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Abstract

Let B be a ring with 1, G a finite automorphism group of B, BY the subring of
elements in B fixed under each element in G, and A = Vg(B%) the commutator
subring of B¢ in B. A structure theorem of B is given when A is a Galois
extension with Galois group G|a = G, which generalizes a structure of a Galois
algebra, and the study of the commutator Galois extension B is reduced to the
study of the Galois extension B with one orbit under the action of G on the

isomorphic summands of B.

1. Introduction

Galois theory for fields was generalized for rings in the sixties. Several interesting
classes of Galois extensions for noncommutative rings were studied ([2], [4], [6], [8]). Re-
cently, the class of the DeMeyer-Kanzaki Galois extensions was generalized to the Azumaya
Galois extensions ([1], [5]) and the class of center Galois extensions ([7]) respectively. In

[9], a Galois algebra was shown to be a finite direct sum of central Galois algebras with
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subgroups of G as Galois groups and a commutative Galois algebra with Galois group
induced by and isomorphic with G. The purpose of the present paper is to generalize the
above structure theorem for a Galois algebra to a commutator Galois extension. Let B be
a Galois extension of B¢ with Galois group G where B is the subring of elements in B
fixed under each element in G, and A = Vg(B%) the commutator subring of B in B. In
section 3, we shall show that if B is a commutator Galois extension with Galois group G
(that is, A is a Galois extension with Galois group G|a = G), then B is a finite direct sum
of central commutator Galois extensions with subgroups of G as Galois groups and a center
Galois extension with Galois group induced by and isomorphic with GG. Moreover, by using
the structure for a Galois algebra ([9], Theorem 3.8) we shall show that for a commutator
Galois extension B with Galois group G, B is a direct sum of Galois extensions B; and
a center Galois extension with Galois groups all isomorphic with G such that each direct
summand B; is a direct sum of isomorphic ideals {Bf;;} generated by central orthogonal
idempotents {f;;} and G acts on the set of isomorphic ideals {Bf;;} transitively, that is,
{Bfij, j =1,2,---,n;} has one orbit under G. Consequently, the study of a commutator
Galois extension B is reduced to the study of the type of Galois extensions B; with Ga-
lois group isomorphic with G such that B; = 27:1 Bf;; and G acts transitively on the
summands {Bf;;} and a center Galois extension. In section 4, for a Galois algebra B of
type B;, we shall give an expression of the subring B of the elements fixed under each
element in a subgroup H of GG, and an equivalent condition under which a subring 7' is
BH for some subgroup H of G. This derives a one-to-one correspondence between a set of

some subgroups of G and a set of some separable subalgebras.

2. Definitions and Notations

Throughout this paper, B will represent a ring with 1, C' the center of B, GG a finite

automorphism group of B of order n for some integer n, and B the set of elements in B
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fixed under each element in G.

Let A be a subring of a ring B with the same identity 1. We denote Vg(A) the
commutator subring of 4 in B, A the commutator subring Vg(B) of B¢ in B, J, = {b €
B|bx = g(x)bfor all z € B}, and Jg(A) ={be A|bx = g(x)bfor all z € A} for each g € G.
We call B a separable extension of A if there exist {a;,b; in B, i = 1,2,...,m for some
integer m} such that > a;b; =1, and > a; ® b; = > a; ® b;b for all b in B where ® is
over A. An Azumaya algebra is a separable extension of its center. B is called a Galois
extension of B¢ with Galois group G if there exist elements {a;, b; in B, i =1,2,...,m} for
some integer m such that > 1" a;g(b;) = &1 4 for each g € G, B is called a Galois algebra
over R if B is a Galois extension of R which is contained in C, and B is called a central
Galois extension if B is a Galois extension of C. We call B a center Galois extension of
BY ([7]) if C is a Galois algebra over C“ with Galois group G|¢ = G, B is an Azumaya
Galois extension of BY ([1]) if it is a Galois extension of BY which is a C“-Azumaya
algebra, B is called a DeMeyer-Kanzaki Galois extension with Galois group G ([2], [4]) if
B is an Azumaya C-algebra and a center Galois extension with Galois group G. We call
B a commutator Galois extension with Galois group G if A is a Galois extension with
Galois group G|a = G, and a central commutator Galois extension if A is a central Galois

algebra with Galois group G|a = G.

