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Abstract

Let B be a ring with 1, � an automorphism of B, C the center of B, B[x; �] a skew

polynomial ring with a free basis f1; x; x2; � � � ; xn�1g over B, xn = v a unit in B such that

�(v) = v. Then it is shown that B[x; �] is a H-separable extension of B if and only if C is

a �-Galois algebra over C�. This proves the Ikehata theorem for any order n.
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1. Introduction. Let B be a ring with 1, � an automorphism of B, C the center

of B, B� and C� the sets of elements �xed under � in B and C respectively, B[X; �]

a skew polynomial ring in which Xb = �(b)X for all b 2 B. For a monic polynomial

f(X) in B[X; �] of degree m for some integer m such that f(X)B[X; �] = B[X; �]f(X),

B[x; �] is called a skew polynomial ring of degree m with a basis f1; x; x2; � � � ; xm�1 j x =

X + f(X)B[X; �]g over B. In [5], S. Ikehata showed that B[X; �] contains a H-separable

polynomial f(X) of degree p for some prime integer p (that is, B[x; �] is a H-separable

extension of B) if and only if C is a �-Galois extension of C� where � restricted to C has

order p. For any positive integer n not necessarily prime, let f(X) = Xn� v be in B[X; �]

with v a unit in B� and f(X)B[X; �] = B[X; �]f(X), S. Ikehata and G. Szeto ([6]) showed

that C is a �-Galois extension of C� with Galois group < � > restricted to C of order n if

and only if B[xk; �k] is a H-separable extension of B for every divisor k of n. The purpose

of the present paper is to show the above Ikehata theorem for any integer n, that is, C is a

�-Galois algebra over C� with Galois group < � > restricted to C of order n if and only if

B[x; �] is a H-separable extension of B where x = X + (Xn � v)B[X; �] with v invertible

in B�. Moreover, when C is a �-Galois algebra over C� with Galois group < � > of order

n, we shall give some expression for the commutator subring of B� in a H-separable skew

polynomial ring B[x; �] and show a characterization of the �-Galois extension B of B�

in terms of the ��-Galois extension B[x; �], where �� is the inner automorphism of B[x; �]

induced by x. The present paper was revised under the suggestions of the referee. The

authors would like to thank the referee for the valuable suggestions.

2. Preliminaries and basic de�nitions. Throughout this paper, B will represent

a ring with 1, � an automorphism of B, C the center of B, B[x; �] a skew polynomial ring

in which the multiplications are given by xb = �(b)x for b 2 B and xn = v 2 U(B�),

the set of units of B� where B� is the set of elements in B �xed under �, �� the inner
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automorphism of B[x; �] induced by x, that is, ��(f) = xfx�1 for each f 2 B[x; �]. We

note that �� restricted to B is �.

Let A be a subring of a ring S with the same identity 1. We denote VS(A) the

commutator subring of A in S. We call S a separable extension of A if there exist fai; bi in

S, i = 1; 2; :::;m for some integer mg such that
P

aibi = 1, and
P

sai
 bi =
P

ai
 bis for

all s in S where 
 is over A, and a ring S is called a H-separable extension of A if S
AS is

isomorphic to a direct summand of a �nite direct sum of S as a S-bimodule. An Azumaya

algebra is a separable extension of its center. S is called a �-Galois extension of S� if there

exist elements fci; di in S, i = 1; 2; :::;mg for some integer m such that
Pm

i=1 cidi = 1 and
Pm

i=1 ci�
k(di) = 0 for 0 < k < n. The set fci; dig is called a �-Galois system for S.

3. The Ikehata theorem. In this section, we shall prove the Ikehata theorem

as given in section 1. Some properties of H-separable skew polynomial rings and Galois

algebras will take an important role in the proof of the theorem. For convenience, they

are listed below:

Proposition 3.1. ([7], Theorem 3.3) If C is a Galois extension over C� with Galois

group < �=C > of order n, then B[x; �] is a H-separable extension of B.

Proposition 3.2. ([10], Proposition 1.2) Let T be a subring of a ring S with the same

identity 1. If S is a H-separable extension of T such that T is a direct summand of S as a

left T -module, then T satis�es the double centralizer property in S, that is, VS(VS(T )) = T .

Proposition 3.3. ([2], Theorem 11, or [8], Theorem 4) If a ring B is a Galois algebra

over a commutative ring R with a cyclic Galois group < � > of order n for some integer

n, then B is a commutative ring.

Proposition 3.4. ([7], Theorem 3.2) B[x; �] is a H-separable extension of B if and

only if VB[x;�](B) is a Galois extension over C� with Galois group < ��=VB[x;�](B) > of

order n.

