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Abstract

Let B be a ring with 1, G a finite automorphism group of B, C the center of B, B the
set of elements in B fixed under each element in G. B * G a skew group ring in which the
multiplication is given by gb = g(b)g for b € B and g € G. Assume C' is a Galois algebra
with Galois group G| = G. Two correspondence theorems are given between some sets
of separable extensions in the skew group ring B * G. Moreover, a sufficient and necessary
condition is given for a subring S of B over BY such that S = B for some subgroup K of
G. Consequently, a correspondence is established between the set of subgroups of G and

a set of subrings of B over B“.
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1. INTRODUCTION

Let B be a ring with 1, C' the center of B, G a finite automorphism group of B,
and B¢ the set of elements in B fixed under each element in G. B is called a DeMeyer-
Kanzaki G-Galois extension if B is an Azumaya C-algebra and C' is a Galois algebra with
Galois group G|c = G ([2]). It was shown that there exists a one-to-one correspondence
between the set of separable subalgebras of C' over C“ and the set of separable subrings
of B over B¢ ([2], Theorem 3). This fact was generalized to an Azumaya Galois extension
where B is called an Azumaya Galois extension of B¢ if B is a G-Galois extension of BY
which is an Azumaya C%-algebra ([1], Theorem 2). A ring B is called a center Galois
extension of BY if C' is a Galois algebra over C¢ with Galois group G|c = G. Clearly, a
DeMeyer-Kanzaki GG-Galois extension is a center Galois extension. Many properties of a
center Galois extension have been found in [5], [6], [7], and [10]. The purpose of the present
paper is to continue the study of a center Galois extension. Two correspondence theorems
are given between some sets of separable extensions in the skew group ring B x G. One of
the correspondences implies the correspondence between the set of subgroups of G and a
set of certain separable extensions each of which is invariant under a subgroup of G. Then
a characterization of an invariant subring of B under a subgroup of G is obtained. This
work was supported by a Caterpillar Fellowship at Bradley University. We would like to
thank Caterpillar Inc. for the support.

2. BASIC NOTATIONS AND DEFINITIONS

Throughout this paper, B will represent a ring with 1, G an automorphism group of
B, C the center of B, B * G a skew group ring in which the multiplication is given by
gb = g(b)g for b € B and g € G, BY the set of elements in B fixed under G, and G the
inner automorphism group of B*G induced by G, that is, g(f) = gfg~ ! for each f € BxG
and g € G. We note that G restricted to B is G.

Let A be a subring of a ring B with the same identity 1. We denote Vg(A) the
commutator subring of A in B. We call B a separable extension of A if there exist {a;, b;
in B, i=1,2,...,m for some integer m} such that > a;b; =1, and > ba; ®b; = > a; @ b;b
for all b in B where ® is over A. A ring F is called a H-separable extension of B if
F ®p F is isomorphic to a direct summand of a finite direct sum of F' as a F-bimodule.
B is called a G-Galois extension of BY if there exist elements {c;,d; in B, i =1,2,...,m}

for some integer m such that 2;11 cig(d;) = 61,4 for each g € G. Such a set {¢;,d;} is
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called a G-Galois system for B. B is called a DeMeyer-Kanzaki G-Galois extension if B
is an Azumaya C-algebra and C is a Galois algebra with Galois group G|¢ = G. B is
called an Azumaya Galois extension of BY if B is a G-Galois extension of BY which is an
Azumaya C-algebra. We call B a center Galois extension of BY if C is a Galois algebra
over C“ with Galois group G|o = G. S is called a D-S-separable extension of E in B if
S is a separable extension of F in B and a direct summand of a finite direct sum of B as
a bimodule over S. For a B-module M, we denote Anng(M) = {b € B | bm = 0 for all
m € M}.

3. CORRESPONDENCE THEOREMS

In this section, we shall give two correspondences between some sets of separable ex-

tensions in the skew group ring B+G. We begin with the expressions of several commutator

subrings.
LEMMA 3.1.
If B is a center Galois extension of B“, then
(1) Vp«c(C) = B.
(2) VBsa(B) = C.
(3) Vaua(B *G) = CC.
(4) B= B“C.
(5) Vexa(BY) = C *G.