3. A Structure Theorems

In this section, we shall show a structure theorem mentioned in section 1, which
generalizes the structure of a Galois algebra as given in [9], and show that a commutator
Galois extension B can be reduced to the study of the type of Galois extensions with one
orbit under the action of G on the isomorphic summands of B. Let K = {g € G |g(d) =d
for all d € A}. Tt is easy to see that K is a normal subgroup of G and G/K is an

automorphism group of A where g(d) = g(d) for all g € G/K and d € A. We first show
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that BX is a commutator Galois extension with Galois group G' (= G/K), and give a
structure theorem for BE when A is a Galois extension of A? with Galois group G. Then
we generalize the following structure theorem for a Galois algebra as given in [9] to a

commutator Galois extension.

Proposition 3.1. ([9], Theorem 3.8) Let A be a Galois algebra over a commutative
ring R with Galois group G. Then there exist central orthogonal idempotents {f; € C'|i =
1,2,...,m for some integer m} and subgroups H; of G such that A= (@Y .~ Af;) ® Af,
where f =1—=" fi, Afi is a central Galois algebra with Galois group H;|as, = H;
for eachi =1,2,....m, and Af = Cf which is a commutative Galois algebra with Galois

group G|y = G in case f # 0.

Lemma 3.2. If A is a central Galois algebra over its center C' with Galois group H,

then (D ®¢ A)'®" = D ®c AY for any C-algebra D.

Proof. Since A is a central Galois algebra with Galois group H, the order of H is a
unit in A ([4], Corollary 3). Let k be the order of H and z (= Zi:l d; ®a;) be any element
in (D ®c A)'®H for some integer I. Then kx = Trigm(z) = 2221 d; ® Try(a;); and so
=" d® =Tr(a;) which is contained in D ®¢ A#. Thus (D ®c A)'*H C Do AX.

The other inclusion D ®c A" C (D ®¢ A)'®H is clear, so the lemma is proved.

Theorem 3.3. If A is a Galois extension of AC with Galois group G, then (1) BX is
a commutator Galois extension of B¢ with Galois group G, and (2) there exist orthogonal
idempotents {f; € Z|i = 1,2,...,m for some integer m}, where Z is the center of A,
and subgroups H; of G such that BX = (@ 2111 BE ) @ BXf where BX f; is a central
commutator Galois extension with Galois group E”Bxﬁ ~ H; for each i = 1,2,...,m,
f=1=-3", 71, and BX f is a center Galois extension with Galois group §|Bz<f ~ G in

case f # 0.



Proof. (1) Since A C Vgaa(BY) C Vg(BY) = A, we have that Vgea(B%) = A.
Thus, B¢ A is a commutator Galois extension of BY with Galois group G|gea. Moreover,
since BYA C BX such that (BX)¢ = BE = (BYA)%, both BX and BEA are Galois
extensions of BY with Galois group G. Thus we conclude that BX = B¥A. Therefore,

BX is a commutator Galois extension of B¢ with Galois group G.

(2) We first show that A% is contained in Z. In fact, since B is a Galois extension of BY
with Galois group G, A =® 3 . Jy ([4], Proposition 1). Hence for any z € AC (= AY)
and d € A, d =3} by for some b, € Jy, s0 bz = g(x)by = b, for each g € G. Thus
dr =3 caby® = 3 cqrby =3 by = xd for any d € A; and so, x € Z for any
z € AC. Therefore, A% C Z. But A is a Galois extension of AZ by hypothesis, so A is
a Galois algebra with Galois group G. Hence, by Proposition 3.1, there exist orthogonal
idempotents {f; € Z|i = 1,2,...,m for some integer m} and subgroups H; of G such
that A = (@Y7" Af;) ® Af where Af; is a central Galois algebra with Galois group
Hilag, 2 H; for each i = 1,2,....m, f =1—5" fi, and Af(= Zf) is a commutative
Galois algebra with Galois group G|ay = G in case f # 0. Since f; and f are in the
center of A, they are also in the center of BYA. Hence BX = B’A = (&Y 1", BYAf;) &
BEAf = (@ S BEf,)® BEf. Since Af; is a central Galois algebra with Galois group
Hi|ay, = H;, BXf; (= BYAf;) is a Galois extension with Galois group H;|px;, = H;.

