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ABSTRACT. Let B be a ring with 1, C the center of B, and G an �nite

automorphism group of B. It is shown that if B is an Azumaya algebra such

that B = �Pg2G Jg where Jg = fb 2 B j bx = g(x)b for all x 2 Bg, then there

exist orthogonal central idempotents ffi 2 Cji = 1; 2; :::;m for some integer mg
and subgroups Hi of G such that B = (�Pm

i=1Bfi)�D where Bfi is a central

Galois algebra with Galois group HijBfi �= Hi for each i = 1; 2; :::;m and D is

contained in C.
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1. Introduction. Let A be an Azumaya algebra, G a �nite algebra automorphism

group of A, and Jg = fa 2 A j ax = g(x)a for all x 2 Ag for each g 2 G. In [6], it

was shown that JgJh = Jgh for all g; h 2 G. In [2], let B be a separable algebra over

a commutative ring R and G a �nite algebra automorphism group of B. Assume that

B = �Pg2G Jg where Jg are similarly de�ned as for A. Then, B is a central Galois

algebra with Galois group G if and only if for each g 2 G, JgJg�1 = C, the center of

B. Thus, any Azumaya algebra B with a �nite algebra automorphism group G such that

B = �Pg2G Jg is a central Galois algebra with Galois group G. By changing the algebra

automorphism group G to a ring automorphism group G, the purpose of the present paper
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is to generalize the above fact. We shall show that if B is an Azumaya C-algebra with a

�nite ring automorphism group G such that B = �Pg2G Jg, then there exist orthogonal

central idempotents ffi 2 Cj i = 1; 2; :::;m for some integer mg and subgroups Hi of G

such that B = (�Pm

i=1Bfi)�Bf where Bfi is a central Galois algebra with Galois group

HijBfi �= Hi for each i = 1; 2; :::;m, f = 1�Pm

i=1 fi, and Bf = Cf . Since a Galois algebra

B with Galois group G is an Azumaya algebra such that B = �Pg2G Jg, our result can

be applied to Galois algebras. Moreover, if B is a separable extension of BG such that

B = �Pg2G Jg, then the direct summand Bf is a commutative Galois algebra with Galois

group GjBf �= G. An example is given to demonstrate the results and to illustrate that

an Azumaya algebra B such that B = �Pg2G Jg is not necessarily a Galois algebra with

Galois group G. This paper was written under the support of a Caterpillar Fellowship at

Bradley University. We would like to thank Caterpillar Inc. for the support.

2. De�nitions and Notations. Throughout this paper, B will represent a

ring with 1, C the center of B, G a ring automorphism group of B of order n for some

integer n, and BG the set of elements in B �xed under each element in G. We denote

Jg = fb 2 B j bx = g(x)b for all x 2 Bg and Ig = BJg \ C for each g 2 G.

Let A be a subring of a ring B with the same identity 1. We denote VB(A) the

commutator subring of A in B. We follow the de�nitions of a Galois extension, a separable

extension, and an Azumaya algebra as given in [1], [5], and [7]. B is called a separable

extension of A if there exist fai; bi in B, i = 1; 2; :::;m for some integer mg such that

P
aibi = 1, and

P
bai 
 bi =

P
ai 
 bib for all b in B where 
 is over A. An Azumaya

algebra is a separable extension of its center. B is called a Galois extension of BG with

Galois group G if there exist elements fai; bi in B, i = 1; 2; :::;mg for some integer m such

that
Pm

i=1 aig(bi) = �1;g for each g 2 G. B is called a Galois algebra over R if B is a

Galois extension of R which is contained in C, and B is called a central Galois extension

if B is a Galois extension of C.
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3. The Structure Theorem. In this section, we assume that B is an

Azumaya C-algebra with a �nite ring automorphism group G such that B = �Pg2G Jg.

We shall show a structure theorem for such a B. We begin with some properties of the

C-module Jg for g 2 G similar to those as for a Galois algebra ([3, Proposition 2]).

LEMMA 3.1. For all g; h 2 G,

(1) JgJh = IgJgh = IhJgh where Ig = BJg \ C and Ih = BJh \ C.

(2) there is a unique idempotent eg 2 C such that BJg = Beg and JgJg�1 = egC.

PROOF. (1) Since B is an Azumaya C-algebra and BJg is an ideal of B, BJg = BIg

([1, Proposition 1.11, page 46]). By hypothesis, B = �Pg2G Jg, so BJh =
P

g2G JgJh.

