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Abstract

Let B be a Galois extension with Galois group G with �nitely many central

idempotents. Then the Galois groups which are isomorphic with G are computed,

and a relation between AutBG(B) and G is also obtained.
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1. Introduction. The Galois theory for Galois extensions of rings with no idem-

potents but 0 and 1 (connected rings) and with �nitely many central idempotents (semi-

connected rings) were studied ([2], [3], [4], [6]), and the general Galois extensions of rings

were investigated ([1], [5], [7]). Let B be a connected commutative Galois extension with

Galois group G. It was shown that G = AutBG(B), the automorphism group of B ([2],

Theorem 3.5). This extends the fact for Galois extensions for �elds. In the present pa-

per, we are interested in the Galois groups of a semiconnected Galois extension and its

relation with the automorphism group of the extension. Let B be a semiconnected Ga-

lois extension of BG with Galois group G, fei j i = 1; 2; � � � ;m for some integer mg the

set of minimal central idempotents of B, and fOj j j = 1; 2; � � � ; t for some integer tg the

set of orbits of feig under the G-action. Then for any ei; ek 2 Oj , there exists a g 2 G
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such that g(ei) = ek. Let Ej =
P

ei2Oj
ei. We have g(Ej) = Ej , a minimal central

idempotent in BG for each g 2 G, EjEl = Ej�jl, and
Pt

j=1Ej = 1. This implies that

B = �
Pt

j=1BEj . We shall compute all Galois groups G0 of B which are isomorphic with

G such that BG0

= BG. Moreover, for a semiconnected commutative Galois extension B

with Galois group G, an expression of the automorphism group AutBG(B) is given in terms

of G(e1) where G(e1) = fg 2 G j g(e1) = e1g. This generalizes the fact that G = AutBG(B)

for a connected commutative Galois extension.

2. De�nitions and Notations. Let B be a ring with 1, G a �nite automorphism

group of B, and BG the set of elements in B �xed under each element in G. Then B

is called a Galois extension of BG with Galois group G if there exist elements fai; bi

in B, i = 1; 2; :::; kg for some integer k such that
Pk

i=1 aig(bi) = �1;g for each g 2 G.

Such a set fai; big is called a G-Galois system for B. We call B connected if it contains

no central idempotents but 0 and 1, and semiconnected if it contains only �nitely many

central idempotents.

Throughout this paper, the ring B is a semiconnected Galois extension of BG with

Galois groupG, C the center ofB with �nite number of idempotents, fei j i = 1; 2; � � � ;m for

some integer mg the set of minimal central idempotents of B, G(ei) = fg 2 G j g(ei) = eig

for each ei, and G(ei; ej) = fg 2 G j g(ei) = ejg for i 6= j. The fat group of G is denoted by

G, that is, G = f� 2 AutBG(B) such that for each i = 1; 2; � � � ;m, �jBei = gijBei for some

gi 2 Gg. By a Galois extension B with isomorphic Galois groups G and G0, we means that

G �= G0 such that BG = BG0

.

3. Isomorphic Galois Groups. In this section, let B be a semiconnected Galois

extension (not necessarily commutative) of BG with Galois group G, fei j i = 1; 2; � � � ;m

for some integer mg the set of minimal central idempotents of B, fOj j j = 1; 2; � � � ; t for
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some integer tg the set of orbits of feig under the G-action, and Ej =
P

ei2Oj
ei. Then

B = �
Pt

j=1BEj . We shall compute all Galois groups G0 of B isomorphic with G, that

is, B is a Galois extension of a subring A with Galois groups G0 �= G. We begin with some

properties of BEj .

Proposition 3.1. By keeping the above notation, we have that

(1) fEj j j = 1; 2; � � � ; tg is the set of minimal central idempotents of BG, and

(2) if B is a Galois extension of a subring A with Galois groups G0 �= G, then G and

G0 have the same orbits.

Proof. (1) Assume Ej is not a minimal central idempotent in B
G. Then Ej = F 0+F 00

where F 0 and F 00 are idempotents in BG such that F 0 =
P

i2I ei and F 00 =
P

k2K ek for

some partition fei j i 2 Ig and fek j k 2 Kg of Oj . Since there exists a g 2 G such

that g(ei) = ek, g(F
0) 6=

P
i2I ei = F 0. This contradicts to the fact F 0 2 BG. Thus

fEj j j = 1; 2; � � � ; tg is the set of minimal central idempotents summing to 1 in BG.