Next, by Lemma 3.2, we have
(BOZf)) @75, (M) O™ = (BOZ ) @75, (AT = (BOZ ) @15, (Zf:),
so (BEZf;)(Afi)T+ = (BZf;)(Zf:). Hence
(BX ) = (BOAF)T = (BOZf)(Afi)T = (BOZfi)(Zf;) = BOZfi.

Moreover, noting that BX = BYA, we have that Vi ¢, (BCZf;) = Af;. Thus BE f; is
a central commutator Galois extension with Galois group H;|px = H; for each i =

1,2, ...,m. Furthermore, we claim that BX f is a center Galois extension with Galois group
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G|px; 2 G in case f # 0. Since Af (= Zf) is a commutative Galois algebra with Galois
group G|a; = G in case f # 0 by Proposition 3.1, we only need to show that Af (= Zf)
is the center of BX f. In fact, BX = BYA, so BX and A have the same center Z. Thus,

BX f has the center Z f. This completes the proof.

Now the structure theorem for a (alois algebra as given in Proposition 3.1 is gener-

alized to a commutator Galois extension.

Corollary 3.4. If B is a commutator Galois extension with Galois group G, then
(1) B = BYA and (2) there exist orthogonal idempotents {f; € Z|i = 1,2,...m for
some integer m}, where Z is the center of A, and subgroups H; of G such that B =
(@Y%, Bfi)® Bf where Bf; is a central commutator Galois extension with Galois group
Hilpy, & H; for eachi=1,2,....m, f =1=3"", fi, and Bf is a center Galois extension

with Galois group G|gy = G in case f # 0.

Next, by using the structure theorem for a Galois algebra ([9], Theorem 3.8) we show
that the study of a commutator Galois extension B can be reduced to the Galois extensions

with one orbit under the action of G on the isomorphic summands.

Lemma 3.5. Let A be a Galois algebra with Galois group G. Then there exist
central orthogonal idempotents {e; € C|i = 1,2,...,k for some integer k} such that (1)
A= (& Zle Ae;)® Af, where f =1— Zle e;, Ae; is a Galois algebra with Galois group
Glae, = G for eachi = 1,2,..,k, Af = Cf which is a commutative Galois algebra with
Galois group Glcy = G in case f # 0, and (2) Ae; = @ Z;‘:l Afij which is a direct sum
of isomorphic ideals {Af;;} generated by central orthogonal idempotents {f;;} such that G
acts on the set of isomorphic ideals {Af;;} transitively, that is, {Afij, 7 = 1,2,---,n;}

has one orbit under G.



Proof. (1) By the proof of Proposition 3.1 ([9], Theorem 3.8), Af; = A(p, e, Jn;)
where H; is a maximal subset of G such that I, cp,Jn, # {0}. We note that H; is
also a subgroup of G by Lemma 3.5 in [9]. Hence, for any g € G, Ag(f;) = g(Af;) =
9(AMp,cm, Jn,)) = A(p,en; Jygn,g-1). This implies that gH;g~! is a maximal subset
(subgroup) of G such that I, c . 4-1Jn, # {0}. Thus, g(Af;) = Ag(f;) = Af;, a direct
summand of A. Therefore g permutes the direct summands of A, that is, g permutes
the set of idempotents, {f;|i = 1,2,...,m} denoted by F. Let {F;|i = 1,2,...,k for
some integer k} be the distinct orbits of F' under the action of G. Then F = U} F; a
disjoint union of orbits {F;}, where F; = {g(f;) | g € G for some f;}. Rewrite the index of
elements in F; by F; = {fi;| j =1,2,---,n; for some integer n;}. Let e; = 27:1 fij- Then
{e;|1=1,2,...,k} are central orthogonal idempotents such that g(e;) = e; for each g € G,
that is, e; € C¢ for each i = 1,2, ..., k. Hence Ae; is a Galois algebra with Galois group
Glae; = G ([9], Lemma 3.7). Moreover, noting that Y% e; =S¥ >y fig =20 i
we have that f =1— Zle e;. Thus, Af = C f which is a commutative Galois algebra with
Galois group G|cy = G in case f # 0 by Proposition 3.1, and A = (& Zle Ae;) @ Af.