Noting that JgJh � Jgh and B = �Pg2G Jgh, we have that BJh = �Pg2G JgJh. Hence

�Pg2G JgJh = BJh = BIh = �Pg2G JghIh. Thus, JgJh = IhJgh. Similarly, JgJh =

IgJgh.

(2) By (1), JgJh = IgJgh for all g; h 2 G. By letting h = 1, we have IgJg = JgJ1 =

JgC = Jg, and by letting h = g�1, we have JgJg�1 = IgJ1 = IgC = Ig. Thus, (Ig)
2 =

IgJgJg�1 = JgJg�1 = Ig. Moreover, since B = �Pg2G Jg is an Azumaya C-algebra, Jg

is a �nitely generated and projective C-module for each g 2 G. Hence BJg �= B 
C Jg

is a �nitely generated and projective ideal of B. This implies that Ig(= BJg \ C) is

a �nitely generated and projective ideal of C. But, (Ig)
2 = Ig, so Ig = Ceg for some

idempotent eg 2 C ([3, Lemma 2] or [4, Theorem 76]). Therefore, BJg = BIg = Beg and

JgJg�1 = Ig = egC. Since eg is the identity of Beg, it is unique.

By Lemma 3.1-(2), for each g 2 G, there is a unique idempotent eg 2 C such that

BJg = Beg. The Boolean algebra generated by the elements feg j g 2 G and BJg = Begg
is denoted by E.
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LEMMA 3.2. Let e be a nonzero element in E of form e = �
h2H

eh for some

maximum subset H of G. Then H is a subgroup of G and h(e) = e for each h 2 H.

PROOF. For any g; h 2 H,

Begeh = (BJg)(BJh) = B(JgJh) = B(IgJgh) = (BIg)(BJgh) = Begegh:

Hence egeh = egegh. Thus, egeh = ege
2
h = egegheh. Therefore, e = eegh. Thus, gh 2 H by

the maximality of H. Since G is �nite, that gh 2 H whenever g; h 2 H implies that H is

a subgroup of G. Noting that, for a subgroup H, gHg�1 = H for all g 2 H, we have that

g(Be) = g(B(�h2HJh)) = B(�h2Hg(Jh)) = B(�h2HJghg�1) = B(�h2HJh) = Be

for each g 2 H. Hence, g(e) = e for each g 2 H because e is the identity of Be.

Next we show that HjBe is an algebra automorphism group.

LEMMA 3.3. Let e and H be given in Lemma 3.2. Then h restricted to Ce is an

identity for each h 2 H.

PROOF. For any h 2 H and b 2 Jh, bc = h(c)b for all c 2 C, so (c � h(c))b = 0.

Hence (c � h(c))Jh = f0g. Therefore B(c � h(c))eh = (c � h(c))Beh = (c � h(c))BJh =

B(c � h(c))Jh = f0g. Thus, (c � h(c))eh = 0. But e = �
h2H

eh, so (c � h(c))e = 0.

Moreover, h(e) = e for each h 2 H by Lemma 3.2, so 0 = (c � h(c))e = (c � h(c))h(e) =

ch(e)� h(c)h(e) = ce� h(ce), that is, h(ce) = ce for all c 2 C.

LEMMA 3.4. Let J
(Bf)
h = fb 2 Bf j bx = h(x)b for all x 2 Bfg for any f 2 E and

h 2 G. If h(f) = f , then J
(Bf)
h = fJh.

4



PROOF. It is clear that fJh � J
(Bf)
h . Conversely, for any b 2 J

(Bf)
h , b = fb and

bx = h(x)b for each x 2 Bf . Hence for any y 2 B, by = (fb)y = b(yf) = h(yf)b =

h(y)fb = h(y)b. Therefore, b 2 Jh, and so b = fb 2 fJh. Thus, J
(Bf)
h = fJh.

Let e and H be given in Lemma 3.2. We have a structure theorem for the Azumaya

Ce-algebra Be with an algebra automorphism group HjBe �= H and for the Azumaya

C-algebra B with a ring automorphism group G respectively.

THEOREM 3.5. Let e and H be given in Lemma 3.2. Then Be is a central Galois

algebra with Galois group HjBe �= H.

