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Abstract

Let B be a Galois algebra with an inner Galois group G and cen-

ter C. Then there exist orthogonal central idempotents fei 2 Cji =
1; 2; :::;m for some integer mg and some subgroups fHiji = 1; 2; :::;mg
of G such that B = �Pm

i=1Bei where Bei is a projective group algebra

(Cei)(Hi)fi with a factor set fi, i = 1; 2; :::;m. This generalizes the

structure of a central Galois algebra with an inner Galois group as given

by F. R. DeMeyer. Consequently, a structure of Galois algebras over a

semi-local ring is derived.

1. Introduction

Let A be a central Galois algebra with an inner Galois groupG, that is, A is a Galois algebra

over its center C and G = fgi j i = 1; 2; :::; ng for some integer n such that gi(a) = UiaU
�1
i

for some invertible element Ui 2 A, for each a 2 A and i = 1; 2; :::; n. Then F. R. DeMeyer

([1]) showed that A �= CGf which is an Azumaya projective group algebra over C with a

factor set f ; that is, CGf is a free C-module with a basis fUi j i = 1; 2; :::; ng such that

UiUj = Uk � f(gi; gj) where gigj = gk and f(gi; gj) = UiUjU
�1
k for i; j = 1; 2; :::; n ([1],

Theorem 6). The purpose of the present paper is to generalize the above theorem to a

Galois algebra (not necessarily central) with an inner Galois group. Let B be a Galois

algebra over a commutative ring R with an inner Galois group G. Then we shall show that
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there exist orthogonal idempotents fei 2 C j i = 1; 2; :::;m for some integer mg and some

subgroups of G, fHi j i = 1; 2; :::;mg, such that B = �Pm

i=1Bei where Bei is a projective

group algebra ofHi restricted toBei over Cei for each i = 1; 2; :::;m. Moreover, for a Galois

algebra B over a semi-local ring R, using the general Wedderburn Theorem for Azumaya

algebras over a semi-local ring with no idempotents but 0 and 1 ([2], Corollary 1), we have

a further description of the structure of each direct summand Bei for i = 1; 2; :::;m.

2. Basic De�nitions and Notations

Let F be a ring with 1 and E a subring of F . Then F is called a separable extension

of E if there exist fai; bi in F , i = 1; 2; :::; k for some integer kg such that
P

aibi = 1

and
P

xai 
 bi =
P

ai 
 bix for all x in F where 
 is over E. In particular, F is

called an Azumaya algebra if it is a separable extension over its center. Let G be a �nite

automorphism group of F and FG = fx 2 F j g(x) = x for all g 2 Gg. Then F is called a

Galois extension of FG with Galois group G if there exist elements fci; di in F , i = 1; 2; :::; t

for some integer tg such that
P

cidi = 1 and
P

cig(di) = 0 for each g 6= 1 in G, a Galois

algebra over FG if F is a Galois extension of FG which is contained in the center of F ,

and a central Galois algebra over FG if F is a Galois extension of FG which is equal to the

center of F . Let R be a commutative ring with identity 1; then RGf is called a projective

group algebra induced by a group G = fg1; g2; :::; gqg for some integer q with a factor set

f , which is a map from G�G to funits of Rg, such that f(gh; l)f(g; h) = f(g; hl)f(h; l),

if RGf is a free R-module with a basis fxi j i = 1; 2; :::; qg such that xixj = xk � f(gi; gj)
where gigj = gk for i; j = 1; 2; :::; q ([1]).

3. Galois Algebras with an Inner Galois Group

Let B be a Galois algebra over a commutative ring R with an inner Galois group G.

We shall generalize the structure theorem for a central Galois algebra as shown by F. R.

DeMeyer ([1], Theorem 6). This derives a structure theorem for Galois algebras over a

semi-local ring R. We �rst recall the structure theorem as given by F. R. DeMeyer.
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Proposition 3.1. ([1], Theorem 6) Let B be a central Galois algebra over its center C

with an inner Galois group G. Then B = CGf , a projective group algebra with a factor

set f .