PROOF. (1) It is clear that B C Vp.c(C). Conversely, for each }° ;by9 in Vp.c(C),
we have ¢(3° cq bgg) = (22,cq byg)c for each cin €', so cby = byg(c), that is, by(c—g(c)) =
0 for each ¢ € G and ¢ € C. But C is a commutative G-Galois extension of C¢, so the
ideal of C generated by {c—g(c) | ¢ € C'} is C for each g # 1 ([3], Proposition 1.2-(5), page
80). Thus b, = 0 for each g # 1. But then > - byg9 = b1 € B. Hence Vp.(C) C B, and
so V.a(C) = B.

(2) By (1), VBxg(C) = B, 50 Vpxa(B) C Vp«a(C) = B. Thus Vp.q(B) = Vp(B) =
C.

(3) By (2), Veeg(B) = C, 50 Vpog(B % Q) = (Vg.a(B)) = CC.

(4) Since C is a Galois algebra with Galois group G|¢ = G, B and BYC are Galois
extensions of BY with Galois group G|gec = G. Noting that BYC C B, we conclude that
B =B¢C.



(5) By (4), B = BYC, so Vg(BY) = Vg(BYC) = Vg(B) = C. Thus, Vg.q(B%) =
V(B9 +G =C*G.

LEMMA 3.2.
Let B be a center Galois extension of BY with Galois group G. Then B * G is
H-separable over BY and left (or right) B%-finitely generated projective.

PROOF. Since C is a Galois algebra over C¢ with Galois group G|¢ = G, B is a
Galois extension of BY. Hence B is B%-finitely generated projective. Therefore, by the
transitivity of finitely generated and projective modules, B x G is B%-finitely generated
projective since B x G is B-finitely generated projective. Moreover, since C is a (Galois
algebra over C% with Galois group G|¢ = G again, C * G is an Azumaya C%-algebra ([4],
Theorem 2). Hence C % G is H-separable over C%. Thus, B ®cc (C * G) is H-separable
over BY ®cc C% (=2 BY). Noting that the map B® ®¢c¢ (C *G) — BY(C *G)(= B* G
by Lemma 3.1-(4)) by multiplication is a ring homomorphism, we have that B x G is

H-separable over BY.

The correspondence given by Sugano ([9], Theorem 1) will play an important role.

For convenience, we state it in the following:

PROPOSITION 3.3.

Let A be a H-separable extension of E. Then if A is left or right E-finitely generated
projective, there exists a one-to-one correspondence V : S — V4(S) such that V? is
an identity between the set of D-S-separable extensions of E in A and the set of Z(A)-
separable subalgebras of V4(E) where Z(A) is the center of A.

THEOREM 3.4.

Let B be a center Galois extension of BY with Galois group G. Then there exists a
one-to-one correspondence between the set of all separable subalgebras of C x G over C¢
and the set of all D-S-separable extensions of B in B x G.

PROOF. By Lemma 3.2, B « G is H-separable over B® and B-finitely generated
projective, so, by Proposition 3.3, there exists a one-to-one correspondence between the set
of all D-S-separable extensions of B in B G and the set of all C%-separable subalgebras
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of Ve.q(BY) where C% is the center of B x G by Lemma 3.1-(4) and Vg.q(BY) = C x G
by Lemma 3.1-(5). This completes the proof.

The second correspondence theorem is for the D-S-separable extensions of (B % G)¢

in B x G. We first give a lemma.

LEMMA 3.5.
Let B be a center Galois extension of B with Galois group G. Then B x G is
H-separable over (B * G)% and (B * G)%-finitely generated projective.

PROOF. Since C is a Galois algebra over C% with Galois group G|c = G, B*G is a
Galois extension of (B % G)& with the same Galois system for C. Hence B x G is finitely
generated projective over (B x G)G. Moreover, since the elements in G are inner, B % G is
H-separable over (B x G)G by Corollary 3 in [8].

THEOREM 3.6.
Let B be a center Galois extension of B¢ with Galois group G of order n invertible

in B. Then there exists a one-to-one correspondence between the set of all D-S-separable
extensions of (B * G)“ in B * G and the set of all C%-separable subalgebras of C%G.

