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An oquationl retstionship between (he information

matrix ad the precision magrix whoes (1 /)b entry is the

roquired variance of the clementary consrast Oy~ @) is

studied and used, particularly i the sesting of hlock desigas,

for obtaining & direét relationship between required precision

of estimates and available cost. Software pertinest 10 this

problem is described.

I. INTRODUCTION

Our results arc presented within the general setting of a linear model, The vector
Y of observations is assumed o have expected value E(Y) = X + X;B. Throughout
the paper the eatries of ¥ are understood 1o have covariance matrix cov (¥) = 1.
Matrices X, and X; are subject to sclection by the experimenter. Each choice of X,
and X; is called a design. Interest ies primarily in estimating linear functions in the
v components of o, the b x 1 vector f§ (associated nsually with blocking variables
in possibly several directions) consisting of nuizance perameters.

It is well known that the reduced normal equations for o, when least squares
estimates arc used, are (OX,Y(0X,)0 = (2X;)'Y, where Q = £~ Xp(X3X)"X} is the
projection onto the space orthogonal o the column span of X;. The cocfficient
matrix C ={QX,)(QX;) is known as the information matrix for variety effects.
This work focusses attention on the case whea the row sums of C are zero, a
cimmnemnmhmoudmmp The covariance matrix of a

L’aofuhmhdhnmﬁummofu:s :
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cov (L) = LCL, m
where A” demtua;umlaudinmoﬂbcmh.&mﬂhemmofﬂ
mlhemwspauofx,dnmmxmku)mdepmdemofth:moff

Define a v X v matrix M whose (i, /)th entry is = var (0= “ay), fori#j, and
m,=0. Constantine (1992) gives an equational relationship between the matrix
M and the information matrix C,

- g e—— iy g7
C=-2M ,”_,lnruar' @
where 1 is 1 column vector with all entries equal 10 1. The object of this paper is
10 investigate the matrix M more closcly and establish connections 1o other
relevant measures of precision in the general lincar model a3 well a3 more
specialized settings, such as block designs.

In addition to having nonnegative entries, being symmetric and nonsingular,
the matrix M has other properties worthy of note. Section 2 summarizes propertics
of M within the context of the general linear model. Special properties arise within
the setting of block designs when the entrics of M are shown 1o verify the “triangle
inequality”, making M a distance matrix. These are studied in Section 3. The
pmpenyofbeingadiﬂuwemixiupewlilﬂtyd&edﬁdvebbckdnim
setting and it docs not generalize to models for elimination of heterogeneity in
more than one direction.

The matrix M provides a natural starting point when questions of precision and
pm;mmpmmmmdmmmmu
that onc sttempts 0 specify in advance, if not in its eatirety than at least some
portions thereof. This amounts usually © either specifying the varisnces of all of
the clementary contrasts or the covariances of a basis of such contrasts. A design
is then sought that yields what the entries of Af specify in terms of precision.
Equation (7) provides a means by which such a design can be found. One can
find the information mawix € from the given M by formula (2), and then find an
sctuzl design from the resuhing C. Section 4 describes an algorithm that
accomplishes this task in the setting-of block designs.

2. THE PRECISION MATRIX

Assume that matrices X, and X; have constant row sums. This is common in
discrete experimental settings. The information matrix C satisfies, therefore,
C1 =0, where 1 is & ux ] vector with all entrics equal to onc. Under such an
assumption we summarize some properties of the matrix M.

THEOREM 2.1. (1) Let G = cov(a="a,1) and denote its (i, f)th entry by g,
Then
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my=g,+ 8= 28

‘U’%(ﬂlu"‘ﬂlu'ﬂq}.

(2) An arbitrary covariance of elementary contrasss is expressible in terms of
variances of such contrasts ax follows: W(ul’—\w.aimg':% g+ — iy
""Mﬁ).

3 mmmuumwmvmmvwmmmcm
rankp - 1.

