffd D has maximum resolution. In this design
every interaction is G-estimable.



352 G. Constantine, L. Xue/Journal of Statistical Planning and Inference 66 (1998) 345-361

(b) If R(n, k) = R{n ~ 1, k) = 3, then the G-best 2"~* fld D has sdr H which is the
same as the sdr of a maximum resolution 2~ 1'~* unconstrained fid on factors
{2,3, ... ,n}. In this design every interaction is G-estimable.

(c) Assume R(n, k) =3 and R(n — 1, k) = 2. Let D, be any 2** fid with sdr H,.
Denote by N3(D,), the number of 3-factor interactions of the form 1ijin H. Let D, be
any 2"~ "'~ unconstrained fid on factors {2, 3, ... ,n} with sdr H,. Denote by N,(D,),
the number of i’s such that { appears in a 2-factor interaction in H .. Let N5y, be the
minimum number of N3 (D) among all 2"~ * unconstrained resolution 3 fids. Let Nyyia
be the maximum number of N,(D;) among all 2"~ **~* unconstrained resolution 2 fids
on factors {2, 3, ..., n}.

If

N
2 *\‘3Min = N2Min:

then the G-best 2"~* fid is the resolution 3 design D whose sdr H contains the
minimum aumber of 3-factor interactions of the form 1ij among zil 2*~* resolution
3 fids. The only interactions that are not G-estimable under (D, G} are the main effects
i1: 3. oo vl J1s 2, --- o] 20d the 2-factor interactioms liy, Ua, ... .15, iy, s, ..., L,
where 11y, Lisf;, ..., 14, are the 3-factor interactions of the form 1ij in H (note that
{i11} does not intersect {i,j,} since the design D has resolution 3.

If

2 Niia > Nimin,

then the G-best 2"7* fid D has sdr H which is the same as the unconstrained resolution
two 2~ Y 7* fid on factors {2, 3, ..., n} which has minimum number of s such that
i appears in a 2-factor interaction in H among all uncoustrained resolution two
2m=D7% ffd on factors {2,3, ...,n}. The only interactions that are not G-estimable
under (D, G) are the main effects iy,i,, ...,7,, and the 2-factor interactions
Liy, 1y, ..., 1iy, where iy, £, ... .1a, are the factors appearing in the 2-factor interac-
tions in H.

We omit the case of designs with R(r, k) = 2, since the low resolution eliminates
their practical usefulness.

4.2.2. G-Best 2% (m = 2) designs

(@) ifd4 = R{n, k) = R(n — 2, k) > 3, then the G-best 2*~* ffd is the design D with sdr
the same as the sdr of 2 maximum resolution 2~ *~* unconstrained fid on factors
3,4, ....n}. Under (D, G) every interaction is G-estimabie,

(b)Y Assume R(n, k) = 4 and R(n — 2, k) = 3. Lemma 2.1 vields the following:

If there exists a 2" "* unconstrained resolution 4 #d D with sdr H such that every
interaction in H involves at least three factors from the set {3, 4, ... . n} then the design
D is the G-best design. Under (D, G) every interaction is G-estimable.

If for every 2" * unconstrained resolution 4 fid the sdr contains an interaction
which involves only two factors from the set {3, 4, ... .n}, then the G-best ffd D has the
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sdr the same as the sdr of a 277" unconstrained resotution 3 fId on the {actors
{3.4, ....n}. Under (D, Gl every interaction is G-estimable.

(c) Assume that Rim, k) <4, and Rin —2, k)= 2. Lel D,_, be a 2~ *'7F uncon-
strained fid on factors (3. 4. ....n} with sdr H,_,. Denote by N{D,_ ), the number of
i's such that i appears in a 2-factor mteraction in H,_..

Let D,_, be the resolution twe 2”7 # "% unconstrained fid on factors {3.4. ... .n},
with sdr H,.; such that N(D,..) is minimum among all 2 ¥ * unconstrained
resolution two fids on factors {3,4, ....n}. The G-best 2"~ * fid is the design D with sdr
H generated by

{120, 12hy. . 12k Hooa {hy kg, o B

where h,, ha. ... h, are the 2-factor interactions in H,_,. Under (D, G) the cnly
interactions which zre not G-estimable are the 2-factor interactions 1iy. 1is, ..., 1i,
2iy, 2iy, ..., 2i. wherei,. ia, ..., i;are the factors appearing in the 2-{actor interactions
in H,-,.