(2) By the proof of part (1), Ae; = & 2?21 Af;; which is a direct sum of isomorphic
ideals {Af;;} generated by central orthogonal idempotents {f;;} and G acts on the set of

isomorphic ideals {Af;;} transitively. This completes the proof.

As a consequence of Lemma 3.5, we obtain an expression for a commutator Galois
extension BX with Galois group G (= G/K) where K = {g € G| g(d) = d for all d € A}

and B with Galois group G respectively.

Theorem 3.6. Let B be a Galois extension of BY with Galois group G such that
A is a Galois extension with Galois group G (= G/K). Then there exist orthogonal
idempotents {e; € Z|i = 1,2,...,k for some integer k}, where Z is the center of A,

such that BX = (@ Zle BFXe;) @ BEf where BXe; = Py BE f.; which is a Galois
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extension with Galois group induced by and isomorphic with G such that the action of G
on{fij|j=1,2,---,n;} has exactly one orbit; that is, {fi; | j =1,2,---,n;} is transitive
under the action of G for each i =1,2,--- .k, and BE f is a center Galois extension with

Galois group 6|Bxf >~ G in case f £ 0.

Proof. By the proof of Theorem 3.3, A is a Galois algebra with Galois group G, so,
by Lemma 3.5, there exist orthogonal idempotents {e; € Z|i = 1,2, ..., k for some integer
k} such that A = (& Zle Ae;) & Af where Ae; is a Galois algebra with Galois group
Glae; 2 G, Af(= Zf) is a commutative Galois algebra with Galois group G|ay = G in
case f =1 — Zle e; # 0, and Ae; = Z?:l Af;; such that the action of G on {f;; | j =
1,2,---,n;} has exactly one orbit. By Theorem 3.3, BX = BYA which is a commutator
Galois extension with Galois group G, so, BX = BYA = (0 X", B9Ae;) @ BEAS =
(3% | BXe;)® BX f where BXe; = >ty B fij which is a Galois extension with Galois
group induced by and isomorphic with G such that the action of G on {fi; | j = 1,2,---,n;}
has exactly one orbit, and BX f is a center Galois extension with Galois group G/|gx 3= G

in case f # 0.

Theorem 3.7. Let B be a commutator Galois extension with Galois group G. Then
there exist orthogonal idempotents {e; € Z|i = 1,2, ...,k for some integer k}, where Z is
the center of A, such that (1) B= (&), Be;)® Bf, and (2) Be; = Z?Zl B fi; which
is a Galois extension with Galois group induced by and isomorphic with G such that the
action of G on {fi;| j = 1,2,---,n;} has ezxactly one orbit, and Bf is a center Galois

extension with Galois group induced by and isomorphic with G in case f # 0.

Proof. Since B is a commutator Galois extension with Galois group G, K = {1}.

Thus Theorem 3.7 is a consequence of Theorem 3.6.



4. Invariant Subrings

In section 3, Lemma 3.5 reduces the study of a Galois algebra A to the study of
the type of the Galois algebra Ae; with Galois group induced by and isomorphic with G
such that (1) Ae; = >, Afi; where {Af;;} are isomorphic ideals of A and {f;;} are
central orthogonal idempotents, and (2) G acts transitively on the summands {Af;;} of
Ae;. In this section, we shall study a Galois algebra A of this type: A =) " Ae; where
{e;} are central orthogonal idempotents and G acts transitively on the summands {Ae;}.
We shall show an expression of each element in B for a subgroup H of G and give an
equivalent condition under which a subring T is B¥ for a subgroup H of G. We begin
with a relation between G and the automorphism group of Ae; for each i induced by G.
Denote the set {«a;; : Ae; — Aej| a;j = g|ae; for some g € G} by G(i, 7). Clearly G(i,1)

is an automorphism group of Ae; for each i.

