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ABSTRACT. Let B be a ring with 1, C' the center of B, and G an finite
automorphism group of B. It is shown that if B is an Azumaya algebra such
that B = &) g Jy where J; = {b € B|bz = g(z)b for all z € B}, then there
exist orthogonal central idempotents {f; € C|i = 1,2,...,m for some integer m}
and subgroups H; of G such that B = (&), Bf;) ® D where Bf; is a central
Galois algebra with Galois group H;|gy, = H; for each i = 1,2,...,m and D is

contained in C.
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1. Introduction. Let A be an Azumaya algebra, G a finite algebra automorphism
group of A, and J;, = {a € A|lax = g(x)a for all z € A} for each ¢ € G. In [6], it
was shown that J,J, = Jyp, for all g,h € G. In [2], let B be a separable algebra over
a commutative ring R and G a finite algebra automorphism group of B. Assume that
B = @3 ,ccJ; where J; are similarly defined as for A. Then, B is a central Galois
algebra with Galois group G if and only if for each g € G, J,J,—1 = C, the center of
B. Thus, any Azumaya algebra B with a finite algebra automorphism group G such that
B=a)> gec Jg 1s a central Galois algebra with Galois group G. By changing the algebra

automorphism group G to a ring automorphism group G, the purpose of the present paper
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is to generalize the above fact. We shall show that if B is an Azumaya C-algebra with a
finite ring automorphism group G such that B = @& > e Jg, then there exist orthogonal
central idempotents {f; € C|i = 1,2,...,m for some integer m} and subgroups H; of G
such that B = (@) ;- Bf;)® Bf where Bf; is a central Galois algebra with Galois group
H;i|lpy, @ Hiforeachi =1,2,...,m, f =1-3"", f;,and Bf = Cf. Since a Galois algebra

B with Galois group G is an Azumaya algebra such that B = @ ) Jg, our result can

g€G
be applied to Galois algebras. Moreover, if B is a separable extension of B such that
B=a)> gec Jg, then the direct summand Bf is a commutative Galois algebra with Galois
group G|ps = (. An example is given to demonstrate the results and to illustrate that
an Azumaya algebra B such that B =& ) gea Jg is not necessarily a Galois algebra with

Galois group G. This paper was written under the support of a Caterpillar Fellowship at

Bradley University. We would like to thank Caterpillar Inc. for the support.

2. Definitions and Notations. Throughout this paper, B will represent a
ring with 1, C' the center of B, GG a ring automorphism group of B of order n for some
integer n, and BY the set of elements in B fixed under each element in G. We denote
J, ={be B|bx = g(x)bfor all x € B} and I, = BJ, N C for each g € G.

Let A be a subring of a ring B with the same identity 1. We denote Vp(A) the
commutator subring of A in B. We follow the definitions of a Galois extension, a separable
extension, and an Azumaya algebra as given in [1], [5], and [7]. B is called a separable
extension of A if there exist {a;,b; in B, i = 1,2,...,m for some integer m} such that
Y ab; =1, and > ba; ® b; = > a; ® b;b for all b in B where ® is over A. An Azumaya
algebra is a separable extension of its center. B is called a Galois extension of BY with
Galois group G if there exist elements {a;,b; in B, i =1,2,...,m} for some integer m such
that > ., a;g(b;) = 01,4 for each g € G. B is called a Galois algebra over R if B is a
Galois extension of R which is contained in C, and B is called a central Galois extension

if B is a Galois extension of C.



3. The Structure Theorem. In this section, we assume that B is an
Azumaya C-algebra with a finite ring automorphism group G such that B = &) gec Jg-
We shall show a structure theorem for such a B. We begin with some properties of the

C-module J, for g € G similar to those as for a Galois algebra ([3, Proposition 2]).

LEMMA 3.1. Forall g,h € G,
(1) Jth = Ingh = Ithh where Ig = BJg NC and Ih = BJh NnC.

(2) there is a unique idempotent e, € C such that BJ, = Bey and J,J,-1 = ¢,C.