Indeed, let Dy, be any other 2°72 fd with sdr Hq and let HL” , be the projection of
Hgon{3,4, ....n,. The projection is either injective or has kernel {I, 12}, since we do
not allow 2 sdr 1o contain main effects.

Case I: The projection is injective. Then the resolution of H'Y, is at most 2, since
R(n — 2, k) = 2. If the resolution of H'®, is 1, without loss the main effect 3 & H{2 .
Then one of the interactions 13, 23 and 123 is contained in H,. In any case, at least one
of the main effects 1 or 2 is not G-astimable and therefore, the design I is G-better than
D,. If the resolution of Hi% . is 2 and ij e H{®,, then at least one of the interactions
ij, 1if, 2ij and 124 is contained in Hy. If one of ij, 1ij and 2ij is contained in H,, then
either the main effect { or j is not G-estimable and so the design D is G-better than the
design Dy. Thereforz, we can assume that the interaction 12ij is contained in H, for
any 2-factor interaction ij which is contained in HY”, Hence 1i, 1j, 2i, 2] are not
G-estimable for all ij = H' .. Therefore Dy is not G-better than D by the construction
of D.

Case 2: The kernzl of the projection is {I, 12}. Then the 2-factor interaction 12 is
contained in H, and hence the main effects I and 2 are not G-estimable. Therefore the
design D is G-better than the design Dy,

4.2.3. G-Best 2"°F (m = 3) designs

Ifn—3>logsn—3)+(k—1),then R(n — 3,k — 1), = 3 by RTL. Let H, be the
sdr of @ maximum resolution 2~ 3% &~ Y unconstrained fild on {4, 5, ... ,n}. Let D be
the 2"* design with sdr generated by {123, H,}. Then under (D, G) every interaction is
G-estimable, and the design 15 therefore G-best.

4,24, G-Rest 227 (m = 4) designs
If n—4>log.(n—4) + (k—1), then I_Q(n—4,k-— 1) = 3 by RTI.. Let H, be the
sdr of a maximum resolution 2~ #'*®~ ¥ unconstrained fid on {5, 6, ...,n}. Let D be



354 G. Constantine, L. Xue [ Journal of Statistical Planning and Inference 66 (1998) 345-361

the 2"~ * design with sdr generated by {1234, H,). Then under (D, G) every interaction
is G-estimable.

4.2.5. G-Best "% (m = 5) designs

If n— 5> logs(n—5) + (k~2), then R(n — 5,k - 13 by RTL. Let H, be the
sdr of 2 maximum resclution 27~ 3% =2} yneonstraiped #d on 16,7, ...,n}. Let D be
the 2"7% design with sdr generated by {123,345, H,). Then under (D, G) svery
interaction is G-estimable.

For 6 < m < k the methods of constructing the G-best designs are essentially the
same as the ways we constructed the designs above. For the simplicity of the paper we
Jjust briefly describe the idea.

(1) We first try to write k =i + j such that we can construct a resolution 4 (or 3)
2"7% design on {1,2, ...,m} and a resolution 4 ior 3) 2""™"J design on
{m+L.m+2,...,n}. We then combine them as a resolution 4 (or 3) 2"~ ¥ design. The
design constructed in this manner has all interactions G-estimable.

{il} If we cannot construct a design as described in (i), we tryv 1o construct a 2™~
design on {1,2, ...,m} and a 2""™"J design on ;m~1.m—2....,n} and then
combine the two subgroups of defining relations into 2 sdr H of 2 2% design such
that the number of interactions which involve at most two factors from {1,2, ...,m}
and at most two factors from m+1m+2,.. .n} is smail.

5. G-Best 2"™* (k < 6) designs
5.1. G-Best 2"~ 1 designs

The G-best 2"~ ! fid has defining relation [ = 12 --- n in which every interaction is
G-estimable for n > 3.

5.2, G-Best 2"~ 2 designs

521 n>7
The G-best 2"°? (r > 7) fid is the maximum resolution design in which every
interaction is G-estimable by Section 3.

322 n=7
The G-best 2777 fid is the design D with defining refations [ = 12345 = 4567
= 12367 in which every interaction is G-estimable.

323 n=6

Ifn==26 then m=1,2,3.