Procf. (1) The relationship between matrices M and G is proved as follows:
my = var (0,0y) = var (0 0y) - (o =)
= var (0, =0y) + var (=0} - 2 cov (0=, 0= ;)
=8ut8y—28y
Note that since g, = my, and g, = my;, we have

gy "% (g + myy = my). 16))
(2) 'We have the following chain of equalities:
cov (o, Sy, 0 ) = cov (o Zay) = (oS ay), (0 =ay) = (<))
=8utix—2a— M
= (Mg + g — g — My)/2.
(3) For the “if" part, see Constantine (1992).
The “only if* pert is proved by contradiction. Suppose that the information
matrix C has rank r less than v - 1. Without foss we assume

C, A)
C'[A’ G-r)

where C, is a r by r nonsingular matrix. Then

G 0
c-’[ 0 g

is a genenalized inverse of C. Hence
'l....dﬂc:-l".l+C;—2‘.‘;-|J=¢; J=12,...,v
and my =cp tcy—2e, mey j=L2,...,0
since the entry c; is zero for im v -1, v. Therefore the (v ~ 1)th row and the vth

row of M are the same, This implies that the matrix M is singular. Hence the
information matrix C must have rank v ~ [ if the matrix M is nonsinguier.
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3. THE M-MATRIX IN THE CASE OF BLOCK DESIGNS

The entries of the matrix M could exhibit additional structure. An interesting
instance is the block design case which involves the notion of distance. A matrix
D = (dy) ls called a distance matrix if it is symmetric, has nonnegative entries, the
dixgonal entries arc 0, and the off-diagonal emrics verify the triangle inequality
dySdy +dy. For an M-ma'rix to be 2 distance matrix means that the variances
of contrasts verify certain (triangle) inoqualities. It turns out that these inequalities
have an intuitive statistical meaning. The next Remark elucidates this point.

REMARK. M is a distance matrix if and only if cov (0,5, 0= is
nonncgative, for all triples with distinct entries & j, k-

Indced, :

var (0, 0g) = var (004 + 04,5
+ = var (&S ) + var (@) - 2 cov (0 S0, o).

The main result of this section asserts that the M-matrix in the case of block
designs is in fact a distance matrix. Being a distance matrix proves helpful when
one attempts to understand the permissible variation in the entrics of the matrix
M. Clearly, if eatries (1, 2) and (1, 3) of M arc specified, then entry (2, 3) can
only myovenmuthuuttedhtunl;hpmniuiblcungcischhm-
accurately assessed when one knows that M is a distance matrix. )

We first introduce & preliminary result.

LEMMA 3.1, {f A is @ v X positive definite matrix with nonpasitive off-dia-
gonal entries, and diagonal entries ay2 2 lailforalll rhmdumvmof.l
has nonnegative entries. .

Proof, Lumqofﬁdugaulmddbe-agmdthpdugomlmtriesbe
a;. where ag 2 0, for all £, j. We will show that the inverse of A has nonnegative
entries by using induction on v.

For v =2, the Lemma is true,

Suppose that the result holds for matrices of dimension v —1. Consider v X0
a positive definite matrix A. Let P be 2 v Xv matrix with diagonal enfrics

pi=li=1,. .v;pu- .j=2, .+ U; and py=0 otherwise. Then

a3 0
mp-[ ,] | @

wherc B is & (v-1)%{v=1) maix with diagonal entrics Bu*dg.”“.g
"¢| nlﬂu mhmﬂpwmsﬁ“ﬂuuﬂ"l lnﬂuﬂ"ll
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Since 4 >0, it follows that AP >0, and therefore also that B > 0. Further-
more, by <0 for i # f since ay 20 for all k. 1. Also for all 25¢5 0,

bioy, -1 =0y~ ahaT] 2 j§l "‘v'ﬂ%ﬂ;}
= I agtay-ayan= L ay +ayaii(ay - a)
JeLi ILIN|

> I aytaya] & ay= I (ay+ayaydn
ITIY, v Iy, v Ju.:(” uaydi)