(2) Since B is a Galois extension of a subring A with Galois group G0 �= G, BG =

BG0

= A. Let fEj j j = 1; 2; � � � ; tg be the set of minimal central idempotents of BG

derived from the orbits of feig under the G-action and fE0
k j k = 1; 2; � � � ; sg be the set of

minimal central idempotents of BG0

derived from the orbits of feig under the G0-action.

Since BG = BG0

= A, fEj j j = 1; 2; � � � ; tg = fE0
k j k = 1; 2; � � � ; sg by part (1). Thus G

and G0 have the same orbits of fei j i = 1; 2; � � � ;mg.

Lemma 3.2. By keeping the above notations, B = �
Pt

j=1BEj such that BEj is a

Galois extension of BGEj with Galois group GjBEj which is isomorphic with G.

Proof. Let fai; bi in B, i = 1; 2; :::; p for some integer pg be a Galois system for

B. Then
Pp

i=1 aig(bi) = �1;g for each g 2 G. Since g(Ej) = Ej for each g 2 G,

Pp

i=1(aiEj)g(biEj) = Ej

Pp

i=1 aig(bi) = Ej�1;g for each g 2 G. If gjBEj = 1, then
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Pp

i=1(aiEj)g(biEj) = Ej . Hence g = 1 in G; for otherwise, g 6= 1, we have that

Pp

i=1(aiEj)g(biEj) = Ej

Pp

i=1 aig(bi) = 0, a contradiction. This implies that G �!

GjBEj by g �! gjBEj is an isomorphism for each j. Therefore, by noting that

Pp

i=1(aiEj)g(biEj) = Ej�1;g for each g 2 G, we conclude that BEj is a Galois extension

with Galois group GjBEj which is isomorphic with G. Moreover, since g �! gjBEj is

an isomorphism from G to GjBEj for each j, (BEj)
GjBEj � BG. Hence (BEj)

GjBEj =

(BEj)
GjBEjEj � BGEj . Clearly, B

GEj � (BEj)
GjBEj . Thus BGEj = (BEj)

GjBEj . This

completes the proof.

Now we derive an expression for each g 2 G.

Theorem 3.3. By keeping the notations of Lemma 3.2, G = fg 2 G j g = g1 �

Pt

j=2 �j(g1) where g1 = gjBE1
and �j : GjBE1

�! GjBEj is an isomorphism for each

j = 2; 3; � � � ; t.

Proof. Since g(b) = g(
Pt

j=1 bEj) =
Pt

j=1 g(bEj) for each b 2 B, g = �
Pt

j=1 gjBEj .

By Lemma 3.1, �j : G �! GjBEj is an isomorphism. Let �j = �j � �
�1
1 . Then �j :

GjBE1
�! GjBEj is an isomorphism such that g(b) =

Pt

j=1 g(bEj) =
Pt

j=1 �j(g)(bEj) =

Pt

j=1(�j�1)(g)(bEj) =
Pt

j=1 �j(g1)(bEj) where g1 = gjBE1
= �1(g). Thus g = g1 �

Pt

j=2 �j(g1).

Theorem 3.3 implies that a Galois group G induces t� 1 isomorphism �j : GjBE1
�!

GjBEj for j = 2; 3; � � � ; t. The converse also holds.

Theorem 3.4. Let �0j : GjBE1
�! GjBEj be a group isomorphism for j = 2; 3; � � � ; t.

Then G0 = fg1 �
Pt

j=2 �
0
j(g1) j g1 2 GjBE1

g is a Galois group for B which is isomorphism

with G, that is, G �= G0 such that BG = BG0

.
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Proof. Since �0j : GjBE1
�! GjBEj is an isomorphism and GjBE1

is a group, it is

straightforward to check that G0 is a group under the componentwise operation. Moreover,

� : GjBE1
�! G0 by �(g1) = g1�

Pt

j=2 �
0
j(g1) for each g1 2 GjBE1

is a group isomorphism.