PROOF. By Lemma 3.5, B x G is H-separable over (B * G)¢ and (B x G)%-finitely
generated projective. Hence, by Proposition 3.3, there exists a one-to-one correspondence
between the set of all D-S-separable extensions of (B % G) in B * G and the set of
all C%-separable subalgebras of Vg.q((B * G)%). Since n is invertible in C%, CEG is
separable over C%; and so CYG is a C%-separable subalgebra of VB*G((B*G)G). Thus, by
Proposition 3.3, Ve.a (Ve (CEG)) = CEG. But Ve ((B * @)9) = Ve (Ve (CEQ)),
s0 Vs ((B * G)%) = CY@G. This completes the proof.

4. THE INVARIANT SUBRINGS

In this section, let Jés) be the C-module generated by {s —g(s) | s € S} for a subring
S of B for a g € G. We are going to characterize, in terms of Jés), an invariant subring
S of B over BY under some subgroup K of G, that is, S = BX. Consequently, we derive
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a one-to-one correspondence between the set of all subgroups of G and a set of certain
separable extensions of BY in B.

We begin with the double centralizer property of a skew group ring C' « K in B x G
for any subgroup K of G.

LEMMA 4.1.
Let K be a subgroup of G. If B is a center Galois extension of B¢ with Galois group
G, then C x K satisfies the double centralizer property in B x G.

PROOF. Since C is a commutative Galois extension of C% with Galois group G, C is
a Galois extension of C¥ with Galois group K with the same Galois system. Hence C x K
is an Azumaya C¥-algebra and C¥ is separable over C%, and so C % K is a separable C*-
algebra by the transitivity of separable extensions. Thus, the one-to-one correspondence
in Theorem 3.4 implies that Vp.q(Ve.q(C * K)) = C x K for C % K is a separable C“-
subalgebra of C' x G.

LEMMA 4.2.

Let B be a center Galois extension of BY with Galois group G, S a subring of B over
BY and K = {g € G | g(s) = s for all s € S}. Then, Jés) is a faithful C-module for each
g € K if and only if Vp.q(S) = C x K.

PROOF. Since BY C S, Vg.q(S) C Vpsa(BY) = C x G by Lemma 3.1-(5). Thus,
VBsG(S) = Vewa(S). By a direct computation, Veug(S) = C* K @® 3° 45 1,9 where
I, ={ceCle(s—g(s)) =0 for each s € S} = Anno(Jggs)). Therefore, Jgs) is a faithful
C-module for each g ¢ K if and only if Vg.q(S) =C x K.

THEOREM 4.3.

Let B be a center Galois extension of B¢ with Galois group G, S a subring of B over
BY and K = {g € G | g(s) = s for all s € S}. Then, S = BX if and only if J!gS) is a
faithful C-module for each g ¢ K and S satisfies the double centralizer property in B xG.

PROOF. (<) Since J§ is a faithful C-module for each g & K, Vg.q(S) = C x K
by Lemma 4.2. Hence Vp.c:(Va2a(S)) = Veea(C * K) = (Vg.a(C))X = BE by Lemma
3.1-(1). But Vg.q(Ve«c(S)) = S by hypothesis, so S = BX.

(=) By Lemma 3.1-(1), Vg.g(C) = B. Hence Vp.q(C x K) = (Vg.q(C))X = BX.
But S = B by hypothesis, so Vg.«g(C * K) = S. Thus Vg.q(S) = V«q (VB (C x K)).
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Since C * K satisfies the double centralizer property in B *« G by Lemma 4.1, Vp.g(S) =
C x K. Therefore, JgSS) is a faithful C-module for each ¢ ¢ K by Lemma 4.2. Moreover,
VB« (VB (S)) = VB« (C * K) = S. This completes the proof.

COROLLARY 4.4.

Let B be a center Galois extension of B¢ with Galois group G, S a D-S-separable
extension of BY in B, and K = {g € G | g(s) = s for all s € S}. Then, S = B¥ if and
only if J{*) is a faithful C-module for each g & K.

PROOF. Since B is a center Galois extension of B¢ with Galois group G, Theorem 3.4
implies that every D-S-separable extension S of B¢ in BxG satisfies the double centralizer

property in B x G. Thus, the Corollary is immediate from Theorem 4.3.

Corollary 4.4 induces a one-to-one correspondence between the set of all subgroups of
G and the set of all D-S-separable extensions of B¢ in B.

COROLLARY 4.5.

Let B be a center Galois extension of B¢ with Galois group G. Then there is a
one-to-one correspondence between the set of all subgroups of G' and the set of all D-S-
separable extensions S of BY in B such that Jg(s) is a faithful C-module for each g ¢ K
where K = {g € G | g(s) = s for all s € S}.