= I byl
J=1wi=1

This shows that B satisfies the assumptions of the Lemma. Therefore, by the
in&wﬁonhypomednﬁehvmothummgniwmm.Byu)mhve

Therefore

B
This shows that A" has nion-negative entrics since P, P* and B™ have non-nega-
tive entries. This compietes the proof of the Lemma.
REMARK. ‘The converse of Lemma 3.1 is not true in general. For example, lct

6 -4 1§ 35

-4 3 =15 25

5 <15 15 -Ls)
=35 25 -15 35| ,
Itis wywcm&uhmmAkwﬁdw&ﬁmﬁmmwﬁﬁw
off-diagomlenu'iﬁ.Yet;lheinvmofAhaslllmiupuiﬁvc.

THEOREM 3.1. If the information matrix C has nonpositive off-diagonal
endries and its rank is v = 1, then M is a distance matrix.

Proof. mc“-(cahamdhediuvmofc.‘rhenby(l)wehwe
my =y + ¢y — 2c;. Hence

-1
Al=p [‘" AP

A=

w5m+m“§c;+c§-c;—c;20. (5)
Nowﬂ!lt(S)isu'lvlal(buh;idumﬂ)if:‘=j.urt=k.ork=j.A_swe
mﬁondinml.ﬂnmym,kWofhdﬁwdC'.Fuﬁm
i.j.k.emednkﬂnmwandmekﬂtmlumnofcmmﬁaduinm'omw
resulting (v = 1) % { — 1) matrix: cali it C*', Make C*”' inton v X v matrix by
imeﬂiuakbmuﬂmeﬂmofmmsyiddlapmﬂiudinm
C'ofC.'l‘hispwdhdmfs(c;)hummnyc;=0ifs=ku
t=k Hence ci+cj— €= Ca=cy And therefore the left side of (5) will be
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uﬁsﬁﬁifwmm&ncikﬂ-mmcuamkv-lpositiyc
semidefinite matrix with nonpositive offdiagonal entrics and row sums 0, C*
satisfies the conditions of Lemma 3.1. Hence the inverse of C* has non-negative
entries. Thercfore the generalized inverse €~ of C obtained from C* has
non-negative entries. Hence ¢y 2 0. Since 4/, k arc arbitrary,, the left side of (5)
holds for all i, j, k. This completes the proof of Theorem 3.1.

It is tempting to think that the nonpositivity of the off-diagonal entries of C is
4ls0 & necessary condition for M 1o be a distance matrix, However, this is not true.
Furthermore, a distance matrix M can yicld a symmetric C with row sums zero
and rank ¥ - 1, but not a positive semidefinite matrix. Such examples can easily
be constructed,

COROLLARY 1.1, Under the additive block design model the matrix M is a
distance matrix.

Proof. It is well known that the off-diagonal entries of the information matrix
under this model are nonpositive. The proof is now completed with the help of
Theorem 3.1.

REMARK, It is sempting 1o think that the matrix M is also a distance matrix
in the two-way elimination of heterogeneity, However, this is not true. Consider
the following design, with rows and columns as blocks:

111 21

L R ™
LR R

1
1
3

b N
BN

meinfomuionmu'ifoorbmhoolunmmdmws.cf.Chen;(lWSJ.is:

( IS <125 -095 07

c=f125 25 -05 -07s
-095 -05 27 -la5|

L4:::1 =075 =125 13

and the resulting matrix 5 is:
[0 09333 1287 3.4

0933 0 0.699 L1508

1287 069 0 1.048 |

».3'“4 1508 1048 O

Itis easy to check that A is not a distance matrix. This explains why the algorithms
that are described (n the next section are restricted, at least for the time being, to
the gesting of additive block designs.

