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Abstract. Let B be a ring with 1, C the center of B, G an automorphism group of B of
order n for some integer n, C the set of elements in C fixed under G, A = A(B, G, f) a
crossed product over B where f is a factor set from G x G to U(CY). It is shown that A
is a H-separable extension of B and Va(B) is a commutative subring of A if and only if

C is a Galois algebra over C% with Galois group G|c = G.
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1. INTRODUCTION

Let B be a ring with 1, p an automorphism of B of order n, B[x; p] a skew polynomial
ring with a basis {1,z,z%, ---,2"" '} and 2" = v € U(B”) for some integer n, where B” is
the set of elements in B fixed under p and U(BP?) is the set of units of B”.

In [3] it was shown that any skew polynomial ring B[z; p] of prime degree n is a H-
separable extension of B if and only if C is a Galois algebra over C* with Galois group (p|c)

generated by p|c of order n. This theorem was extended to any degree n ([5], Theorem
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1). Recently, the theorem was completely generalized by the present authors in [8], that
is, let B[z; p] be a skew polynomial ring of degree n for some integer n. Then, B[x;p] is a
H-separable extension of B if and only if C' is a Galois algebra over C'” with Galois group
(p|c) = (p). The purpose of the present paper is to generalize the above lkehata theorem
to a crossed product A = A(B, G, f) where G is a finite automorphism group of B (not
necessarily cyclic) and f is a factor set from G' x G to U(CY). We shall show that A is
a H-separable extension of B and Va(B) is a commutative subring of A if and only if C
is a Galois algebra over C“ with Galois group G|c = G. This paper was written under
the support of a Caterpillar Fellowship at Bradley University. We would like to thank

Caterpillar Inc. for the support.

2. PRELIMINARIES AND BASIC DEFINITIONS

Throughout this paper, B will represent a ring with 1, C' the center of B, G an
automorphism group of B of order n for some integer n, B the set of elements in B fixed
under G, A = A(B, G, f) a crossed product with a free basis {U, | g € G and Uy = 1} over
B and the multiplications are given by U,b = g(b)U, and U, U}, = f(g, h)U,p, for b € B and
g,h € G where f is amap from G xG to U(C%) such that f(g, h)f(gh, k) = f(h,k)f(g, hk),
Z the center of A, G the inner automorphism group of A induced by G, that is, g(z) =
U,zU; ! for each z € A and g € G. We note that f(g,1) = f(1,9) = f(1,1) = 1 for all

g € G and G restricted to B is G.

Let A be a subring of a ring S with the same identity 1. We denote Vg(A) the
commutator subring of A in S. A ring S is called a G-Galois extension of S¢ if there exist
elements {a;,b; in S, i = 1,2, ..., m} for some integer m such that Y .* a;g(b;) = 61,4. The
set {a;,b;} is called a G-Galois system for S. S is called a H-separable extension of A if
there exists a H-separable system {z; € Vs(A),y; € Vsg,s(S) |i=1,2,...,m} for S over

A for some integer m such that > ;" z;y; = 1®4 1.
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3. THE IKEHATA THEOREM

In this section, we shall show that A is a H-separable extension of B and Va(B) is a
commutative subring of A if and only if C is a Galois algebra over C“ with Galois group

G|c = G. We begin with a Lemma.

LEMMA 3.1.

(&) Va(B) = 3 ,cq JgUy where J, = {b € B | ab = bg(a) for all a € B}.

(b) VawpalA) = {2 geq 2onea bign)Us @B Un | bg,ny € Jgn and
k(bgo—1g.)) (B, E=1g) = by sy F (=1, k) for all g, b,k € GY.

(©) I X cq 2nec bgmUyg @ Un € Vaga(A), then by nyUgn € Va(B).

(d) B3 e Dnea biomUs @Un € Vagpa(A), then by o—1) = g(bi,1)(f(97",9)) " for

all g € G.

PROOF. (a) Let b € J,. Then a(bU,) = (ab)U; = bg(a)U, = (bU,)a for all a € B.

