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Abstract: Let B be a Galois extension of B with Galois group G such that
B is a separable C%-algebra where C is the center of B. Then an equivalent
condition is given for B as a composition of a Hirata Galois extension B of B¢C
with Galois group K and a DeMeyer-Kanzaki Galois extension B“C of B® with
Galois group G/K where K = {g € G |g(c) = ¢ for all ¢ € C'}. Properties of

separable subextensions are also given.
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1. Introduction

Let B be an indecomposable Galois algebra over a commutative ring R with Galois
group G, C the center of B, and K = {g € G| g(c) = c for all ¢ € C}. In [2], it was shown
that B is a central Galois algebra over C' with Galois group K, and C is a commutative
Galois extension of C“ with Galois group G/K ([2], Theorem 1). This fact was generalized

to an indecomposable Galois extension B of BY with Galois group G such that B¢ is
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separable over C'“ ([10], Theorem 3.2). By noting that this fact fails for decomposable
Galois extensions, the purpose of the present paper is to give an equivalent condition for a
Galois extension B (not necessarily indecomposable) of B¢ which is separable over C% such
that B is a Hirata Galois extension of B¢C with Galois group K, and B¢C is a DeMeyer-
Kanzaki Galois extension of B¢ with Galois group G/K. Let J, = {b € B|bx = g(z)b
for each z € B} for a ¢ € G. We shall show that B is a composition of the above two
Galois extensions B D BYC D BY with Galois group K and G//K respectively if and only
if J, = {0} for each g ¢ K and the order of K is a unit in B. Moreover, let B be a Galois
extension satisfying the above conditions. We shall give two one-to-one correspondences,
one between the set of separable extensions of BC in B and the set of separable C-
subalgebras of @3 Jy, and the other one between the set of separable extensions of
B% in BYC and the set of separable subalgebras of Z over Z“ where Z is the center of

BYC.

2. Basic Definitions and Notations

Let B be a ring with 1, G a finite automorphism group of B, C the center of B, BY
the set of elements in B fixed under each element in G, and A a subring of B with the same
identity 1. We call B a separable extension of A if there exist {a;,b; in B, i = 1,2,...,m for
some integer m} such that > a;b; =1, and > ba; ® b; = > a; ® b;b for all b in B where ®
is over A. An Azumaya algebra is a separable extension of its center. We call B a Galois
extension of BY with Galois group G if there exist elements {a;, b; in B, i = 1,2,....m}
for some integer m such that ZZ’; a;g(b;) = 61,4 for each g € G. Such a set {a;,b;} is
called a G-Galois system for B. A ring B is called a Galois algebra over R if B is a Galois
extension of R which is contained in C', and B is called a central Galois algebra if B is
a Galois extension of C ([9],[10]) A ring B is called a Hirata separable extension of A if
B ® 4 B is isomorphic to a direct summand of a finite direct sum of B as a B-bimodule,
and B is called a Hirata Galois extension of BY if it is a Galois and a Hirata separable

extension of BY ([6]). B is called a center Galois extension of BY if C' is a Galois algebra
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over C% with Galois group G|c = G. A Galois extension B is called a DeMeyer-Kanzaki
Galois extension with Galois group G if B is an Azumaya C-algebra and a center Galois
extension with Galois group G. A ring B is called decomposable if it contains more than
two central idempotents and indecomposable if it contains no central idempotents but 0

and 1.

Throughout this paper, we assume that B is a Galois extension of B with Galois
group G, C the center of B, K = {g € G|g(c) =cforal ce C}, J, ={b€ B|bx = g(x)b
for each x € B} for a g € GG, and for a subring A of B, Vg(A) denotes the commutator

subring of A in B.

3. Equivalent Conditions

In this section, we shall give an equivalent condition for a Galois extension B of
a separable algebra BY over C“ such that B is a Hirata Galois extension of B¢C with
Galois group K, and B¢ is a DeMeyer-Kanzaki Galois extension of B with Galois group
G /K. We shall employ the following two useful results of a Hirata separable extension as

given in [5] and [6].

Proposition 3.1. ([6], Proposition 4-(3)) Let B be a Hirata Galois extension of B
with Galois group G. Then B is a direct summand of B as an BC -bimodule if and only

if the order of G is a unit in B.

Proposition 3.2. ([4], Theorem 1) Let A be an Azumaya C-algebra. If D is a
subalgebra of A such that A is projective as a left D-module, then A is a Hirata separable

extension of D.

Now we show the necessity of the main theorem.
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Theorem 3.3. Let B be a Galois extension of B with Galois group G such that B
is separable over CY. If B is a Hirata Galois extension of BYC with Galois group K, then
the order of K is a unit in B and J, = {0} for each g ¢ K.