Theorem 3.2. Let B be a Galois algebra over R with an inner Galois group G and C the

center of B. Then there exist orthogonal central idempotents fei j i = 1; 2; :::;m for some

integer mg and subgroups of G, fHi j i = 1; 2; :::;mg, such that B = �Pm

i=1Bei where Bei

is a projective group algebra of Hi over Cei for each i = 1; 2; :::;m.

Proof. Let Jg = fb 2 B j bx = g(x)b for all x 2 Bg for each g 2 G. Then JgB is an

ideal of B such that JgB = Beg for some central idempotent eg 2 C ([4], Proposition 2

and Lemma 2), and there exist orthogonal central idempotents fei j i = 1; 2; :::;m for some

integermg and subgroups fHi j i = 1; 2; :::;mg ofG such that Bei is a central Galois algebra

over Cei with Galois group Hi for each i = 1; 2; :::;m ([6], Theorem 3.8). Moreover, let

e0 = 1�Pm

i=1 ei. Then e0 = 0 or Be0 = Ce0 which is a commutative Galois algebra with

Galois group induced by and isomorphic with G ([6], Theorem 3.8). Since G is an inner

automorphism group, GjC = f1g. Thus e0 = 0. But then feig are orthogonal idempotents

summing to 1 ([6], Theorem 3.8); and so B = �Pm

i=1Bei. Now, for any g 2 Hi, by

hypothesis, g is an inner automorphism of B, so g(x) = UgxU
�1
g for some invertible

element Ug 2 B for all x 2 B. Thus g(xei) = Ug(xei)U
�1
g = (Ugei)(xei)(U

�1
g ei) =

(Ugei)(xei)(Ugei)
�1 where (Ugei)

�1 is the inverse of Ugei in Bei. Therefore gjBei is also an
inner automorphism group of Bei for each g 2 Hi; and so HijBei is an inner automorphism

group of Bei. Consequently, by Proposition 3.1, Bei is a projective group algebra of HijBei
over Cei for each i = 1; 2; :::;m.

In particular, when B is a central Galois algebra with an inner Galois group G,

BJg = B for each g 2 G ([4], Lemma 1). Hence eg = 1 for each g 2 G. Noting that

ei = �g2Hi
eg for each i ([6], Theorem 3.8), we have that m = 1, e1 = 1, and H1 = G
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in Theorem 3.2. Thus B = Be1 is a projective group algebra of G over C. Therefore

Theorem 3.2 recovers Theorem 6 in [1].

Next, we shall derive a structure theorem for Galois algebras over a semi-local ring

R. The following results for Azumaya algebras over a semi-local ring with no idempotents

but 0 and 1 will play an important role.

Proposition 3.3. ([2], Theorem 1) Let R be a semi-local ring with no idempotents but 0

and 1, and A an Azumaya algebra over R. Then any two indecomposable �nitely generated

and projective A-modules are isomorphic.

Proposition 3.4. ([2], Corollary 1) If R is a semi-local ring with no idempotents but 0

and 1, then every element in B(R), the Brauer group of R, is represented by a unique (up

to isomorphic) Azumaya R-algebra D with no idempotents but 0 and 1. Moreover, if A is

equivalent to D in B(R), then A �=Mn(D) for a uniquely determined integer n.

Lemma 3.5. Let A be a projective separable algebra over a semi-local ring R and C the

center of A. Then C is a semi-local ring.

Proof. Since A is a separable algebra over R, it is an Azumaya C-algebra and C is a

separable R-algebra ([3], Theorem 3.8 on page 55). Noting that C is a direct summand

of A as a C-module ([3], Lemma 3.1 on page 51), we have that C is a �nitely generated

and projective R-module (for A is a projective separable R-algebra). But R is a semi-local

ring, so C=JC is a direct sum of projective separable algebras over �elds where J is the

Jacobson radical of R. Thus C is a semi-local ring.

