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Abstract

Let B be a Galois extension with Galois group G with finitely many central
idempotents. Then the Galois groups which are isomorphic with G are computed,

and a relation between Autpge(B) and G is also obtained.
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1. Introduction. The Galois theory for Galois extensions of rings with no idem-
potents but 0 and 1 (connected rings) and with finitely many central idempotents (semi-
connected rings) were studied ([2], [3], [4], [6]), and the general Galois extensions of rings
were investigated ([1], [5], [7]). Let B be a connected commutative Galois extension with
Galois group G. It was shown that G = Autpge(B), the automorphism group of B ([2],
Theorem 3.5). This extends the fact for Galois extensions for fields. In the present pa-
per, we are interested in the Galois groups of a semiconnected Galois extension and its
relation with the automorphism group of the extension. Let B be a semiconnected Ga-
lois extension of BY with Galois group G, {e;|i = 1,2,---,m for some integer m} the
set of minimal central idempotents of B, and {O;|j = 1,2,---,¢ for some integer ¢} the

set of orbits of {e;} under the G-action. Then for any e;,e; € Oj, there exists a g € G
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such that g(e;) = er. Let E; = Zeieoj e;. We have ¢g(E;) = E;, a minimal central
idempotent in B¢ for each g € G, E;E; = E;d;;, and 22:1 E; = 1. This implies that
B=¢& 2321 BE;. We shall compute all Galois groups G' of B which are isomorphic with
G such that B = B%. Moreover, for a semiconnected commutative Galois extension B
with Galois group G, an expression of the automorphism group Autge (B) is given in terms
of G(e1) where G(e1) = {g € G| g(e1) = e1}. This generalizes the fact that G = Autge (B)

for a connected commutative Galois extension.

2. Definitions and Notations. Let B be a ring with 1, G a finite automorphism
group of B, and BY the set of elements in B fixed under each element in G. Then B
is called a Galois extension of BY with Galois group G if there exist elements {a;,b;
in B, i = 1,2,....,k} for some integer k such that Zle a;g(b;) = 61,4 for each g € G.
Such a set {a;,b;} is called a G-Galois system for B. We call B connected if it contains
no central idempotents but 0 and 1, and semiconnected if it contains only finitely many

central idempotents.

Throughout this paper, the ring B is a semiconnected Galois extension of BY with
Galois group G, C' the center of B with finite number of idempotents, {e; |i = 1,2,---,m for
some integer m} the set of minimal central idempotents of B, G(e;) = {g € G| g(e;) = €;}
for each e;, and G(e;,e;) = {g € G| g(e;) = e;} for i # j. The fat group of G is denoted by
G, that is, G = {a € Autge (B) such that for each i = 1,2,---,m, a|ge, = gi|Be, for some
9; € G}. By a Galois extension B with isomorphic Galois groups G and G', we means that

G = G' such that B¢ = BY'.

3. Isomorphic Galois Groups. In this section, let B be a semiconnected Galois
extension (not necessarily commutative) of B¢ with Galois group G, {e;|i = 1,2,---,m

for some integer m} the set of minimal central idempotents of B, {O;|j =1,2,---,¢ for
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some integer ¢} the set of orbits of {e;} under the G-action, and E; = Zeieoj e;. Then
B=o 23:1 BE;. We shall compute all Galois groups G’ of B isomorphic with G, that
is, B is a Galois extension of a subring A with Galois groups G' = G. We begin with some

properties of BE;.

Proposition 3.1. By keeping the above notation, we have that
(1) {E;|j =1,2,---,t} is the set of minimal central idempotents of B®, and
(2) if B is a Galois extension of a subring A with Galois groups G' = G, then G and

G' have the same orbits.

Proof. (1) Assume E; is not a minimal central idempotent in B. Then E; = F'+F"
where F' and F" are idempotents in B¢ such that F' =3, ,e; and F" =3, - e for
some partition {e;|¢ € I} and {ex |k € K} of O;. Since there exists a ¢ € G such
that g(e;) = ek, g(F') # > ;i = F'. This contradicts to the fact F' € BY. Thus

{E;|j=1,2,---,t} is the set of minimal central idempotents summing to 1 in BY.

(2) Since B is a Galois extension of a subring A with Galois group G' = G, B¢ =
BY = A. Let {E;|j = 1,2,---,t} be the set of minimal central idempotents of B¢
derived from the orbits of {e;} under the G-action and {E; |k =1,2,---,s} be the set of
minimal central idempotents of BS" derived from the orbits of {e;} under the G'-action.
Since B¢ = B = A, {E;|j = 1,2,---,t} = {E} |k = 1,2,---, 5} by part (1). Thus G

and G' have the same orbits of {e¢;|i =1,2,---,m}.