The G-best 2°7% (m = 1) fid is the design D with defining relations [ = 1234 =
3456 = 1256, Under (D, G) every interaction is G-estimable.
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The G-best 2°77 (m = 2) fid is the design D with defining relations f = 1234
1356 = 2456. Under (D. G) the only interactions that are not G-estimable are the
2-factor interactions 13. 14, 23. 24,

The G-best 2°77 (m = 3) fid is the design D with defining relations [ = 123 =
456 = 123456. Under (D. G) every interaction is G-esiimable,

Observe that there are interactions which are not G-estima ble in any reselution four
2°7% (m = 3) design.

524 n=3

The G-best 2°77 (m = 1) fid is the design D with defining relations [ = 12 =
1345 = 2345, Under (D, G) the only interactions that are not G-estimabic are the main
effects 1 and 2 and the 2-factor interaction 12.

The G-best 2777 (m = 2) fid is the design D with defining relations J = 13 =
2345 = 1245, Under (D, G} the G-estimable interactions are the main effects 2. 4. and
5 and the 2-factor interaction 23.

5.3. G-Best 2""* designs

531 n>9
The G-best 277% (n > 9) fid is the maximum-resolution design in which every
interaction is G-estimable by Section 3.

332 n=¢

The G-best 2°~% im < 4) fid design D has sdr H generated by {14567, 2468, 3439},
Under (D, G} every interaction is G-estimable.

The G-best 2°7% (m = 4) fid is the design D with sdr

H = {I,12569. 13469. 2345, 124789, 135789, 23678, 45678}.
Under (D, G) every interaction is G-estimable.
533 n=8
The G-best 287 % (m < 2) fid D has the sdr
H = {I, 14568, 12437, 3467, 2678, 3578, 12356, 2348},

Under (D, G) every inieraction 1s G-estimabile.
The G-best 2°7% (m = 3) fid D has the sdr

H ={I,12356, 12378, 5678, 468, 1234568, 123467, 457},

Under (D, G) every inieraction is G-estimable,

It can be verified that there are interactions which are not G-estimable in any
resolution four 2872 (m = 3) design.

The G-best 2° 7% (m = 4) fId is the design D with sdr

H = {1, 1236,1346, 2345, 12478, 13578, 23678, 45678).
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Under (D, &) the only interactions that are not G-esumable are the 2-factor tnterac-
tions 15, 16, 25, and 246.

334 n=7
The G-best 2772 id is the design D with sdr

H =1,1456,2457,3467,1267, 1357, 2356, 1234,.

For m = |, every interacuon is G-estimabie. For m = X the only mteractions which
are not G-estimable are the 2-factors interactions if, i=1,2;j = 3, 4,6, 7. For m = 3,
the only interactions which are not G-estimable are the 2-factors interactions i,
i=1.23 =567

J3s n=6
The G-best 2% 2 desiza D has sdr
H =1{I,12,14, 24,1336, 2356, 3456, 123456}.

For m = 1, the G-estimabdle interactions are the main affects 3. 5. 8 and the 2-factor
interactions 13, 15, 16. Fer m = 2, the G-estimable interactions azre the main effects
3.5 6. For m =3, the G-estimable interactions are the main effects 3, 5, 6 and the
2-factor interaction 34.

Note that this G-best design has resolution 2. This is the best wz can do. A resolu-
tion-3 design could be constructed, for example, the design Dy with sdr

H, = {I, 123, 145,236, 346, 2345, 1356, 1246}.

It is easy to check that for m = 1, the G-estimable interactions under 1Dy, G} are 1, and
6: for m = 2, the only G-estimabie interaction under (Dy, G) is 3; for m =3, the
G-estimable interactions under (D, G) are 1, 2, 3. Hence. D is G-better than D,

34 G-Best 2"~ * designs

21 H be the sdr generated by
134579, 124671, 23671, 34568},

where g, t, denote 10, {1. Then it is easy to check that H has resolution 5 and so
Rin. 4y = 5 for n = 11. G-best designs are thus given by Secuon 3.

34l on=10
Let D be the 21974 fid with sdr

H = {11234} @ {1. 4367,459¢,, 468¢,, 5689, 4789. 378, 679ra,.

Then D is the G-best 2°°7* {m = 1, 3, 4) design. Under (D, G} every interaction is
G-estimable,
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The G-best 2'°7* un = 2. 5) fid D has the sdr H gencrated by

{1356, 2347, 14389, 23597,".

4

Under (D, G) every interaction is G-estimable.