Theorem 4.1. For any pair 1 <i,j < m, there exists an g € G such that G(j,j) =
9G(i,i)g™" and G(i, j) = gG(i,i).

Proof. Since G acts transitively on {e;|i = 1,2,---,m}, there exists an g € G
such that g(e;) = e;. Hence G(j,5) = g(g~'G(j,4)9)9~" C gG(i,i)g~" C G(j,7). Thus,
G(j,5) = gG(i,i)g~". Similarly, G(i,j) = gG(i,9).

Next we show an expression of each element in A® for a subgroup H and give an
equivalent condition under which a subring T is BY for a subgroup H of G. We denote
the subset of G(i,j), {a € G(i,7) | @ = h|ae, for some h € H} by H(i,j) for a subgroup
H of G.

Lemma 4.2. Let H be a subgroup of G. Then A" ={a|a =" a; where a; € Ae;

and a(a;) = a; for each o € H(i,5),1 <1i,j < m}.
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Proof. Let a € Af. Then a = Y[, a; for some a; € Ae;. Since h(a) = a for each
heH, " ha;) =>1"  a;- But A= &> Ae; where h permutes {e;}, so h permutes
{a;}. Hence h(a;) = a; if h|ae; € H(i,j). This implies that A7 C {a|a = Y], a; where

a; € Ae; and a(a;) = a; for each o € H(3,5),1 <i,j < m}. The converse is clear.

Let T be a subring of A and H = {g € G |g(t) =t for each t € T}. Then we have

T C AM. The following is an equivalent condition under which T' = A,

Theorem 4.3. Let T be a subring of A and H = {g € G|g(t) = t for each
t € T}. Then T = AM if and only if Te; = (Ae;))) for some e; in each orbit of

{e;|i=1,2,---,m} under the action of H.

Proof. (=) Let T = AH. Then T' = A¥ = {a]a = }_" | a; where a; € Ae;
and afa;) = a; for each @ € H(i,j),1 < i,j < m} by Lemma 4.2. In particular, for
a=>1" a €T where a; € Ae;, a(a;) = a; for each o € H(i,i), so Te; C (Ae;)HH0)
for each i. On the other hand, for any ae; € (Ae;)"(H9) let t = Z?:l hj(ae;) where

{h;(e;) | h; € H and j =1,2,---,n;} for some integer n; is the orbit containning e; under

the action of H; then t € A" = T. Thus ae; = te; € Te;, and so (Ae;)? ) C Te;.

(<=) By Lemma 4.2, A" = {a|a = Y[, a; where a; € Ae; and a(a;) = a; for
each a € H(i,j),1 < i,j5 < m}. Hence Afe; C {ase; € Ae;|a(a;) = a; for each a €
H(i,i)} C (Ae;)"0) for each i = 1,2,---,m. But Te; = (Ae;) 5 for an e; in each orbit
of {e;|i = 1,2,---,m} under the action of H by hypothesis, so for each j = 1,2,---,m,
there is an e; in the same orbit of e; and an h € H(i,7) such that h(e;) = e;. Thus
Afe; = AHRp(e;) = h(Afe;) C h((Ae;)HD) = h(Te;) = Tey; and so Afle; = Te; for
each j =1,2,---,m. Hence T =T Y " e; = 3 7" Tej = >0 Alfe; = AT

Let n, the order of GG, be invertible in A. We shall show a set of some subgroups of G
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is in a one-to-one correspondence with the set of separable subalgebras T' of A such that

Te; = (Ae;) 0 for an e; in each orbit of {e;|i = 1,2,---,m} under the action of H.