PROOF. Let a : K — B¥ for each subgroup K of G. We claim that

(i) « is one-to-one,

(i) K = {g € G | g(s) = s for all s € BX},

(iii) BX is a D-S-separable extension of B in B such that JéBK) is a faithful C-
module for each g € K, and

I8 s

(iv) a is onto the set of all D-S-separable extensions S of B¢ in B such that
a faithful C-module for each g ¢ K.

Proof of (i). Let K and H be two subgroups of G such that a(K) = a(H), that is,
BK = BH. Then B¥:H) = BK — BH where (K, H) is the subgroup of G generated
by K and H. Since B is a Galois extension of BY with Galois group G, B is a Galois
extension of BX with Galois group K and a Galois extension of B ) with Galois group
(K,H). Hence, B x K = Hompx (B, B) = Hompg u)(B,B) = B x (K, H) ([2], Theorem
1). Therefore, K = (K, H). Similarly, H = (K, H). Thus K = H.
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Proof of (ii). Let H = {g € G | g(s) = s for all s € BX}. Then K C H. Hence
B c BX. But BE c BH by the definition of H, so BXK = BH. Thus K = H by (i).
Proof of (iii). By Theorem 4.3, JéBK) is a faithful C-module for each ¢ ¢ K and B¥
satisfies the double centralizer property in B*G for S = BX being a subring of B over B®.
Hence Vi.g(B%) = C * K by Lemma 4.2. Therefore, Vp.q(C * K) = Vg.g(Vpxc(BE)) =
BX. But, by the proof of Lemma 4.1, C x K is a separable C%-subalgebra of C * G, so
VB.q(C * K)(= BX) is a D-S-separable extension of B¢ in B * G by Theorem 3.4.
Proof of (iv). « is onto by Corollary 4.4.

We conclude the present paper with a center Galois extension B that is not a DeMeyer-

Kanzaki Galois extension.

Let Z be the ring of integers, C = @& Y| Z, the direct sum of n copies of Z for some
integer n, Zli,j, k] the integer quaternion ring, B = Z[i,j,k|C(= ® .| Z[i,j,k]), and
g(b1,bo, -+ by) = (bp,b1,ba, -+, by_1) for any (by, by, --,by) € B. Then

(1) C is a commutative Galois algebra with Galois group G = (g) generated by g with
a Galois system {ej,es, -, €,; €1,€2,---,e,} where e; = (0,---,0,1,0,---,0) with 1 in
the i*" component such that Z?:l e;jgP(e;) =d0p, p=0,1,--- ,n—1.

(2) €9 = {(a,a,--,a) | a € ZH= 7).

(3) The center of B is C since the center of Z[i, 7, k] is Z.

4) B is a center Galois extension of B with Galois group G by (1) and (3), where
{(b,b,---,b) | be Z[i, j, k] (= Z1[i, 4, k]).
(5) Z[z Js ] is not a separable Z-algebra, (for 2 is not a unit in Z), so B¢ is not an
Azumaya C%-algebra. Hence B is not an Azumaya C-algebra. Thus, B is not a DeMeyer-
Kanzaki Galois extension.
(6) Let K be a subgroup of G. Then K = (¢g™) for some integer m|n and
K = {(by,bo, by by, bay o e by e eve e s yb1,ba, -+ b)) | by € Z[i, 4, k], for 1 <p <m}.

(7) By Corollary 4.5, BE = {(b1,by, -+, by, by, bay -+ by ovv - 1,02, b)) | by €
Zli,j, k], for 1 < p < m} is a D-S-separable extension of BY in B such that JéBK) is a
faithful C'-module for each g ¢ K.

(8) Let S be a D-S-separable extension of B“ in B. Then Jg(s) is C-faithful for g # 1.
Hence, by Corollary 4.5, every D-S-separable extension S of BY in B has form S = BX
for some subgroup K of G.

(9) By Theorem 4.3, for any S = {(b1,ba,- -+, by, b1,bo, - by -+ - 01,09, -+ b))
| b, € Z[i,j,k], for 1 < p < m} where m|n, S satisfies the double centralizer property in
B % G and Vp.g(9) is a Z-separable subalgebras of C « G.
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