Lemma 3.2. By keeping the above notations, B = & Z;Zl BE; such that BE; is a

Galois extension of BGEj with Galois group G|pg; which is isomorphic with G.

Proof. Let {a;,b; in B, i = 1,2,...,p for some integer p} be a Galois system for
B. Then %  a;g(b;) = 01,4 for each g € G. Since g(E;) = E; for each g € G,
Z?Zl(aiEj)g(biEj) = Ej le:l aig(bi) = Ej(ng for each g € G. If g|BEj = 1, then
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P (a;E;)g(b;E;) = E;. Hence g = 1 in G; for otherwise, g # 1, we have that

Y (a;E;)g(b;E;) = E;j Y Y a;g(b;) = 0, a contradiction. This implies that G —
G|pe; by 9 — g|E; is an isomorphism for each j. Therefore, by noting that

> (aiE;)g(biE;) = E;01,4 for each g € G, we conclude that BE; is a Galois extension
with Galois group G|pg; which is isomorphic with G. Moreover, since g — g|Bg, is
an isomorphism from G to G|gg, for each j, (BEJ-)G|BEJ' C BY. Hence (BEj)G|BEj =

(BE;)“'*%i E; ¢ BYE;. Clearly, BYE; C (BE;)“!""i. Thus BE; = (BE,;)“/""i. This

completes the proof.

Now we derive an expression for each g € G.

Theorem 3.3. By keeping the notations of Lemma 3.2, G = {g € G|g = ¢1 @
2222 ¢;(g1) where g1 = g|pg, and ¢; : G|pe, — G|BE; s an isomorphism for each

j=2,3,- .t

Proof. Since g(b) = (3, bE;) = Y\, g(bE;) for each b€ B, g = © Y ", glBE;-
By Lemma 3.1, m; : G — G|pg; is an isomorphism. Let ¢; = m; - 7', Then ¢; :
G|pe, — G|BE; is an isomorphism such that g(b) = Z;Zl g(bE;) = Z;Zl 7;(9)(bE;) =
S (6ym)(9)(bE;) = Yy 6;(91)(DE;) where g1 = g|lpp, = mi(g). Thus g = g1 @
2222 ¢j(g1)-

Theorem 3.3 implies that a Galois group G induces ¢ — 1 isomorphism ¢; : G|gp, —

G|pg,; for j =2,3,---,t. The converse also holds.

Theorem 3.4. Let ¢ : G|pr, — G|pg; be a group isomorphism for j =2,3,---,t.
Then G' = {g1 @ Z;ZQ ¢i(g1) |91 € GlBE, } is a Galois group for B which is isomorphism
with G, that is, G = G' such that B¢ = BY".
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Proof. Since (/5; : G|pe, — G|BE; is an isomorphism and G|pg, is a group, it is
straightforward to check that G’ is a group under the componentwise operation. Moreover,
a:Glpp, — G bya(g1) = ¢ @2222 ¢’;(g1) for each g, € G|pg, is a group isomorphism.

In fact, for g1,91 € G|BE,,

t t t

algig)) = g9 @D di(g1gh) = (31 ® D 85(91) (91 © D d5(gh)) = algn)ex(gh).

j=2 j=2 j=2

Also a(g1) = 1 implies that g; = 1, so « is an isomorphism. Thus G = G|gg, = G'. Next,
let b € BY. Then for each g1 € Glpp,, DY, bE; = b = (g1 ® Y\, ¢(g1))(b) =
g1 (bEy) & E§:2 ¢;(91)(bE;). Hence g1(bE1) = bE; and ¢(g1)(bE;) = bE; for j =
2,3,--,t. But ¢,(G|pp,) = Glgg,, so bE; € (BE;)“!""i = BSE; by Lemma 3.2 for
each j = 1,2,---,t. Thus b = Y, bE; € BY; and so B¢ C BY. Also, by the similar
argument, BY C B%'. Thus B¢ = B%. Moreover, it is easy to check that a G-Galois

system for B is a G'-Galois system for B, so G’ is also a Galois group for B.

By Theorem 3.3, we have a map a : G' — (1, ¢}, ..., ¢}) from the set of Galois groups
isomorphic with G such that G|gg, = G'|pg, to the set of 16 (@2322 Iso(G|BE,,GlBE;))
where ¢} : G|pg, — G|pE,; is an isomorphism. Thus Theorem 3.4 implies that « is a

surjection. Next we want to show that « is a bijection.

Theorem 3.5. o : G' — (1,0, ...,¢}) is a bijection from the set of Galois groups
isomorphic with G such that G|pg, = G'|BE, to the set of 1® (692322 Iso(G|Bg,,G|BE,))

where qﬁ"i : G|, — G|BE, 15 an isomorphism.