PROOF. By Lemma 3.2, H is a subgroup of G and h(e) = e for any h 2 H. By

Lemma 3.3, h restricted to Ce is an identity for each h 2 H. Hence HjBe is a Ce-algebra
automorphism group of Be. Since B is an Azumaya C-algebra, Be is an Azumaya Ce-

algebra ([1, Proposition 1.11, page 46]). By Lemma 3.4, J
(Be)
h = eJh for each h 2 H,

so Be = �Pg2G Jge = �Pg2H eJg �
P

g 62H eJg. Since H is a maximum subset of G

such that e = �
h2H

eh, eeg = 0 for each g 62 H. This implies that BeJg = Beeg =

f0g. Therefore, eJg = f0g for each g 62 H. Thus, Be = �Pg2H eJg = �Pg2H J
(Be)
g .

Moreover, J
(Be)
h J

(Be)
h�1

= (eJh)(eJh�1) = eJhJh�1 = eehC = Ce which is the center of Be

by Lemma 3.1. Thus, Be is a central Galois algebra over Ce with Galois group HjBe ([2,
Theorem 1]). Next, we claim that HjBe �= H. Since e 6= 0, f0g 6= Be = Beeh = BeJh =

BJ
(Be)
h for each h 2 H. Hence J

(Be)
h 6= f0g for each h 2 H. Now, if hjBe = 1, then

f0g 6= Ce = J
(Be)
h = eJh � C \ Jh = J1 \ Jh. But B = �Pg2G Jg, so J1 = Jh. Therefore

h = 1. This implies that hjBe 6= 1 whenever h 6= 1 in H. Thus, HjBe �= H.

THEOREM 3.6. Let B be an Azumaya C-algebra with a �nite ring automorphism

group G such that B = �Pg2G Jg, then there exist orthogonal idempotents ffi 2 Cj i =
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1; 2; :::;m for some integer mg and subgroups Hi of G such that B = (�Pm

i=1Bfi) � Cf

where Bfi is a central Galois algebra with Galois group HijBfi �= Hi for each i = 1; 2; :::;m

and f = 1�Pm

i=1 fi.

PROOF. Let ffi 2 Ej i = 1; 2; :::; kg be all distinct nonzero elements in E of form

fi = �
h2Hi

eh for some maximum subset (subgroup) Hi of G as given in Lemma 3.2. Then

they are orthogonal. Hence B = (�Pk

i=1Bfi) � Bf where f = 1 �Pk

i=1 fi such that

Bfi is a central Galois algebra with Galois group HijBfi �= Hi for each i = 1; 2; :::; k by

Theorem 3.5. Next, we claim that Bf = Cf . Since ffij i = 1; 2; :::; kg are all distinct

nonzero elements in E of form fi = �
h2Hi

eh for some maximum subset (subgroup) Hi of

G, g permutes the set ffiji = 1; 2; :::; kg for each g 2 G. Hence g(f) = f for each g 2 G.

Hence, by Lemma 3.4, J
(Bf)
g = fJg for each g 2 G. Therefore, Bf = �Pg2G Jgf =

�Pg2G J
(Bf)
g is an Azumaya Cf -algebra with a �nite ring automorphism group GjBf .

If J
(Bf)
g = f0g for each g 6= 1 in G, then Bf = J

(Bf)
1 = fJ1 = Cf , and so we are

done. If J
(Bf)
g 6= f0g for some g 6= 1 in G, we can repeat the above argument to have

more direct summands of central Galois algebras. Since E is �nite, we have only �nitely

many central orthogonal idempotents ffi 2 Ej i = 1; 2; :::;m for some integer mg such

that B = (�Pm

i=1Bfi) � Bf where Bfi is a central Galois algebra with Galois group

HijBfi �= Hi for each i = 1; 2; :::;m and Bf = Cf . This completes the proof.

Remark 1. Theorem 3.6 generalizes the following theorem of Harada ([2, Theorem

1]):

Let B be a separable R-algebra with automorphism group G. If B = �Pg2G Jg and

JgJg�1 = C for each g 2 G, then B is a central Galois algebra with Galois group G.

Remark 2. Any Galois algebra with Galois group G satis�es the conditions as given

in Theorem 3.6. There are Azumaya C-algebras B such that B = �Pg2G Jg, but B
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is not a Galois algebra with Galois group G (see the example at the end of the paper).

However, for a Galois extension B of BG with Galois group G, the condition that B is a

Galois algebra with Galois group G and that B = �Pg2G Jg are equivalent as given by

the following proposition.

PROPOSITION 3.7. For a Galois extension B of BG with Galois group G, B is

a Galois algebra with Galois group G if and only if B = �Pg2G Jg.