In fact, for g1; g
0
1 2 GjBE1

,

�(g1g
0
1) = g1g

0
1 �

tX

j=2

�0j(g1g
0
1) =

�
g1 �

tX

j=2

�0j(g1)
��
g01 �

tX

j=2

�0j(g
0
1)
�
= �(g1)�(g

0
1):

Also �(g1) = 1 implies that g1 = 1, so � is an isomorphism. Thus G �= GjBE1
�= G0. Next,

let b 2 BG0

. Then for each g1 2 GjBE1
, �
Pt

j=1 bEj = b = (g1 �
Pt

j=2 �
0
j(g1))(b) =

g1(bE1) �
Pt

j=2 �
0
j(g1)(bEj). Hence g1(bE1) = bE1 and �0j(g1)(bEj) = bEj for j =

2; 3; � � � ; t. But �0j(GjBE1
) = GjBEj , so bEj 2 (BEj)

GjBEj = BGEj by Lemma 3.2 for

each j = 1; 2; � � � ; t. Thus b =
Pt

j=1 bEj 2 BG; and so BG0

� BG. Also, by the similar

argument, BG � BG0

. Thus BG = BG0

. Moreover, it is easy to check that a G-Galois

system for B is a G0-Galois system for B, so G0 is also a Galois group for B.

By Theorem 3.3, we have a map � : G0 �! (1; �02; :::; �
0
t) from the set of Galois groups

isomorphic with G such that GjBE1
= G0jBE1

to the set of 1�
�
�
Pt

j=2 Iso(GjBE1
; GjBEj )

�

where �0j : GjBE1
�! GjBEj is an isomorphism. Thus Theorem 3.4 implies that � is a

surjection. Next we want to show that � is a bijection.

Theorem 3.5. � : G0 �! (1; �02; :::; �
0
t) is a bijection from the set of Galois groups

isomorphic with G such that GjBE1
= G0jBE1

to the set of 1�
�
�
Pt

j=2 Iso(GjBE1
; GjBEj )

�

where �0j : GjBE1
�! GjBEj is an isomorphism.

Proof. It su�ces to show that � is an injection. Let G0 and G00 be Galois groups

isomorphic with G. Then G0 = fg1 �
Pt

j=2 �
0
j(g1) j g1 2 GjBE1

g and G00 = fg1 �

Pt

j=2 �
00
j (g1) j g1 2 GjBE1

g for some �0j ; �
00
j 2 Iso(GjBE1

; GjBEj ). If (1; �
0
2; :::; �

0
t) =

(1; �002 ; :::; �
00
t ), then �

0
j = �00j for each j = 2; 3; � � � ; t. Thus G0 = G00; and so � is an injection.

Also, by Theore 3.4, � is a surjection, so � is a bijection.
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As a consequence of Theorem 3.5, we obtain the number of Galois groups G0 isomor-

phic with G such that GjBE1
= G0jBE1

.

Corollary 3.6. Let B be a semiconnected Galois extension with Galois group G.

Then there are jAut(G)jt�1 Galois groups G0 for B isomorphic with G such that GjBE1
=

G0jBE1
.

Proof. By Lemma 3.2, GjBEj
�= G for each j = 1; 2; 3; � � � ; t, so jIso(GjBE1

; GjBEj )j =

jAut(G)j, that is, the order of Aut(G) is equal to the number of isomorphisms in

Iso(GjBE1
; GjBEj ). Thus the number of Galois groups for B isomorphic with G is equal

to jAut(G)jt�1 by Theorem 3.5.

Now we consider any Galois group G0 �= G for B.

Corollary 3.7. Let B be a semiconnected Galois extension with Galois group G.

Then there are jAut(G)jt Galois groups G0 for B isomorphic with G.

Proof. Let G0 be a Galois group for B isomorphic with G. Then BG0

= BG with

minimal central idempotents fEj j j = 1; 2; � � � ; t for some integer tg by Lemma 3.1 such

that B = �
Pt

j=1BEj . Hence G
0 �= G0jBE1

�= GjBE1
�= G by Lemma 3.2. Thus there are

jAut(G)j � jAut(G)jt�1 = jAut(G)jt number of isomorphic Galois groups with G for B by

Corollary 3.6.