Now we prove the Ikehata theorem. We begin with a lemma.

Lemma 3.5. Let Ji = fa 2 B j ba = a�i(b) for all b 2 Bg and Ii = fy 2

VB[x;�](B) j zy = y���i(z) for all z 2 VB[x;�](B)g, i = 0; 1; 2; :::; n � 1. Then VB[x;�](B) =Pn�1
i=0 Jix

i and Jix
i � Ii.
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Proof. Let
Pn�1

i=0 aix
i be an element in VB[x;�](B). Then, for any b 2 B, b

Pn�1
i=0 aix

i =
Pn�1

i=0 aix
ib, so bai = ai�

i(b) for i = 0; 1; 2; :::; n � 1. Hence ai is in Ji. Conversely, for

any ai in Ji and b in B, b
Pn�1

i=0 aix
i =
Pn�1

i=0 ai�
i(b)xi =

Pn�1
i=0 aix

ib. So
Pn�1

i=0 aix
i is

in VB[x;�](B). Thus, VB[x;�](B) =
Pn�1

i=0 Jix
i. Moreover, for any aix

i in Jix
i and z in

VB[x;�](B), z(aix
i) = aizx

i = aix
ix�izxi = aix

i���i(z), so aix
i in Ii. Thus, Jix

i � Ii for

each i.

Theorem 3.6. Let B[x; �] be a skew polynomial ring. Then the following conditions

are equivalent:

(a) B[x; �] is a H-separable extension of B.

(b) C is a �-Galois extension of C� with Galois group < �=C > of order n.

Proof. (a) =) (b): By Proposition 3.4, VB[x;�](B) is a Galois algebra over C� with

Galois group < ��=VB[x;�](B) > of order n. So by Proposition 3.3, VB[x;�](B) is a com-

mutative ring. Moreover, by Lemma 3.5, VB[x;�](B) =
Pn�1

i=0 Jix
i and Jix

i � Ii for each

i = 0; 1; 2; :::; n � 1. Since Ii = fy 2 VB[x;�](B) j zy = y���i(z) for all z 2 VB[x;�](B)g,

y(z� ���i(z)) = 0 for each y 2 Ii and all z 2 VB[x;�](B). But, for each i = 1; 2; :::; n�1, the

ideal of VB[x;�](B) generated by f(z � ���i(z)) j z 2 VB[x;�](B)g is VB[x;�](B) ([1], Proposi-

tion 1.2-(5), Page 80). Therefore, yVB[x;�](B) = 0 for each y 2 Ii, i = 1; 2; :::; n� 1. Hence

Ii = 0 for each i = 1; 2; :::; n� 1. Thus VB[x;�](B) = J0 � B; and so VB[x;�](B) = C. This

implies part (b).

(b) =) (a) is a consequence of Proposition 3.1.

Remark. The proof of the fact that VB[x;�](B) = C as given in (a) =) (b) in

Theorem 3.6 can be done by using the double centralizer property VB[x;�](VB[x;�](B)) = B

from Proposition 3.2. Since VB[x;�](B) was shown to be a commutative ring, so VB[x;�](B) �

VB[x;�](VB[x;�](B)) = B. Hence VB[x;�](B) = C.

4. Commutator subrings. In this section, we shall give an expression for the

commutator subring of B� in a H-separable skew polynomial ring B[x; �] and show a

characterization of the �-Galois extension B of B� in terms of the ��-Galois extension

B[x; �].

Theorem 4.1. Let xn = v 2 U(C�). If C is a �-Galois extension of C�, then

VB[x;�](B
�) =
Pn�1

i=0 Cxi.
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Proof. To show that
Pn�1

i=0 Cxi = VB[x;�](B
�), we �rst show that B = B�C. Since

C is a �-Galois extension of C�, B and B�C are �-Galois extension of B� with the same

�-Galois system as C. Noting that B�C � B, we have B�C = B. Then VB[x;�](B
�) =

Pn�1
i=0 VB(B

�)xi =
Pn�1

i=0 VB(B
�C)xi =

Pn�1
i=0 VB(B)x

i =
Pn�1

i=0 Cxi.

Corollary 4.2. Let xn = v 2 U(C�). If C is a �-Galois extension of C�, then

VB[x;�](B
�) is an Azumaya C�-algebra.

Proof. By Theorem 4.1, VB[x;�](B
�) =
Pn�1

i=0 Cxi. But xn = v 2 C�, so
Pn�1

i=0 Cxi =

C[x; �], a skew polynomial ring over a commutative ring C. Thus, the corollary is a

consequence of ([3], Theorem 2.2).