Lemma 4.4. Let A be a Galois algebra with Galois group G of order n invertible in

A and H a subgroup of G. Then A™ is a separable subalgebra of A.

Proof. Since A is a Galois algebra with Galois group G and H is a subgroup of G,
A is a Galois extension of AY with Galois group H. Hence A is finitely generated and
projective left (or right) module over A#. But n is invertible in A. Thus A is a direct
summand of A as a A”-bimodule. Therefore A” is a separable subalgebra because A is

so ([3], proof of Theorem 3.8, page 55).

Let H be a subgroup of G. We call H an I-maximal subgroup if A% = A for a
subgroup K of G implies that K C H. We now show the set of the I-maximal subgroups
of G and the set of separable subalgebras of A as given in Theorem 4.3 are in a one-to-one

COI‘I‘GSpOIldeIlCG.

Theorem 4.5. Let A be a Galois algebra with Galois group G of order n invertible
in A. Then the set of the I-maximal subgroups of G is in a one-to-one correspondence
with the set of separable subalgebras T of A such that Te; = (Ae;)" 04 for an e; in each
orbit of {e;|i =1,2,---,m} under the action of H, where H = {g € G| g(t) =t for each

teT}.

Proof. Let H be an I-maximal subgroup of G. Then, by Lemma 4.4, A is a
separable subalgebra of A such that A7e; = (Ae;)" (%) for an e; in each orbit of {e; |i =
1,2,---,m} under the action of H by Theorem 4.3; and so the map o : H — A is well
defined. Also, Theorem 4.3 and Lemma 4.4 imply that « is onto. Moreover, let K and H be
two subgroups of G such that a(K) = «(H), that is, AKX = AH. Then AH) = AK = AH
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where (K, H) is the subgroup of G generated by elements of K and H. This implies that

any subgroup is contained uniquely in an /-maximal subgroup, so « is one-to-one.

We conclude the present paper with an example to demonstrate the structure as given

in Theorem 3.7.

Example 4.6. Let R[i,j, k] be the real quaternion algebra over the field of real
numbers R, A = (R[i, j, k|®r R][i, j, k]) ® R[i, j, k] ® R[i, j, k| ® R]i, j, k] ® R[i, j, k], and G =
(H,K) where H = {1, h;, hj, hg, }, K = {1, s;, sj, si}, and for all (a®b, a1, a2,a3,as) € A

hi(a ® b,a1,a9,a3,a4) = (iai ! @ b,ia1i™1,iasi™t, iazi™t, iagi™t),

hja®b,a1,a2,a3,a1) = (jaj=' @b, jarj~, jazj ™", jagj =", jasj=t),
hi(a®b,ay,as,as,a4) = (kak ™ @b, ka k™', kask™1, kask™!, kask™1),
si(a®b,a1,as,a3,a4) = (a®@ibi~! as,a1,a4,0a3),

sij(a®b,ai,as,a3,a4) = (a®jbj ', as,aq4,a1,as),

sp(a®b,ay,as,a3,a4) = (a® kbk™" a4, a3,as,a1).

Then,

(1) A is a Galois extension with Galois group G.

(2) A ={(ri ®ra,r,7,r,7) |71, 72,7 € R} 2 RO R.

(3) The center of AisC = (R R)®PRER®PROSR(ZER®R®R® R® R).

(4) By (1), (2), and (3), A is a Galois algebra with Galois group G, but not a central

Galois algebra with Galois group G.

(5) Let e; be the idempotent with 1 at the i*"-component and 0 elsewhere for i =
1,2,3,4,5. Then e; = (1®1,0,0,0,0) and e3 + e3 +e4 +e5 = (0,1,1,1,1) are orthogonal
idempotents in A%; and so Ae; and A(ey + e3 + e4 + e5) are Galois algebras with Galois
group induced by and isomorphic with G respectively ([9], Lemma 3.7).

(6) A(ea +e3+es+e5) =@ 2?22 Ae;, and the action of G on {e; |i = 2,3,4,5} has

exactly one orbit.
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