Lemma 3.6. Let P be a �nitely generated and projective module of rank one over a

semi-local ring R. Then P �= R.
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Proof. Since R is semi-local, there are minimal idempotents fei j i = 1; 2; :::;m for some

integer mg summing to 1. Hence R = �Pm

i=1Rei such that each Rei is a semi-local

ring with no idempotents but 0 and ei. Thus P = �Pm

i=1 Pei such that each Pei is

a �nitely generated and projective module of rank one over a semi-local ring Rei with

no idempotents but 0 and ei. Noting that Pei is indecomposable �nitely generated and

projective module of rank one over Rei, we have that Pei �= Rei by Proposition 3.3 for

each i. Therefore P = �Pm

i=1 Pei
�= �Pm

i=1Rei = R.

Theorem 3.7. If B is a Galois algebra over a semi-local ring R with Galois group G, then

B is a direct sum of projective group algebras or a direct sum of projective group algebras

and a commutative Galois algebra with Galois group induced by and isomorphic with G.

Proof. Since B is a Galois algebra over R, by Theorem 3.8 in [6], there exist orthogonal

central idempotents fei j i = 0; 1; 2; :::;m for some integer mg and subgroups of G, fHi j i =
1; 2; :::;mg, such that B = �Pm

i=0Bei where Bei is a central Galois algebra over Cei with

Galois group HijBei for each i = 1; 2; :::;m and e0 = 1 �Pm

i=1 ei such that e0 = 0 or

Be0 = Ce0 which is a commutative Galois algebra with Galois group induced by and

isomorphic with G where C is the center of B. Since B is a Galois algebra over R again, it

is projective separable over the semi-local ring R. Hence C is also semi-local by Lemma 3.5.

Thus Cei is semi-local for each i. Now, for each g 2 Hi, let J
Bei
g = fbei 2 Bei j bx = g(x)b

for all x 2 Beig. Then JBeig is a �nitely generated and projective module of rank one

over Cei which is semi-local for each g 2 Hi (for Bei is a central Galois algebra over

Cei with Galois group HijBei). This implies that JBeig
�= Cei by Lemma 3.6. Therefore

gjBei is inner ([5], Lemma 5) for each g 2 Hi, that is, HijBei is inner; and so Bei is a

projective group algebra (Cei)(Hi)fi with a factor set fi : Hi �Hi �! funits of Ceig for
each i = 1; 2; :::;m. This completes the proof.

Corollary 3.8. Let B be a Galois algebra over a semi-local ring R with Galois group G

and C the center of B. If there is a g 6= 1 in G such that gjC = 1, then B is a direct sum
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of projective group algebras.

Proof. Since there is a g 6= 1 in G such that gjC = 1, GjC 6�= G. Thus e0 as given in

Theorem 3.7 must be 0. Therefore B = �Pm

i=1Bei which is a direct sum of projective

group algebras by Theorem 3.7.

Note: The condition that there is a g 6= 1 in G such that gjC = 1 in Corollary 3.8 can not

be dropped as illustrated by the example at the end of this paper.

Next, we give a further description of each Bei as given in Theorem 3.7 by using

the general Wedderburn Theorem for an Azumaya algebra over a semi-local ring with no

idempotents but 0 and 1 as given by Proposition 3.4 ([2], Corollary 1).

Theorem 3.9. Let B be a Galois algebra over a semi-local ring R with Galois group G.

Then for each ei as given in Theorem 3.7, Bei = �Pki
j=1Bfij, i = 1; 2; :::;m for some ki,

where fij are minimal central idempotents in Cei, such that Bfij �= Mnj (Dj), a matrix

ring of order nj over an indecomposable Azumaya Cfij-algebra Dj for some integer nj,

where C is the center of B.