Proof. It suffices to show that « is an injection. Let G’ and G" be Galois groups
isomorphic with G. Then G' = {¢g; @ 22:2 ¢:(91) |91 € Glpp,} and G" = {g1 &
Y2 ¢)(91) |91 € Glpg,} for some ¢, ¢/ € Iso(G|pm,,Glpr,). I (1,0}, ..., 9}) =
(1, ¢4, ..., ), then ¢} = ¢ for each j = 2,3,---,¢. Thus G' = G"; and so « is an injection.

Also, by Theore 3.4, « is a surjection, so « is a bijection.
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As a consequence of Theorem 3.5, we obtain the number of Galois groups G’ isomor-

phic with G such that G|gg, = G'|pE, -

Corollary 3.6. Let B be a semiconnected Galois extension with Galois group G.

Then there are |Aut(G)|'™ Galois groups G' for B isomorphic with G such that G|pg, =
G'\BE, -

Proof. By Lemma 3.2, G|pg; = G for each j =1,2,3,---,t, 50 |Iso(G|BE,,G|BE;)| =
|Aut(G)|, that is, the order of Aut(G) is equal to the number of isomorphisms in
Iso(G|BE,,G|BE,). Thus the number of Galois groups for B isomorphic with G is equal
to |Aut(G)|'~! by Theorem 3.5.

Now we consider any Galois group G' = G for B.

Corollary 3.7. Let B be a semiconnected Galois extension with Galois group G.

Then there are |Aut(G)|' Galois groups G' for B isomorphic with G.

Proof. Let G' be a Galois group for B isomorphic with G. Then B¢ = BY with
minimal central idempotents {E,|j = 1,2,---,¢ for some integer ¢} by Lemma 3.1 such
that B = @ Z;Zl BE;. Hence G' = G'|pg, = G|pp, = G by Lemma 3.2. Thus there are
|Aut(G)| - [Aut(G)|F 7! = |Aut(G)|! number of isomorphic Galois groups with G for B by
Corollary 3.6.

4. Galois and Automorphism Groups. Let B be a semiconnected Galois exten-
sion with Galois group G. Then B = & 22:1 BE; as given in Lemma 3.1. Observing that
E; = Zeieoj e; where {O;|j =1,2,---,t for some integer t} is the set of orbits of the min-
imal central idempotents {e; |i = 1,2, ---,m for some integer m} of B under the G-action,

we have a Galois extension BE; of BGEj with a transitive Galois group G|p E; which is
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isomorphic with G, that is, for any e;, e, € Oj, there exists a g € G such that g(e;) = e.
In this section, we shall show a relation between Autge.,(Be;) and Autge g, (BE;) for
each e; € O;. This derives a generalization of a well known property of a commutative
connected Galois algebra B with Galois group G that G = Autge(B). We shall employ

some results of K. Kishimoto and T. Nagahara ([4], Theorem 13 and 15).

Lemma 4.1. Let B be a semiconnected Galois extension with a transitive Galois group
G and {e;|i = 1,2,---,m for some integer m} the set of minimal central idempotents of
B. Assume that G(e1) # {1}. Then B= @) .-, Be; such that

(i) Be; = Be;j for all i and j,

(i) G(ej) = gG(e;)g~ ' for some g € G such that g(e;) = ey,

(iii) Be; is a Galois extension with Galois group G(e;).

Proof. This is a consequence of Theorem 13 and Theorem 15 in [4].

Let Iso(Be;, Be;) be the set of isomorphisms «;; such that «;;(ae;) = ae; for each
a € BY and G(e;,e;) be the set of g € G such that g(e;) = e;. Then it is easy to check

the following statements.

Lemma 4.2. By keeping the notations of Lemma 4.1, we have
(i) Iso(Be;, Bej) = aAut g, o (Be;) for some a € Autpe(B) such that a(e;) =
ej;
(ii) Iso(Be;, Bey) = aijaiAut(Bel)c(el)(Bel)az._l for a a; € Iso(Bey, Be;) and «;; €
Iso(Be;, Bey,);
(iii) G(ei,e;) = gG(e;) for some g € G such that g(e;) = e;;

(iv) G(e;, er) = ggiG(el)gjl for a g; € G(e1,e;) and g € G(e;, ep).

Next, we give an expression for the elements in B¢.
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Lemma 4.3. By keeping the notations of Lemma 4.2,

B¢ = {@Zgi(bel)ei |bey € (Be1)¥“Y) and g; € G such that g;(e1) = e;}.