The Ikehata theorem as given in Theorem 3.6 characterizes the �-Galois extension

C in terms of the H-separable skew polynomial ring B[x; �] over B. Next we give a

characterization of the �-Galois extension B of B� in terms of the ��-Galois skew polynomial

ring B[x; �] where xn = v 2 U(B�).

Theorem 4.3. B is a �-Galois extension of B� if and only if B[x; �] is a ��-Galois

extension of (B[x; �])��.

Proof. The necessity is clear because a �-Galois system for B can be used as a

��-Galois system for B[x; �]. For the su�ciency, suppose that B[x; �] a ��-Galois extension

of (B[x; �])��. Then there is a ��-Galois system for B[x; �], ffi; gi in B[x; �], i = 1; 2; :::;mg

for some integer m such that
Pm

i=1 figi = 1 and
Pm

i=1 fi��
k(gi) = 0 for 0 < k < n.

Let fi =
Pn�1

j=0 a
(fi)
j xj , gi =

Pn�1
l=0 b

(gi)
l xl, aij = a

(fi)
j for i = 1; 2; :::;m and j =

0; 1; 2; :::; n � 1, bi0 = b
(gi)
0 for i = 1; 2; :::;m, and bij = �j(b

(gi)
n�j)v for i = 1; 2; :::;m, and

j = 1; 2; :::; n � 1. We claim that faij ; bij j i = 1; 2; :::;m and j = 0; 1; 2; :::; n � 1g is a

�-Galois system for B. Since
Pm

i=1 figi = 1,

1 =

mX

i=1

(

n�1X

j=0

a
(fi)
j xj)(

n�1X

l=0

b
(gi)
l xl) =

mX

i=1

(

2n�2X

t=0

(
X

j+l=t

a
(fi)
j �j(b

(gi)
l )xt)):

The constant terms on the right end of the above equation are those when t = 0 (that is,

j = l = 0) and t = n (that is, l = n� j). Hence

1 =

mX

i=1

(a
(fi)
0 b

(gi)
0 +

n�1X

j=1

a
(fi)
j �j(b

(gi)
n�j)v) =

mX

i=1

n�1X

j=0

aijbij :
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Since
Pm

i=1 fi��
k(gi) = 0 for 0 < k < n,

0 =

mX

i=1

(

n�1X

j=0

a
(fi)
j xj)��k(

n�1X

l=0

b
(gi)
l xl) =

mX

i=1

(

n�1X

j=0

a
(fi)
j xj)(

n�1X

l=0

�k(b
(gi)
l )xl)

=

mX

i=1

(

2n�2X

t=0

(
X

j+l=t

a
(fi)
j �k+j(b

(gi)
l ))xt):

Hence,

0 =

mX

i=1

(a
(fi)
0 �k(b

(gi)
0 ) +

n�1X

j=1

a
(fi)
j �k(�j(b

(gi)
n�j)v)) =

mX

i=1

n�1X

j=0

aij�
k(bij)

for 0 < k < n. Thus, faij ; bij j i = 1; 2; :::;m and j = 0; 1; 2; :::; n� 1g is a �-Galois system

for B.

We conclude the present paper with an example of a H-separable skew polynomial

ring to demonstrate our results.

Example. Let B =M2(Z)�M2(Z), the direct sum of 2 by 2 matrices over the ring

of integers Z, and �(a� b) = b� a for all a� b in B. Then

(1) The order of � is 2 and � is an automorphism of B.

(2) � restricted to the center of B is isomorphic with �, where C = Z � Z.

(3) Let I2 be the 2 by 2 identity matrix and 02 the 2 by 2 zero matrix. Then, C is a

�-Galois extension of C� with a �-Galois system fa1 = I2 � 02; a2 = 02 � I2; b1 =

I2�02; b2 = 02�I2g, that is, a1b1+a2b2 = I2�I2, the identity of B and a1�(b1)+a2�(b2) =

02 � 02, the zero of B.

(4) Let v = (�I2)� (�I2), then v is a unit in C�, such that x2 = v. Thus B[x; �] is a

H-separable extension of B by Theorem 3.6.

(5) VB[x;�](B) = Z � Z.

(6) VB[x;�](Z � Z) =M2(Z)�M2(Z).

(7) VB[x;�](B
�) =
P1

i=0 Cx
i.

(8) VB[x;�](B
�) = C[x; �] is an Azumaya C�-algebra.
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