Hence JyUy; C Va(B). Therefore, > JyU; C Va(B). Conversely, let >0 . b,U, €

Va(B). Then a}’ o bU; =3 cqbsUga =3 cqbgg(a)U, for all a € B, and so ab, =
bgg(a) for all a € B and g € G, that is, by € J, for all g € G. Thus Va(B) C }_ ¢ JyUy.

(d) z=3"cq 2necbomUs ®B Un € Vagpa(A) if and only if bz = b and

Upxr = 2Ug for all a € B and k£ € G. But

br =Y > bbynU;®p U, and

g€G hed
2= bymUy@pUsb=>_ Y bnlUy ®s h(b)Up
g€G hed geG hed
=33 b Ush(®) 95 Un = 3 3 by (D) (O, @5 Us,
QEG heG gEG heG

so bz = xb if and only if bbiy ) = b(y,n)((gh)(D)) for all b € B and g,h € G, that is,
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big.n) € Jgn by noting that {U, ®p Uy, | g,h € G} is a basis for A over B. Moreover,

Ut = Uk DD bgmUy @8 Un= Y k(bgn)UslUy @5 Us

=53 klbig) £ (k. 9)Ukg ©5 Us
g€G hed
=37 kb1 gy £ s K (£9) Uy © Un
g€G he@
=2 2 kb= fh KOV @5 Un = 3 3 blbgerg.)f (kK™ 9)Us @5 U,
leG he@@ 9€G hed
and
Ui =3 > YomUy @8 Unlc =3 3 bgmUs @5 f(h )Tk
9eG hed 9€G hed
N Z Z b9, Uy F (1, k) @ Uni, = Z Z big,n) f(h, K)Ug @B Upt
g€G hed 9€G hed
=D D b SRR KUy ©5 Unk = D bigue— JUE™ B)Uy @5 U
g€G hedG JEG e
= > b f(hk " k) Uy @p Up.
geG hed

Hence, Uy = 2Uy if and only if k(b(x-14,1)) f (k, klg) = b(gyhk—gf(hk*l, k) forall g, h, k €
G.

(©) If X e 2necbomUs ® Un € Vagyza(A), then by py € Jgn by (b); and so
big,mUgn € Va(B) by (a).

(D) I3 cq Xnea bgmUs @ Un € Vagga(A), then k(b-1g.n)) f(k, k7 g) =
big.nk—1)f(hk~" k) for all g, h,k € G by (b). Let k = gand h = 1. Then by, ,—1)f(g ', 9) =
g(b11)f(g,1) = g(br1) for all g € G. This implies that b, ,~1) = g(b1,1)(f(g™", g)) " for
all g € G.

THEOREM 3.2. A is a H-separable extension of B and Va(B) is a commutative

subring of A if and only if C is a Galois algebra over C% with Galois group G|c = G.

PROOF. (=) Since A is a H-separable extension of B and B is a direct summand of
A as a left B-module, VA (VaA(B)) = B ([7], Proposition 1.2). But Va(B) is commutative,
so VA(B) C VA(Va(B)) = B. Thus Va(B) = C.
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Since A is a H-separable extension of B again, there exists a H-separable system {z; €
Va(B), yi € Vagpa(A) |4 =1,2,...,m} for some integer m such that Y ;" z;4; = 1®p 1.
Let yi = Ygeq Yonea Do nUs @5 Un. We claim that {a; = z;,b; = b} ) |i =1,2,...,m}
is a G-Galois system for C. In fact, a; = z; € Va(B) = C and by Lemma 3.1-(b),
b, = bg)n € J; = C. Moreover, since y; = deG Y ohea bgz)yh)Ug ®@p Un € Vagpga(A),
b
Yi = Dgeably -1 Uy ©5 Up-1. By Lemma 3.1-(d), b . = (b)) )(f(g7"9) 7" =

g(b:)(flg~ ' 9) ' soyi = > gea g(b:)(f(g 1, 9) 'U; ®p Uy-1. Therefore,

Ugn € Va(B) by Lemma 3.1-(c). But Va(B) = C, s0 (), = 0 when gh # 1. Thus,

lopl=) ziyi=y aiy gb)(flg™",9)7'Uy@p Uy
=1

i=1 geG

=Y > aigbi)(flg ', 9) Uy @ Uy
geG i=1
This implies that > ., a;g(b;)(f(g™,9)) ™" = 61,4, 50 > v, a;g(bi) = &1 4, that is,
{a;,b; | i =1,2,...,m} is a G-Galois system for C. Therefore, C is a Galois algebra over