4. Galois and Automorphism Groups. Let B be a semiconnected Galois exten-

sion with Galois group G. Then B = �
Pt

j=1BEj as given in Lemma 3.1. Observing that

Ej =
P

ei2Oj
ei where fOj j j = 1; 2; � � � ; t for some integer tg is the set of orbits of the min-

imal central idempotents fei j i = 1; 2; � � � ;m for some integer mg of B under the G-action,

we have a Galois extension BEj of B
GEj with a transitive Galois group GjBEj which is
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isomorphic with G, that is, for any ei; ek 2 Oj , there exists a g 2 G such that g(ei) = ek.

In this section, we shall show a relation between AutBGei(Bei) and AutBGEj (BEj) for

each ei 2 Oj . This derives a generalization of a well known property of a commutative

connected Galois algebra B with Galois group G that G = AutBG(B). We shall employ

some results of K. Kishimoto and T. Nagahara ([4], Theorem 13 and 15).

Lemma 4.1. Let B be a semiconnected Galois extension with a transitive Galois group

G and fei j i = 1; 2; � � � ;m for some integer mg the set of minimal central idempotents of

B. Assume that G(e1) 6= f1g. Then B = �
Pm

i=1Bei such that

(i) Bei �= Bej for all i and j,

(ii) G(ej) = gG(ei)g
�1 for some g 2 G such that g(ei) = ej,

(iii) Bei is a Galois extension with Galois group G(ei).

Proof. This is a consequence of Theorem 13 and Theorem 15 in [4].

Let Iso(Bei; Bej) be the set of isomorphisms �ij such that �ij(aei) = aej for each

a 2 BG and G(ei; ej) be the set of g 2 G such that g(ei) = ej . Then it is easy to check

the following statements.

Lemma 4.2. By keeping the notations of Lemma 4.1, we have

(i) Iso(Bei; Bej) = �Aut(Bei)G(ei)(Bei) for some � 2 AutBG(B) such that �(ei) =

ej;

(ii) Iso(Bei; Bek) = �ij�iAut(Be1)G(e1)(Be1)�
�1
i for a �i 2 Iso(Be1; Bei) and �ij 2

Iso(Bei; Bek);

(iii) G(ei; ej) = gG(ei) for some g 2 G such that g(ei) = ej;

(iv) G(ei; ek) = ggiG(e1)g
�1
i for a gi 2 G(e1; ei) and g 2 G(ei; ek).

Next, we give an expression for the elements in BG.
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Lemma 4.3. By keeping the notations of Lemma 4.2,

BG = f�

mX

i=1

gi(be1)ei j be1 2 (Be1)
G(e1) and gi 2 G such that gi(e1) = eig:

Proof. For any b 2 BG, b = �
Pm

i=1 bei such that �
Pm

i=1 bei = b = g(b) =

�
Pm

i=1 g(bei)g(ei) for all g 2 G. Since g permutes feig, bei = g(be1)ei where g(e1) = ei.

But G is a transitive Galois group, so there exists a gi 2 G such that gi(e1) = ei for each

i = 1; 2; � � � ;m. Thus bei = gi(be1)ei for each i = 1; 2; � � � ;m; and so b = �
Pm

i=1 bei =

�
Pm

i=1 gi(be1)ei such that be1 2 (Be1)
G(e1). Therefore BG � f�

Pm

i=1 gi(be1)ei j be1 2

(Be1)
G(e1) and gi 2 G such that gi(e1) = eig. Conversely, let x = �

Pm

i=1 gi(be1)ei

where be1 2 (Be1)
G(e1) and gi 2 G such that gi(e1) = ei. Then for any g 2 G,

g(x) = �
Pm

i=1 ggi(be1)ggi(e1). Since g permutes fe1; e2; � � � ; emg, ggi(e1) = g(ei) = e�(i)

where � is a permutation of f1; 2; � � � ;mg induced by g, that is, ggi 2 G(e1; e�(i)). Hence,

by Lemma 4.2(iii), ggi = g�(i)hi for some hi 2 G(e1). Thus

g(x) = �

mX

i=1

ggi(be1)ggi(e1) = �

mX

i=1

g�(i)hi(be1)g�(i)hi(e1)

= �

mX

i=1

g�(i)(be1)g�(i)(e1) = �

mX

i=1

g�(i)(be1)e�(i)

= �

mX

i=1

gi(be1)ei = x:

This implies that f�
Pm

i=1 gi(be1)ei j be1 2 (Be1)
G(e1) and gi 2 G such that gi(e1) = eig �

BG. Thus the proof is complete.