=1

Proof. For any b € B%, b = &Y " be; such that &> - be; = b = g(b) =
@Y. g(be;)g(e;) for all g € G. Since g permutes {e;}, be; = g(ber)e; where g(er) = e;.
But G is a transitive Galois group, so there exists a g; € G such that g;(e;) = e; for each
i =1,2,---,m. Thus be; = g;(bey)e; for each i = 1,2,---,m; and so b = ® > be; =
® .0, gi(ber)e; such that be; € (Be;)%(¢1). Therefore BY C {® o gi(ber)e; | bey €
(Bep)%1) and g; € G such that gi(e;) = e;}. Conversely, let * = &Y. gi(bey)e;
where be; € (Bey)9) and g; € G such that g;(e;) = e;. Then for any g € G,
g(z) = @Zﬁl g9i(be1)ggi(e1). Since g permutes {e1, ez, -+, em}, ggi(er) = gle;) = ex)
where 7 is a permutation of {1,2,---,m} induced by g, that is, gg; € G(e1, ex(;)). Hence,

by Lemma 4.2(iii), gg; = gr(ihs for some h; € G(e;). Thus

g(z) =& ggi(ber)ggi(er) = @Y gu(iyhi(ber)gn(iyhiler)

i=1 =1
=@ Z I (i) (be1)gr(iy(e1) = @ Z I (i) (ber)er (i
i=1 =1

= & Zgi(bel)ei = .
i=1
This implies that {& Y " | g;(be1)e; | bey € (Be;)%(1) and g; € G such that g;(e;) = e;} C
BE. Thus the proof is complete.
Lemma 4.3 implies that B%e; = (Be;)¢(¢) for each 4, so
Iso(Be;, Bex) = a;ja;Autpe, (Bey)aj

for a a; € Iso(Bey, Be;) and «;; € Iso(Be;, Bey,).
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Lemma 4.4. An automorphism of B, f € Autge(B) if and only if f = & >.", fi

where f; € Iso(Be;, Bey(;)) for some permutation © of {1,2,...,m}.

Proof. Since {e;} is the set of minimal central idempotents of B, f permutes the set
{ei}. Hence f|g., € Iso(Be;, Be,(;)) for each i for some permutation 7 of {1,2,...,m}.
Let fi = fle;- Then f = &3 ", f; such that f; € Iso(Be;, Bey(;)). Conversely, let
(f1, f2, -, fm) be a set of isomorphisms f; € Iso(Be;, Bey(;)) for a permutation m of
{1,2,...,m}. We claim that f =@ )., f; € Autge(B). In fact, since B=®) .-, Be;,
for each b € B, f(b) = f(® >/, be;) = &2, fi(be;) where fi(be;) € Begy. It is
straightforward to verify that f preserves the addition and multiplication. Moreover,
let f(b) = 0. Then f;(be;) = 0 for each 7. But f; is an isomorphism, so be; = 0
for each ¢. Hence b = 0. Thus f is an injection. To show that f is a surjection,
let y € B. Then y = E:’;l yer(j)- By hypothesis, f; : Be; = Bey(;), so there exists
z;e; € Be; such that fi(x;e;) = yey(;) for each i. Let x = o, xie;. Then ze; = z;e; and
fl@) = fFOoim, wes) = Yoiny filwes) = D0im, yeqy = y; and so f (= @ Y.L, fi) is a surjec-
tion. Moreover, for each a € BY, f(a) = f(> it ae;) = i, fi(ae;) = S0, aeq(;) = Q.
Thus f =@ > ", fi € Autge(B).

Combining Lemmas 4.2 and 4.4, we obtain a relation between Autge., (Be;) and

Autge (B).

Theorem 4.5. By keeping the notations of Lemma 4.4,

AUtBG (B) =D Z aiﬂaiAUtBG€1 (Bel)a;1

=1

where «; € Iso(Bey, Be;), m a permutation of {1,2,...,m}, and a;; € Iso(Be;, Bey(;))-

In particular, for a semiconnected commutative Galois extension B with Galois group

G, we derive a relation between Autge (B), G(e;1), and the fat group of G.
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Theorem 4.6. Let B be a semiconnected commutative Galois extension with Galois

group G. By keeping the notations of Lemma 4.4,
Autga(B) = @ nggiG(el)g;I = the fat group of G
i=1

where g; € G(e1,e;), m a permutation of {1,2,...,m}, and gix € G(es,ex3;)).

Proof. Since Be; is a connected commutative Galois extension over B%e; with
Galois group G(e;), G(e1) = Autge,, (Bei) ([2], Theorem 3.5). Thus Autge(B) =
&> 9i9:G(e1)g; ' by Theorem 4.5 and Lemma 4.2. Moreover, for any f € Autge (B),
f=®> ", fi such that f; € g;xg:G(e1)g; " = ginG(e;) C G|pe,;. Hence f is contained in

the fat group of G. Thus Autge (B) = the fat group of G.
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