CY with Galois group G|c = G

(<=) Since C is a Galois algebra over C“ with Galois group with G|¢c = G, there exists
a G-Galois system {a;,b; € C'| i =1,2,...,m} for some integer m such that Y ;" a;g(b;) =
01,9 Let #; = a; and y; = 3 o 9(bi))U, @p U, . We claim that {x; € Va(B),y; €
Vagsa(A) | i = 1,2,...,m} is a H-separable system for A over B. In fact, x; = a; €
C C Va(B). Noting that U; ' = f(g,97")"'Uy-1, we have U;'b = f(g,97") Uy 1b =
flg, 97" ) g (BUy—r = g7 () f(g,97") Uy = g~ " (b)U,; " for any b € B. Hence

byi =0 gb)Uy@p U, " = g(bi)bU, @5 U,

gea gea
=3 g D) @p Ut =Y gb)Uy @ g7 (DU,
gelG geG
=Y g(b:)U, @ U, b= y;bd.
gelG



For any h € G,

Unyi =Un Y g(b)Uy @p Uyt = (hg) (b)) UnUy @ U,
geG geG

= > (hg)(6:) f(h, 9)Ung @B U, ' = > (hg)(b:)Ung @5 f(h,9)U, "
9€eG geqG

= " (hg)(0:)Uny @ Uy, Ung f(h, 9) U,
geG

=Y (hg)(b:)Ung ®5 Uy, UnUgU, = > (hg) (b:)Ung ©5 Uy, Un
g€eqG ged

= k(b:)Ur ©p Uy U
keG

= YiUp.

Thus y; € Vagra(A). Moreover, Y 0% zy; = > o0 a > eeq 90Uy @B Ul =

pppe Yoy aig(bi)Uy @p Ut = > gec 014Uy @B U, ' =1®1. This implies that

{z; € VA(B),y; € Vagza(A) | i = 1,2,...,m} is a H-separable system for A over B.
Thus, A is a H-separable extension of B. Moreover, B is a direct summand of A as a left
B-module, so Va(Va(B)) = B ([7], Proposition 1.2). But then, the center of A, Z C B;
and so Z = C%. Clearly, Va(B)Y = Z = C% and C C Va(B), so Va(B) is a G-Galois
algebra over C% with the same Galois system as C. Therefore, VA(B) = C which is

commutative. The proof is completed.

The Ikehata theorem is an immediate consequence of Theorem 3.2 by the fact that

any Galois algebra with a cyclic Galois group is a commutative ring ([2], Theorem 11).

COROLLARY 3.3 (The Ikehata theorem). Let p be an automorphism of B of
order n and Blz;p] a skew polynomial ring of degree n with ™ = v € U(B?) for some
integer n. Then, Blz; p|] is a H-separable extension of B if and only if C' is a Galois algebra

over C* with Galois group (p|c) = (p)-

PROOF. It is easy to check that if p has order n, then 2" = v € U(C?). Let B|z; p]

be a H-separable extension of B. Then Vp,.,(B) is a Galois algebra over C* with cyclic
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Galois group (p) generated by p ([6], Theorem 3.2); and so Vp[,;,(B) is a commutative
ring by ([2], Theorem 11). On the other hand, B[z;p] is a crossed product A(B, (p), f)
where f: (p) x (p) — U(C*?) by f(p',p?) =1ifi+j<n, f(p',p/) =vifi+j >n,and

Uy = z! for i =0,1,2,...,n — 1. Thus the Corollary is immediate from Theorem 3.2.
Next we prove more characterizations of the ring B as given in Theorem 3.2.