PROOF. (1) Since B is an Azumaya C-algebra and B.J, is an ideal of B, BJ, = BI,
([1, Proposition 1.11, page 46]). By hypothesis, B = &} 5 Jg, 50 BJp = 3 JgJh-
Noting that J,J, C Jyp and B=@

Jyn, we have that BJ, = &> JyJp. Hence

geG gEG

@deG JyJn = BJy, = B}, = @dea JonIn. Thus, JgJ, = IpJy,. Similarly, J,J, =
Iy Jgh-

(2) By (1), JgJp = I, Jy, for all g,h € G. By letting h = 1, we have I,J, = J,J; =
J,C = J,, and by letting h = g~ ', we have JyJ,-1 = I,.J; = [,C = I,. Thus, (I,)* =
IyJyJy— = JgJy-1 = I;. Moreover, since B = @zgeG J, is an Azumaya C-algebra, J,
is a finitely generated and projective C-module for each g € G. Hence BJ, = B ®¢ J,
is a finitely generated and projective ideal of B. This implies that I,(= BJ, N C) is
a finitely generated and projective ideal of C. But, (I,)* = I,, so I, = Ce, for some
idempotent e, € C ([3, Lemma 2] or [4, Theorem 76]). Therefore, B.J, = BI, = Be, and

JgJys—1 =1, = e,C. Since e, is the identity of Be,, it is unique.

By Lemma 3.1-(2), for each g € G, there is a unique idempotent e, € C such that
BJ, = Be,. The Boolean algebra generated by the elements {e; | ¢ € G and BJ, = Be,}

is denoted by E.



LEMMA 3.2. Let e be a nonzero element in E of form e = II,_, ey for some

mazimum subset H of G. Then H is a subgroup of G and h(e) = e for each h € H.

PROOF. For any g,h € H,
Begen = (BJy)(BJp) = B(JgJn) = B(IgJgn) = (Bly)(BJgn) = Begegh.

Hence egep, = egeqp. Thus, egep, = egei = egegnen. Therefore, e = eeyy. Thus, gh € H by
the maximality of H. Since G is finite, that gh € H whenever g,h € H implies that H is

a subgroup of G. Noting that, for a subgroup H, gHg~! = H for all g € H, we have that
g(Be) = g(B(UherJn)) = B(Uherng(Jn)) = Bllhen Jgng-1) = B(lhenJn) = Be

for each g € H. Hence, g(e) = e for each g € H because e is the identity of Be.

Next we show that H|p, is an algebra automorphism group.

LEMMA 3.3. Lete and H be given in Lemma 53.2. Then h restricted to Ce is an

identity for each h € H.

PROOF. For any h € H and b € Jy, bc = h(c)b for all ¢ € C, so (¢ — h(c))b = 0.
Hence (¢ — h(c))Jy = {0}. Therefore B(c — h(c))ep = (¢ — h(¢))Bep = (¢ — h(c))BJ, =
B(c — h(c))J, = {0}. Thus, (¢ — h(c))ep, = 0. But e = 1II, _, es, so (¢ — h(c))e = 0.
Moreover, h(e) = e for each h € H by Lemma 3.2, so 0 = (¢ — h(c))e = (¢ — h(c))h(e) =

ch(e) — h(c)h(e) = ce — h{ce), that is, h(ce) = ce for all ¢ € C.

LEMMA 3.4. Let J,SBf) ={be Bf|bx = h(z)b for all x € Bf} for any f € E and
heG. Ifh(f) = f, then J\PP) = fJ,,.



PROOF. It is clear that f.J, C J\°7). Conversely, for any b € J\®7) b = fb and
bx = h(z)b for each x € Bf. Hence for any y € B, by = (fb)y = b(yf) = h(yf)b =
h(y) fb = h(y)b. Therefore, b € J,, and so b= fb € f.J,. Thus, J. P9 = f.J,.

Let e and H be given in Lemma 3.2. We have a structure theorem for the Azumaya
Ce-algebra Be with an algebra automorphism group H|g. = H and for the Azumaya

(C-algebra B with a ring automorphism group G respectively.

THEOREM 3.5. Lete and H be given in Lemma 3.2. Then Be is a central Galois

algebra with Galois group H|p. = H.