Proof. Since B is a Galois extension of B® such that B is separable over C%, B
is a separable extension of BY; and so B is a separable C%-algebra by the transitivity
property of separable extensions. Hence B is an Azumaya C-algebra and C' is a separable
C%-algebra ([3], Theorem 3.8, page 55). Thus the homomorphic image of B¢ and C, B“C
is also a separable C“-algebra, and so BYC is a separable subalgebra of the Azumaya C-
algebra B. But then B“C is a direct summand of B as an B“C-bimodule. By hypothesis,
B is a Hirata Galois extension of BYC with Galois group K. Hence the order of K is
a unit in B by Proposition 3.1. Next, we show that J, = {0} for each g ¢ K. In fact,
since B is a Galois extension of BYC with Galois group K, Vg(BYC) = @deK Jy =
Vi(BX) ([5], Proposition 1). On the other hand, since Vg(B“C) = Vg(BY) = &Y .o Jy,
DY gex Jg =B yeq Jy- Thus Jy = {0} for each g ¢ K. This completes the proof.

Next is the converse of Theorem 3.3.

Theorem 3.4. Let B be a Galois extension of BS with Galois group G such that B
is separable over CY. If the order of K is a unit in B and J, = {0} for each g ¢ K, then B
is a Hirata Galois extension of BYC with Galois group K and BYC is a DeMeyer-Kanzaki
Galois extension of BY with Galois group G /K.

Proof. Let {a;,b; in B, i = 1,2,...,m} for some integer m be a G-Galois sys-
tem for B and r the order of K. Since r is a unit in B by hypothesis, we can check
that {Trx(a;), tTri(b;) in BX, i = 1,2,...,m} is a G/K-Galois system for BX where
Trr() = X ,ex 9( ). Hence BX is a Galois extension of B® with Galois group G/K.
But BY is separable over C“ by hypothesis, so BX is a separable C%-algebra by the

transitivity property of separable extensions. Noting that C C B¥, we have that B¥ is a

4



separable subalgebra of the Azumaya C-algebra B. Next, since J;, = {0} for each g & K,
Ve(BYC) = Vg(B%) = DY gecds = B yer g = Ve(B¥). Since BYC and BX are
separable subalgebras of the Azumaya C-algebra B, we have that BYC = Vg(Vg(B“C)) =
Ve(Ve(B%)) = BE by the double centralizer property for Azumaya algebras ([3], Theo-
rem 4.3, page 57). This implies that B is a Galois extension of BYC (= B¥) with Galois
group K and BYC is a Galois extension of BY with Galois group G//K. Moreover, we
claim that B is a Hirata Galois extension of BC with Galois group K and B%C is a
DeMeyer-Kanzaki Galois extension of B with Galois group G/K. In fact, since B is
a left finitely generated projective as a BYC-module, B is a Hirata separable extension
of B¢C by Proposition 3.2. Thus B is a Hirata Galois extension of B¢C with Galois
group K. Also, let Z be the center of BYC. Then clearly, C C Z implies that BYC is
an Azumaya Z-algebra (for BYC is a separable C-algebra). Noting that BYC = B“Z
which is a Galois extension of B with Galois group /K, we have that BYZ is a center
Galois extension of B¢ with Galois group G/K ([8], Theorem 3.2). Therefore BYC is a

DeMeyer-Kanzaki Galois extension of B with Galois group G/K.

Corollary 3.5. Let B be a Galois algebra over a commutative ring R with Galois
group G. Then B is a central Galois algebra over C with Galois group K and C is a
commutative Galois extension of BY with Galois group G /K if and only if the order of K
is a unit in B and J, = {0} for each g ¢ K.

4. Separable Subrings

Let B be a Galois extension of BY with Galois group G such that BY is separable
over C% as given in Theorem 3.4. By Theorem 3.4, B is a composition of a Hirata Galois
extension B of BYC with Galois group K and a DeMeyer-Kanzaki Galois extension B“C
of B¢ with Galois group G /K. In this section, we shall give some properties of the class

of the separable subalgebras comparable with BEC.
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Theorem 4.1. Let B be given in Theorem 3.4, S = {A C B|A is a separable
extension of BYCY}, and T = {D C DY yex Jo| D is a separable C-algebras}. Then

a: A — Vg(A) is a one-to-one correspondence between S and T .