Lemma 4.3 implies that BGei = (Bei)
G(ei) for each i, so

Iso(Bei; Bek) = �ij�iAutBGe1(Be1)�
�1
i

for a �i 2 Iso(Be1; Bei) and �ij 2 Iso(Bei; Bek).
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Lemma 4.4. An automorphism of B, f 2 AutBG(B) if and only if f = �
Pm

i=1 fi

where fi 2 Iso(Bei; Be�(i)) for some permutation � of f1; 2; : : : ;mg.

Proof. Since feig is the set of minimal central idempotents of B, f permutes the set

feig. Hence f jBei 2 Iso(Bei; Be�(i)) for each i for some permutation � of f1; 2; : : : ;mg.

Let fi = f jBei . Then f = �
Pm

i=1 fi such that fi 2 Iso(Bei; Be�(i)). Conversely, let

(f1; f2; :::; fm) be a set of isomorphisms fi 2 Iso(Bei; Be�(i)) for a permutation � of

f1; 2; : : : ;mg. We claim that f = �
Pm

i=1 fi 2 AutBG(B). In fact, since B = �
Pm

i=1Bei,

for each b 2 B, f(b) = f(�
Pm

i=1 bei) = �
Pm

i=1 fi(bei) where fi(bei) 2 Be�(i). It is

straightforward to verify that f preserves the addition and multiplication. Moreover,

let f(b) = 0. Then fi(bei) = 0 for each i. But fi is an isomorphism, so bei = 0

for each i. Hence b = 0. Thus f is an injection. To show that f is a surjection,

let y 2 B. Then y =
Pm

i=1 ye�(i). By hypothesis, fi : Bei �= Be�(i), so there exists

xiei 2 Bei such that fi(xiei) = ye�(i) for each i. Let x =
Pm

i=1 xiei. Then xei = xiei and

f(x) = f(
Pm

i=1 xei) =
Pm

i=1 fi(xei) =
Pm

i=1 ye�(i) = y; and so f (= �
Pm

i=1 fi) is a surjec-

tion. Moreover, for each a 2 BG, f(a) = f(
Pm

i=1 aei) =
Pm

i=1 fi(aei) =
Pm

i=1 ae�(i) = a.

Thus f = �
Pm

i=1 fi 2 AutBG(B).

Combining Lemmas 4.2 and 4.4, we obtain a relation between AutBGe1(Be1) and

AutBG(B).

Theorem 4.5. By keeping the notations of Lemma 4.4,

AutBG(B) = �

mX

i=1

�i��iAutBGe1(Be1)�
�1
i

where �i 2 Iso(Be1; Bei), � a permutation of f1; 2; : : : ;mg, and �i� 2 Iso(Bei; Be�(i)).

In particular, for a semiconnected commutative Galois extension B with Galois group

G, we derive a relation between AutBG(B), G(e1), and the fat group of G.
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Theorem 4.6. Let B be a semiconnected commutative Galois extension with Galois

group G. By keeping the notations of Lemma 4.4,

AutBG(B) = �

mX

i=1

gi�giG(e1)g
�1
i = the fat group of G

where gi 2 G(e1; ei), � a permutation of f1; 2; : : : ;mg, and gi� 2 G(ei; e�(i)).

Proof. Since Be1 is a connected commutative Galois extension over BGe1 with

Galois group G(e1), G(e1) = AutBGe1(Be1) ([2], Theorem 3.5). Thus AutBG(B) =

�
Pm

i=1 gi�giG(e1)g
�1
i by Theorem 4.5 and Lemma 4.2. Moreover, for any f 2 AutBG(B),

f = �
Pm

i=1 fi such that fi 2 gi�giG(e1)g
�1
i = gi�G(ei) � GjBei . Hence f is contained in

the fat group of G. Thus AutBG(B) = the fat group of G.
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