PROOF. By Lemma 3.2, H is a subgroup of G and h(e) = e for any h € H. By
Lemma 3.3, h restricted to Ce is an identity for each h € H. Hence H|pg. is a Ce-algebra
automorphism group of Be. Since B is an Azumaya C-algebra, Be is an Azumaya Ce-
algebra ([1, Proposition 1.11, page 46]). By Lemma 3.4, J,(ZBG) = eJy for each h € H,
so Be = @) cqJge = B ety ® D, opely. Since H is a maximum subset of G
such that e = II, _, e, ee; = 0 for each g ¢ H. This implies that BeJ, = Bee, =
{0}. Therefore, eJ, = {0} for each g ¢ H. Thus, Be = &} yel; = &)y JéBe).
Moreover, J]SBe)Jf(L]?f) = (eJp)(eJp-1) = eJpJy-1 = ee,C = Ce which is the center of Be
by Lemma 3.1. Thus, Be is a central Galois algebra over C'e with Galois group H|g. ([2,
Theorem 1]). Next, we claim that H|p. = H. Since e # 0, {0} # Be = Beep, = BelJy, =
BJ,(LBe) for each h € H. Hence J,gBe) # {0} for each h € H. Now, if h|g. = 1, then
{0} #£Ce=J") =edy CONJy=JiNJp. But B=®Y, ¢ Jy, 50 Jy = Jy. Therefore
h = 1. This implies that h|ge # 1 whenever h # 1 in H. Thus, H|g. = H.

THEOREM 3.6. Let B be an Azumaya C-algebra with a finite ring automorphism

group G such that B = & deG Jy, then there exist orthogonal idempotents {f; € C|i =
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1,2,...,m for some integer m} and subgroups H; of G such that B= (&Y., Bfi)® Cf
where Bf; is a central Galois algebra with Galois group H;|py, = H; for eachi=1,2,....,m

and f=1=3" fi.

PROOF. Let {f; € E|i = 1,2,...,k} be all distinct nonzero elements in E of form
fi =11, ;. en for some maximum subset (subgroup) H; of G as given in Lemma 3.2. Then
they are orthogonal. Hence B = (& Zle Bf;) ® Bf where f =1 — Zle fi such that
Bf; is a central Galois algebra with Galois group H;|py, = H; for each i = 1,2,...,k by
Theorem 3.5. Next, we claim that Bf = Cf. Since {f;|i = 1,2,...,k} are all distinct

nonzero elements in E of form f; = II, _,, e, for some maximum subset (subgroup) H; of

hEH;
G, g permutes the set {f;|i = 1,2,...,k} for each g € G. Hence g(f) = f for each g € G.
Hence, by Lemma 3.4, JéBf) = fJ, for each ¢ € G. Therefore, Bf = @dec J,f =
@ e Jg(Bf ) is an Azumaya C f-algebra with a finite ring automorphism group G|pg¢.
If JéBf) = {0} for each ¢ # 1 in G, then Bf = Jl(Bf) = fJ1 = Cf, and so we are
done. If Jgng) # {0} for some g # 1 in G, we can repeat the above argument to have
more direct summands of central Galois algebras. Since E is finite, we have only finitely
many central orthogonal idempotents {f; € E|i = 1,2,...,m for some integer m} such

that B = (&Y., Bfi) ® Bf where Bf; is a central Galois algebra with Galois group

H;|py, = H; for each i =1,2,...,m and Bf = C'f. This completes the proof.

Remark 1. Theorem 3.6 generalizes the following theorem of Harada ([2, Theorem
1]):

Let B be a separable R-algebra with automorphism group G. If B = @dea Jy and

JgJ,—1 = C for each g € G, then B is a central Galois algebra with Galois group G.

Remark 2. Any Galois algebra with Galois group G satisfies the conditions as given

in Theorem 3.6. There are Azumaya C-algebras B such that B = &) Jg, but B

geG

6



is not a Galois algebra with Galois group G (see the example at the end of the paper).
However, for a Galois extension B of B¢ with Galois group G, the condition that B is a
Galois algebra with Galois group G and that B = @ ) gea Jg are equivalent as given by

the following proposition.