Proof. By Theorem 3.4, B is a Hirata Galois extension of BYC with Galois group K,
so B is a Hirata separable extension and a left finitely generated and projective module over
BYC. Hence a : A — Vg (A) is a one-to-one correspondence between the set of separable
extensions A of BYC such that A is a direct summand of B as an A-bimodule and the set
of C-separable subalgebras of Vz(B“(C) ([7], Theorem 1). But for any separable extension
A of BEC in B, A is a separable subalgebra of the Azumaya C-algebra B, so A is a direct
summand of B as an A-bimodule. Thus, noting that Vg(B“C) = Vp(B*) =& Y. Jy,

we conclude that a : A — Vg (A) is a one-to-one correspondence between S and 7T .

Let B be given in Theorem 3.4. By Theorem 3.4, BYC is a DeMeyer-Kanzaki Galois
extension of BY with Galois group G/K, that is, BYC is an Azumaya algebra over its
center Z and Z is a commutative Galois algebra over Z¢ with Galois group G/K. Let
P = {A C BYC|A is a separable extension of BY} and Q = {D|D is a separable
subalgebra of Z over Z%}. Then §: A — AN Z is a one-to-one correspondence between

P and Q.

Next we give a new proof of the expression of a separable algebra A € P as given in

[1].

Lemma 4.2. By keeping the above notations, for any A€ P, A= B . (AN Z).

Proof. Since A € P, B® C A. Hence A is a two sided module over BY. But
B@(C = B%Z has center Z, so the center of B is Z%. Noting that B¢ is separable over
CY, we have that BY is an Azumaya algebra over Z%. Thus A = BY ®,¢ Va(B%) =
BY ®z¢ (ANVgao(BY)) = BY ® 46 (AN Z) by the multiplication map ([3], Corollary 3.6,
page 54). Therefore A = B% - (AN Z).



Theorem 4.3. By keeping the above notations, § : A — AN Z is a one-to-one

correspondence between P and Q.

Proof. Since (3 is the restriction map of the equivalent functor from the category of
the bimodules over the Azumaya algebra B and the category of the modules over the

center Z9 of B¢, : A — AN Z is a one-to-one correspondence.

We conclude the present paper with three examples to demonstrate the main results
in section 3. Example 1 and 2 show the existence of decomposable Galois algebras and
extensions which are composition of two Galois extensions as given in Theorem 3.3 and
3.4, and Example 3 is a decomposable Galois extension which is not a composition of two

Galois extensions as given in Theorem 3.3 and 3.4.

Example 1. Let A = RJi, j, k] be the quaternion algebra over the real field R, B =

1

Ax A, and G = {1, gi, 9, 9k, 9- 99> 99, 99} where g;(z,y) = (izi~ ', iyi™ ), gj(z,y) =

Gz~ dyi™"), gr(z,y) = (kzk~', kyk™"), and g(x,y) = (y, ) for all (x,y) in B. Then,

(1) B is a Galois extension with a G-Galois system: {a; = (1,0), ax = (¢,0), as
(j,()), as = (k,O), as = (0,1), ag = (O,Z), a7 = (O,j), ag = (O,k), b1 = %(1,0), b
- (7“70)7 by = _}I(jao)7 by = _}I(kvo)a bs = 411(071)7 b = _i(():i)v by = _}I(Oaj)a bs

[\V)
Il

(2) BY ={(r,r)|r € R} = R;

(3) by (1) and (2), B is a Galois algebra over R with Galois group G;
(4) C =R x R;

(5) K =11, gi, 9j> gx };

(6) BX = BYC' = R x R; and

(7) by (6), B is a composition of a central Galois algebra B over C' with Galois group

K and C is a commutative Galois extension of C% with Galois group G/K.
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Example 2. Let B=Ax A and L = {1, g;, g, gig} C G as given in Example 1.

Then,
(1) L is a subgroup of G,
(2) B is a Galois extension of B with Galois group L;
(3) BL = {(x,2) |z € R[i]} & RJ[i] which is a separable R-algebra;
(4) K =A{1, gi};
(5) B® = R[i] x R[i];

(6) C = R x R C R[i] x R[i] = BXK = B“C}; and

(7) B is a composition of a Hirata Galois extension (not a Galois algebra) of B¥C

with Galois group K and a DeMeyer-Kanzaki Galois extension B¥C of BY with Galois
group L/K.

Example 3. Let S be a commutative Galois algebra with Galois group G, S x G
the skew group ring (the crossed product with trivial factor set), B = S x (S % GG), and
G ={(g,1,) | g € G where I,(z) = gug~! for each z € S x G}. Then,

(1) B is a Galois extension of BY with Galois group G;

2) the center C of B is S x SG

7) B is not a composition of B D BX and BX > BE.

(2)

(3) B x (S *G)le;
(4) B S x (8 G)le;
(5) K ={1};

(6) BE = B # BEC; and
(7)
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