542 n=29
The G-best 2°™* (m = 1,2 design D has sdr H generated by

{12346, 12357, 2458, 3439

D

L

Under (D, G) every interaction is G-estimable.
The G-best 2°7* im = 3j design D has sdr H generated by

{1456, 2678. 3479, 589).

Under (D, G) every interaction is G-estimable.
The G-best 2° 7 im = 4) design D has sdr

H = {1,123} & 1. 3436, 3489. 3579, 4578, 3678, 4679, 5689}.

Under (D, G) the only interactions which are not G-estimable are the 2-factors
interactions i, i = 3, 4: j = 5,6, 8, 0.

Note that it can bz checked that every resolution 4 design has at least nine 2- factors
intersections which are not G-estimabie.

543 n=8§ .
The G-best 2*~* design D has sdr H generated by
{1567, 2568. 357§, 4678},

For m = 1, every imtzraction is G-estimable. For m = 2, the only interactions which
are not G-estimabie are the 2-factors intersectioms i, i = 1, 2; j=T18 Form=3 the
only interactions which are not G-zstimable are the 2-factors interactions ij,i=12173
Jj=06,7,8 For m = 4. the G-estimable non-zero interactions are all the main effects.

544. n=7
The G-best 2" "* im = 1, 2) design D has sdr H generated by
{12,13, 14, 567,.

For m =1, the G-estirnable interactions are the main effects 5,6, and 7 and the
2-factor interactions 13, 16. and 17. For m = 2, the G-estimable interactions are the
main effects 5, 6, and 7.

The G-best 2°~* im = 3) design D has sdr H generated by

{123, 46, 56, 67"

in which the G-estimable interactions are the main effects 1,2, and 3.
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5.5. G-Best 2"~ 7 designs

Let H be the sdr generated by
112359, 12461,, 13471, 2348t,, 12345678¢,},

where 1g, 11, I3, t; denote 10, 11, 12, 13. Then it is easy to check that H has resolution
5. Therefore R(n, 5) = 5 for a 2 13. Section 3 yields G-best desiens in these cases.

351 n=12
Let H be the sdr generated by

112339, 12461, 13471, 23481,, 12345678).

Then, it is straightforward to check that H has resoluticn 4 and every interaction in
H involves at least three factors from either {1,2, ....m}orfm— L.m + 2, ... .n} for
m=1,23,4,5,6. Hence, the G-best 2'?~5 fid is the design with sdr H in which every
interaction 1 G-estimable.

332 n=11

{ay m=1,2. Let H be an unconstrained 2'®~" fid of resolution 4 on the factors
{2.3.4....,11}. Then the 2'*~* design D with the sdr H 5 G-best for m = 1, 2. Under
(D. G} every interaction is G-estimable,

(by m = 3, 4. Let Hy be an unconstrained 28~ * §d of resolution 4 on the factors
{4. 3. ... 11}. Then the 2** 7 design D with the sdr H = ‘1. 1234} & H, is G-best for
m = 3.4 Under (D, G) every interaction is G-estimable.

(€} m = 3. The G-best 2'*73 (m = 5) fid has the sdr H generated by

6789, 89141, 1681,, 2368t;, 4568t },
Under (D, ) every interaction is G-estimable.
333 n=10
{a) m =1, 2. The G-best 2'®~3 design D has sdr H generatad by
11678, 27890, 36890, 4679, 5670}

in which every interaction is G-estimable.
{(b) m = 3, The G-best 2'°75 (m = 3) design D has sdr H gegerated by

1123.4890, 589, 680, 750}.

Under (D, G) every interaction is G-estimable.
(c) m =4 The G-best 2'°73 (m = 4) design D has sdr 4 generaied by

{1234, 3789, 4780, 5790, 6890}.

Under (D, G) the only interactions which are not G-estimable are the 2-factor interac-
tiens . i =1,2,3,4;,j=9,0.
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(d) m = 5. The G-best 2'%77 yn = 5) design D has sdr H generated by
116890, 27890. 3670, 4678, 5679}

in which the only interactions which are not G-estimable are the 2-factor interactions
i=12j=67and{.i=3423j=890

354 n=9 .
(a) m = 1. The G-best 2°7° design D has sdr H generated by

{12, 3789, 478, 579. 689’

in which the interactions which are not G-estimable are the main effects 1 and 2 and
the 2-factor interaction 12.