PROPOSITION 3.7. For a Galois extension B of B® with Galois group G, B is

a Galois algebra with Galois group G if and only if B = & dec

PROOF. Since B is a Galois extension of B¢ with Galois group G, Vg(B%) =
© Y ,cq g ([3, Proposition 1]). Hence B = @) . J, if and only if V(BY) = B, that
is, BY c C.

As an application of theorem 3.6, we obtain a structure theorem for a separable

G
extension B of B® such that B =& g ca .

THEOREM 3.8. Let B be a separable extension of BY such that B = @ deG
then there exist orthogonal idempotents {f; € Cli = 1,2,...,m for some integer m} and
subgroups H; of G such that B = (® Y.~ Bf;)® Bf where Bf; is a central Galois algebra
with Galois group H;|py, = H; for eachi=1,2,...m, f=1-=3"f;, and Bf =Cf is

commutative Galois algebra with Galois group G|py = G if f # 0.

PROOF. For any a € BY and b= )" __,b, € B where b, € J,, bya = g(a)b, = ab,

geG
for each g € G, s0 ba = )  gbja =a)  ;b, = abfor any b € B. Thus, a € C for
any a € BY. Therefore, B C C. Noting that B is a separable algebra over B“, we have
that B is an Azumaya C-algebra. But B = @ deG 4, 50, by Theorem 3.6, there exist
orthogonal idempotents {f; € C|i = 1,2, ...,m for some integer m} and subgroups H; of G
such that B = (@ ).~ Bf;)® Bf where Bf; is a central Galois algebra with Galois group

H;|py, 2 H; for each i = 1,2,...,m, Bf = Cf, and f =1—=3", f;. Thus, it suffices to
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show that Bf(= C'f) is commutative Galois algebra with Galois group G|gs = G in case
f # 0. In fact, since B is contained in C and B is separable over BY, C is separable over
BY ([1, Theorem 3.8, page 55]), and so Cf is separable over B¢ f ([1, Proposition 1.11,
page 46]). Moreover, since f € C%, BEf C (BYf)% C (Cf)“. Hence Cf is separable
over (C'f)“ ([1, Proposition 1.11, page 46]). Furthermore, Jécf) = Jgng) = fJ, for each
g € G by Lemma 3.4, so ch’f) Cc CnJ, = {0} for each g # 1 in G. This implies that
glcy # identity whenever g # 1 in G (for Jl(cf) = Cf). Thus, G|py = G and Bf(= Cf)
is a commutative Galois algebra with Galois group G|y = G ([2, Proposition 2]). This

completes the proof.

We conclude the present paper with an example to demonstrate the results in Theorem

3.6 and illustrate that an Azumaya C-algebra B such that B = @) Jg, but not

ged

necessarily a Galois algebra with Galois group G.

EXAMPLE 3.9. Let R[i,j, k] be the real quaternion algebra over the field of real
numbers R, Z the integer ring, D = (Z +/—1Z)®7 (Z ++/—1Z), B = R[i, j, k| © D, and
G ={1, gi, gj, gr} where gi(a,d1 @ ds) = (iai ", dy ®dy), gj(a,dy ®ds) = (jaj™"', d1 ®d>),
and gx(a,d; ® do) = (kak™,d, ® dy), for all (a,d; ® ds) in B, where d is the conjugate of
the complex number d. Then,

(1) The center of Bis C = R® D.

(2) B is an Azumaya C-algebra.

3) 1 =C=RaeD, J, = R(i,0), J, = R(j,0), J;, = R(k,0). Hence B =
S gea o

(4) By (3), JgJ,-» = C(1,0) for each g # 1 in G. Hence, f; = (1,0) is the only

nonzero element in E of form f; = II, , ep for some maximum subset H; of G (here

heH

=G and f=1-f=(0,1®1).



(5) B= (@Y., Bfi)®Cf where m =1, Bf; is a central Galois algebra with Galois

group H;|gy, = H; foreach i =1,2,....,m

6) B =R®(Z®2Z) =R Z.

(7) Since D is not separable over Z, B is not separable over BY(= R @ Z). Hence B

is not a Galois algebra with Galois group G.
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