PROOF. Since B is a Galois extension of BG with Galois group G, VB(B
G) =

�Pg2G Jg ([3, Proposition 1]). Hence B = �Pg2G Jg if and only if VB(B
G) = B, that

is, BG � C.

As an application of theorem 3.6, we obtain a structure theorem for a separable

extension B of BG such that B = �Pg2G Jg.

THEOREM 3.8. Let B be a separable extension of BG such that B = �Pg2G Jg,

then there exist orthogonal idempotents ffi 2 Cj i = 1; 2; :::;m for some integer mg and

subgroups Hi of G such that B = (�Pm

i=1Bfi)�Bf where Bfi is a central Galois algebra

with Galois group HijBfi �= Hi for each i = 1; 2; :::;m, f = 1�Pm

i=1 fi, and Bf = Cf is

commutative Galois algebra with Galois group GjBf �= G if f 6= 0.

PROOF. For any a 2 BG and b =
P

g2G bg 2 B where bg 2 Jg, bga = g(a)bg = abg

for each g 2 G, so ba =
P

g2G bga = a
P

g2G bg = ab for any b 2 B. Thus, a 2 C for

any a 2 BG. Therefore, BG � C. Noting that B is a separable algebra over BG, we have

that B is an Azumaya C-algebra. But B = �Pg2G Jg, so, by Theorem 3.6, there exist

orthogonal idempotents ffi 2 Cj i = 1; 2; :::;m for some integer mg and subgroups Hi of G

such that B = (�Pm

i=1Bfi)�Bf where Bfi is a central Galois algebra with Galois group

HijBfi �= Hi for each i = 1; 2; :::;m, Bf = Cf , and f = 1 �Pm

i=1 fi. Thus, it su�ces to
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show that Bf(= Cf) is commutative Galois algebra with Galois group GjBf �= G in case

f 6= 0. In fact, since BG is contained in C and B is separable over BG, C is separable over

BG ([1, Theorem 3.8, page 55]), and so Cf is separable over BGf ([1, Proposition 1.11,

page 46]). Moreover, since f 2 CG, BGf � (BGf)G � (Cf)G. Hence Cf is separable

over (Cf)G ([1, Proposition 1.11, page 46]). Furthermore, J
(Cf)
g = J

(Bf)
g = fJg for each

g 2 G by Lemma 3.4, so J
(Cf)
g � C \ Jg = f0g for each g 6= 1 in G. This implies that

gjCf 6= identity whenever g 6= 1 in G (for J
(Cf)
1 = Cf). Thus, GjBf �= G and Bf(= Cf)

is a commutative Galois algebra with Galois group GjBf �= G ([2, Proposition 2]). This

completes the proof.

We conclude the present paper with an example to demonstrate the results in Theorem

3.6 and illustrate that an Azumaya C-algebra B such that B = �Pg2G Jg, but not

necessarily a Galois algebra with Galois group G.

EXAMPLE 3.9. Let R[i; j; k] be the real quaternion algebra over the �eld of real

numbers R, Z the integer ring, D = (Z +
p�1Z)
Z (Z +

p�1Z), B = R[i; j; k]�D, and

G = f1; gi; gj ; gkg where gi(a; d1
d2) = (iai�1; �d1
d2), gj(a; d1
d2) = (jaj�1; d1
 �d2),

and gk(a; d1 
 d2) = (kak�1; �d1 
 �d2), for all (a; d1 
 d2) in B, where �d is the conjugate of

the complex number d. Then,

(1) The center of B is C = R�D.

(2) B is an Azumaya C-algebra.

(3) J1 = C = R � D, Jgi = R(i; 0), Jgj = R(j; 0), Jgk = R(k; 0). Hence B =

�Pg2G Jg

(4) By (3), JgJg�1 = C(1; 0) for each g 6= 1 in G. Hence, f1 = (1; 0) is the only

nonzero element in E of form f1 = �
h2H1

eh for some maximum subset H1 of G (here

H1 = G) and f = 1� f1 = (0; 1
 1).
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(5) B = (�Pm

i=1Bfi)�Cf where m = 1, Bfi is a central Galois algebra with Galois

group HijBfi �= Hi for each i = 1; 2; :::;m

(6) BG = R� (Z 
 Z) = R� Z.

(7) Since D is not separable over Z, B is not separable over BG(= R� Z). Hence B

is not a Galois algebra with Galois group G.
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