Proof. Since B is a Galois algebra over R, B is projective separable over the semi-local ring

R. Hence C is semi-local by Lemma 3.5. Thus Cei is semi-local for each i. Therefore Cei

has �nite number of minimal idempotents ffij j j = 1; 2; :::; ki for some integer kig summing

to ei; and so Cei = �Pki
j=1 Cfij where Cfij is a semi-local ring with no idempotents but

0 and fij for each j and Bfij is an Azumaya Cfij-algebra. Consequently, Bfij �=Mnj (Dj)

which is a matrix ring of order nj for some nj over an Azumaya Cfij-algebra Dj with no

idempotents but 0 and fij by Proposition 3.4 ([2], Corollary 1).

Let R be a commutative ring with no idempotents but 0 and 1 and Spec(R) the

spectrum of R. It is well known that the rank of a projective R-module M is de�ned as
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the number of copies of Mp over Rp for each p 2 Spec(R), where Rp is the local ring of R

at p 2 Spec(R) (see [3], page 26). Next, we show that the rank of each direct summand

Bfij of Bei over Cfij in Theorem 3.9 is the order of Hi for each j = 1; 2; :::; ki

Theorem 3.10. Let Bei = �Pki
j=1Bfij, i = 1; 2; :::;m, for some ki as given in Theorem

3.9. Then rankCfij (Bfij) = rankCei(Bei) = the order of Hi for each j = 1; 2; :::; ki.

Proof. Since Bei is a central Galois algebra over Cei with Galois group Hi,

rankCei(Bei) is the order of Hi (for the skew group ring Bei �Hi
�= HomCei(Bei; Bei)).

Thus rank(Cei)p(Bei)p = the order of Hi for each p 2 Spec(Cei). Noting that Spec(Cei) =

[kij=1Spec(Cfij), we have that (Bei)p
�= (Bfij)p for each p 2 Spec(Cfij). Thus

rankCei(Bei) = rankCfij (Bfij) = the order of Hi for each j = 1; 2; :::; ki:

We conclude the present paper with an example to illustrate the structure in Theorem

3.7.

EXAMPLE. Let R[i; j; k] be the real quaternion algebra over R, D the �eld of complex

numbers, B = R[i; j; k] � (D 
R D), and G = f1; gi; gj ; gkg where gi(a; d1 
 d2) =

(iai�1; �d1
 d2), gj(a; d1
 d2) = (jaj�1; d1
 �d2), and gk(a; d1
 d2) = (kak�1; �d1
 �d2) for

all (a; d1 
 d2) in B, where �d is the conjugate of the complex number d. Then,

(1) B is a Galois extension with a G-Galois system: fa1 = (1; 0); a2 = (i; 0); a3 =

(j; 0); a4 = (k; 0); a5 = (0; 1 
 1); a6 = (0;
p�1 
 1); a7 = (0; 1 
 p�1); a8 = (0;

p�1 

p�1); b1 = 1

4 (1; 0); b2 = � 1
4 (i; 0); b3 = � 1

4 (j; 0); b4 = � 1
4 (k; 0); b5 = 1

4 (0; 1 
 1); b6 =

� 1
4 (0;

p�1
 1); b7 = � 1
4 (0; 1


p�1); b8 = 1
4 (0;

p�1
p�1)g.

(2) BG = R� (R
R) �= R�R which is a semi-local ring.

(3) By (1) and (2) B is a Galois algebra over the semi-local ring R � R with Galois

group G.
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(4) C = R� (D 
R D) which is also a semi-local ring.

(5) Let e1 = (1; 0) and e0 = 1�e1. Then B = Be1�Be0 where Be1 = R[i; j; k] = RGf

which is a projective group algebra of GjBe1 over R (= Ce1) with a trivial factor set f

and Be0 = D 
R D = Ce0 which is a commutative Galois algebra with Galois group

GjCe0 �= G.
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