4. ALGORITHMS
In practical experiments researchers usually wish 10 control both the cost of

M=
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the experiment and the precision of the parameters 10 be cstimated. When the
average cost per observation is known, the overall cost becomes propartional to
the number of observations. This section offers algorithms that take these
experimental concerns as input data and yield as output the actusl design which
conforms {as much as can be expected) to the specified requirements. This
accomplishment is restricted to the additive model of block designs.

We thus assume that the expected value of observation yy can be written as
1, + By, with @, being the effect of varicty { and fi; being the effect of block j. The
observations arc independently distributed each having the same variance. There
arc v varictics, the unknown effects of which are to be estimated.

Specifically, we provide two main programs. The first docs not address
considerations of cost. It uses as input only the matrix M. The v X v input matrix
M must be symmetric and noasingular with positive off-diagonal entries. These
properties slone sre far from insuring that a design exists with variances of
elementary contrasts close to the entries of M. The user must cyutiously select the
entries of M in accordance with the results established in Sections 2 and 3. The

pmmpulnduhwtudwﬂ\eumwmwmudnheemmofuor
just a sciected few in which the user takes specific interest. In the latter case the
program completes the matrix M. Provided that M is scceptable, the program
" produces a variety-block incidence matrix N, by way of which the design is
specified. It then computes the matrix M(N) whose diagonal entries are zero and
whose (i, jth off-disgonial is the actual variance of the estimate of o, ~ fi; under
the design N. It subsequently calculates a measure of compatibility between what
was given (matrix M) and what was achieved (matrix M(Y)) in the form of 2
percentage etror between the comresponding entries of the two matrices. The user
is expected 1o peruse the results and, if satisfied, cventuaily adopt the design for
actual experimentation.

The second version of the program incorporates cost by having the user specify
an upper and Jower bound on the number of observations, along with the matrix
M. Since an interval for the number of cbeervations is given, the matrix M is
regarded as specified up to a positive scalar multiple only. The multiple is then
automatically adjusted by the program o make the procisions specified by M
compatible with the aforementioned interval. Note that the ratio of variances in
M is unaffectod by such rescaling. The option of entering all entrics of M or just
& sclected few remaing available. Output and percentage error similar to those
given in the first case are then offered to the user.

Much umphﬁcdiun is attrined by using ﬂummﬂrﬂauomhlp
betwen matrix M and the information matrix of the design denoted by C, as it
-wemma)mmmmmammmmmamam)m
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Jones and Eccleston (1980) who aim to attain certain matios on precisions of
variances by essentially using the same ratios on the replication numbers. Consi-
dering the exact relationshp between M and C mentioned above, our approach
achieves vinually complete control between precision requirements and design.
PROGRAMMING METHOD '

The algorithm computes the mawix C from the given matrix M by wsing
equation (1), and then finds a matrix N from the resulting matrix C such that the
sum of squares of the entries of matrix M — M(N) is small.

The following propertics are used in the algotithon. -

L g(IN) =Xg(N),

2. C=g(N) has diagonal cntries C; larger than or cqual to 0.5 and the
off-disgonal entries C, are nonpositive.

Bypmputyl.nmﬁ:CiSmemon‘:.wheC}isdwhfamﬁonmaﬁxfm
block j only. We can thus build the matrix N block by block. At each step the
program first tests the entries of what is [eft in the matrix C. If some C;; is too small,
say C; <02, then we will not build a block which involves varicty i. Likewise, if
some C; is oo large, say C;; > ~0.1, then we will not build a block which involves
both variety i and variety j. Thesc two numbers, 0.2 and ~0.1, gencrally vary with
M. Foc convenience, we call these two numbers the test number for Cy and the test
number for Cy, respectively. By considering the casc of a block of size 2, the test
number for C; shouid be between 0 and 0.25. We make the test number for Cy vary
from 0 to 0.2 and the test number for Cy vary from 0.1 0.1 with increments of
0.01. For each choice of the test numbers the program computes the matrix C(N)
from the matrix N by using equation (2), upon generating N, and then computes the
matrix M(N) from the matrix C{N) by the formula.
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