THEOREM 3.4. Assume A is a H-separable extension of B. Then the following

statements are equivalent:

(1) Va(B) is a commutative subring of A.

(2) Va(B) = C.

(3) Va(C) = B.

(4) J, = {0} for each g # 1 where J, = {b € B | ab = bg(a) for all a € B}.
(5) I, = {0} for each g # 1 where I, = {b € B | cb = bg(c) for all ¢ € C}.

PROOF. We shall prove (1) = (2) = 3) = (4) = (5) = (1).

(1) = (2). This was given in the proof of the necessity of Theorem 3.2.

(2) = (3). Clearly, B C VA(C). Conversely, for each ) . byUy in Va(C), we have

(D yecbgUg) = (32 eq byUg)c for each ¢ in O, so cby = byg(c), that is, by(c—g(c)) = 0 for
each g € G and ¢ € C. But C is a commutative G-Galois extension of C%, so the ideal of
C generated by {c—g(c) | ¢ € C} is C when g # 1 ([1], Proposition 1.2-(5)). Hence b; =0
for each g # 1. But then > - b,U; = b1 € B. Thus VA(C) C B, and so Va(C) = B.

(3) = (4). By hypothesis, VA(C) = B, so Va(B) C Va(C) = B. But Va(B) =
> gec JgUg by Lemma 3.1-(a), so >° o J;Uy = Va(B) C B. Thus J; = {0} for each
g#1

(4) = (5). By Lemma 3.1-(a) again, VA(B) = > s JyUy, and by hypothesis,
J, = {0} for each g # 1, so Va(B) = J; = C. Hence part (2) holds; and so VAo(C) = B
by (2) = (3). Clearly, VA(C) = 3 e 13Uy, 80 3 e 13Uy = B. Thus I, = {0} for each
g#1



(5) = (1). Since C' C B, J, C I, for all g € G. Hence I, = {0} implies J, = {0}.

But then VA(B) =) .4 JyUy, = J1 = C which is commutative.

geG

COROLLARY 3.5. C is a Galois algebra over C“ with Galois group G|c = G if
and only if A is a H-separable extension of B and any one of the equivalent conditions in

Theorem 3.4 holds.

We conclude the present paper with two examples of crossed products A to demon-
strate our results: (1) A is a H-separable extension of B, but VA(B) is not commutative
and (2) Va(B) is commutative, but A is not a H-separable extension of B. Hence C is

not a Galois algebra over C“ with G|¢ = G in either example by Theorem 3.2.

EXAMPLE 1. Let B = Q[i, j, k] = Q+ Qi+ Qj+ Qk be the quaternion algebra over

Yogi(x) =jaj=t, gr(z) = kak™!

the rational field Q, G = {g1 = 1,9;,9;, 9% | gi(®) = izi~
for all x € B}, and A = A(B,G,1). Then

(1) The center of A, Z = @ = C, the center of B.

(2) A is a separable extension of B and B is an Azumaya Q-algebra, so A is an
Azumaya Q-algebra. Since A is a free left B-module, A is a H-separable extension of B
([4], Theorem 1).

(3) Va(B) = Q + QiUy, + QjU,, + QkU,, which is not commutative, so C' is not a,

Galois algebra over C“ with Galois group G|¢ = G by Theorem 3.2.

EXAMPLE 2. Let B = Q[i, j, k] = Q+ Qi+ Qj+ Qk be the quaternion algebra over
the rational field Q, G = {g1 = 1,g; | gi(z) = izi~! for all z € B}, and A = A(B,G,1).
Then

(1) The center of B, C = Q = C°.

(2) Va(B) = Q + QiU,, which is commutative.

(3) The center of A, Z = Q + QiU,, # C®. On the other hand, assume that A is

a H-separable extension of B. Since B is a direct summand of A as a left B-module,
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Va(Va(B)) = B ([7], Proposition 1.2). This implies that the center of A, Z = CY a

contradiction. Thus A is not a H-separable extension of B. Therefore, C is not a G-

Galois algebra over C% with G|c = G by Theorem 3.2.
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