Note that any resolution 3 design contains at least one 3-factor interaction of form
1ij, where i,j > 1, since R(8 3y =2 by RTL. Therefore, i,j, 1i, and 1j are not G-
estimable,

(b) m = 2. The G-best 2°7% design D has sdr H generated by

{123, 1245, 1267. 1289, 468!,

Under (D, G) the main effects 3.4, ..., 9 are G-estimable.
(¢) m = 3. The G-bast 2°~ % design D has sdr H generated by
{12, 13, 345, 567. 7891

Under (D, G) the main effects 4.5, ..., 9 are G-estimable.

Note that for the resolution 3 design in (b), the only G-estimable main effects are 1. 2
and 3.

(d) m = 4. The G-best 2°~* design D has sdr H generated by

{12, 13, 14, 367, 789

Under (D, G) the main effects 3, 6. 7. 8, 9 are G-estimable.

Note that for the resolution 3 design in (b), the only G-estimable main effects are
1,2, and 5.

Since R(8, 5} = 2 we omit the cases for n < 8.

5.6. G-Best 2"~ ° designs

Let H be the sdr generated by
{178910, 2781,15, 3781314 4781t a4, 59t 185t 679142,15),

where tg, t1, {2, I5. s denote 10, 11, 12, 13, 14, Then it is straightforward to check that
H has resolution 5. Therefore, R{n, 6) 2 5for n > 14. Section 3 yields G-best designs in
these cases.
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561 n=13
The G-best 2'* ¢ (m =1, 3,4, 5,6) fid is the design with sdr H generated by

{1234, 12579, 12681, 1458t,, 2457815, 1478¢,)

in which every interaction is G-estimable.
The G-best 2°7° (m = 2) fid is the design with sdr H generated by

11346, 15679, 12361,, 13451y, 23457¢,, 1347t5)

in which every interaction is G-estimable.

We remark that in this case, as in several other cases. the number of parameters is
less than the number of runs. In such a situation one can consider other criteria for
selection of design, such as D-optimality or various other optimality criteria, in
addition to our criterion of G-estimability. The case we just considered involves 128
runs and 1 + 13 + 2x 11 = 36 parameters, for example. Cleariv. some other designs
may be preferable in this situation. Additional issues r=lated 1o choice of design may
lead to a fid in which all interactions are G-estimabie and some other desirable
features may be present as well.

562 n=12
The G-best 2'27% (m = 1, 2) ffd is the design with sdr H gezerated by

{1351, 14815, 13479, 13462, 167t,t,, 23467t}

in which every interaction is G-estimable.
The G-best 2'27° {m = 3, 4) fid is the design with sdr H generated by

112567, 12789, 129¢0t,, 34567, 349t4t,, 68tot-

in which every interaction is G-estimable.
The G-best 2'27% (m = 5, 6) fid is the design with sdr H geaerated by

{1235, 1248, 13479, 13461,, 1267t,, 234671,}

in which every interaction is G-estimable.

363 n=11
The G-best 2'* ~® design D has sdr H generated by

{1236, 1247, 1348, 1259, 135t,, 145¢,}

For m =1, every interaction is G-estimable. For m = 2, all main effects and the
2-factors intersections ij, i = 1,2, j = 8, t,, r; are G-estimabie. For m = 3, all main
effects and the 2-factors intersections if, i = 1,2.3. j=6. r. are G-estimable. For
m =4, all main effects and the 2-factors intersections 16. 17, and 18 are G-estimable.
For m =3, all main effects and the 2-factors intersections lj, j=6,7, ...,t, are
G-estimable.
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564 n=10
(8} m=1,2 3 The G-best 2'°7° design D has sdr H generated by

{12, 13 48910. 589, 68{0.‘ 79{0}.

Form = 1. the only interactions which are not G-gstimable are the main effects 1. 2,
and 3, and the 2-factors interactions 12 and 13. For m = 2 or 3, the main effects
4,5, ... .ty are G-estimable.

Note that for any resolution-3 design there are at least four main effects which are
not G-estimable in case of m = 1 and there are at least five main eflects which are not
G-estimable in case of m = 2 or 3.

(b) m = 4. The G-best 2'°7° design D has sdr H generated by

{12,13. 14, 367. 789, 681,

in which the main effects 3, 6. 7. 8,9, 1, are G-estimable.
(c} m = 5 The G-best 2'°7° design D has sdr H generated by

(12,13, 14, 15. 678, 89¢,)

in which the main effects 6, 7, 8, 5. t, are G-estimable.
Since R(9. 6) = 2, a resolution that is too small, we omit the cases for n < 6.
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