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ABSTRACT. Let B be a ring with 1, G an automorphism group of B of order

n for some integer n invertible in B, C the center of B, and BG the set of

elements in B �xed under each element in G. Then, B is called an Azumaya

automorphism extension of BG with group G if B �= BG
CGVB(B
G) as Azumaya

CG-algebras under the multiplication map. In this paper we establish a one-to-

one correspondence between the set of subgroups of G and the set of minimal

central factors of some Azumaya automorphism subextensions of B when B is

an Azumaya automorphism and a Galois extension of BG with Galois group G.

Consequently, the fundamental theorem for Galois extension is derived for B.

1. Introduction.

In [1], B is called a DeMeyer-Kanzaki Galois extension of BG with Galois group G if

B is an Azumaya algebra over C which is a Galois algebra with Galois group induced by

and isomorphic with G. The class of DeMeyer-Kanzaki Galois extensions was investigated

in [2] and [4], and it was generalized to the class of Azumaya Galois extensions [1] and the

class of center Galois extensions [5], [6], and [7] respectively. We note that the structure of

both DeMeyer-Kanzaki Galois extension and Azumaya Galois extension are similar; that

AMS 1991 Subject Classi�cation Codes: 16S35; 16W20
This work was done under the support of a Caterpillar Fellowship at Bradley Univer-

sity. The authors would like to thank Caterpillar Inc. for the support.

1



is, B �= BG 
CG VB(B
G) as CG-algebras under the multiplication map where BG is an

Azumaya CG-algebra and VB(B
G) is a central Galois algebra with Galois group induced by

and isomorphic with G ([1], Theorem 1 and Theorem 2). Removing the Galois condition

on B, we de�ne a class of ring extensions B called an Azumaya automorphism extension

of BG with group G if B �= BG 
CG VB(B
G) as Azumaya CG-algebras under the multi-

plication map. For an Azumaya automorphism extension B with group G both BG and

VB(B
G) are Azumaya CG-algebras by the commutator theorem for Azumaya algebras and

(VB(B
G))G = CG since BG \ VB(B

G) = CG. We call VB(B
G) the central factor of such a

B. The purpose of the present paper is to show a one-to-one correspondence between the

set of subgroups of G and the set of minimal central factors of some Azumaya automor-

phism subextensions of B if B is an Azumaya automorphism and a Galois extension of

BG with Galois group G. Consequently, the fundamental theorem for B can be derived.

2. De�nitions and Notations.

Throughout, B will represent a ring with 1, G an automorphism group of B of order

n for some integer n invertible in B, C the center of B, and BG the set of elements in B

�xed under each element in G.

Let A be a subring of a ring B with the same identity 1. VB(A) is the commutator

subring of A in B. We call B a separable extension of A if there exist fai; bi in B,

i = 1; 2; :::;m for some integer mg such that
P

aibi = 1, and
P

bai 
 bi =
P

ai 
 bib for

all b in B where 
 is over A. An Azumaya algebra is a separable extension of its center.

B is called a Galois extension of BG with Galois group G if there exist elements fai; bi in

B, i = 1; 2; :::;mg for some integer m such that
Pm

i=1 aig(bi) = �1;g for each g 2 G. Such

a set fai; big is called a G-Galois system for B. B is called an Azumaya Galois extension

if B is a Galois extension with Galois group G over an Azumaya CG-algebra BG. We call

B a DeMeyer-Kanzaki Galois extension of BG with Galois group G if B is an Azumaya
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C-algebra and C is a Galois algebra with Galois group GjC �= G. We call B an Azumaya

automorphism extension of BG with group G if B �= BG 
CG VB(B
G) as Azumaya CG-

algebras under the multiplication map, and VB(B
G) is called the central factor of such a

B.

3. The Fundamental Theorem.

Let B be an Azumaya automorphism and a Galois extension of BG with Galois group

G. Then, a one-to-one correspondence between the set of subgroups of G and the set

of minimal central factors of some Azumaya automorphism subextensions of B is given.

This derives the fundamental theorem for Galois extension B. Throughout this section,

we assume that B is an Azumaya automorphism and a Galois extension of BG with Galois

group G. Let S be a commutative separable subalgebra of B over CG. We shall �rst give

an equivalent condition for VB(S) being an Azumaya automorphism extension with group

induced by a subgroup K of G.

Theorem 3.1

Let S be a commutative separable subalgebra of B over CG. Then,

(1) VB(S) is an Azumaya S-algebra.

(2) VB(S) is an Azumaya automorphism extension with group induced by a subgroup

K of G if and only if (VB(S))
K is an Azumaya S-algebra.

PROOF. (1) Since B is an Azumaya automorphism extension with group G, B is an

Azumaya CG-algebra. But, by hypothesis, S is a separable CG-algebra, so VB(S) is a

separable CG-algebra such that VB(VB(S)) = S by the commutator theorem for Azumaya

algebras ([3], Theorem 4.3, page 57). This implies that VB(S) is an Azumaya S-algebra

([3], Theorem 3.8, page 55).
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(2) (=)) Denote VB(S) by �. By (1), �(= VB(S)) is an Azumaya S-algebra. But,

by hypothesis, � is an Azumaya automorphism extension with group induced by K. Hence

� �= �K 
S V�(�
K) as Azumaya S-algebras. Thus, �K is an Azumaya S-algebra ([3],

Theorem 4.4, page 58).

((=) Since (VB(S))
K is an Azumaya S-algebra, S � (VB(S))

K � BK . Thus, VB(S)

is invariant under K, that is, k(VB(S)) = VB(S) for each k 2 K. Moreover, by (1),

�(= VB(S)) is an Azumaya S-algebra and �K is an Azumaya S-algebra by hypothesis,

so �K is an Azumaya S-subalgebra of �. Hence � �= �K 
S V�(�
K) as Azumaya S-

algebras by the commutator theorem for Azumaya algebras ([3], Theorem 4.3, page 57).

Thus, noting that S = SK , � is an Azumaya automorphism extension with group induced

by K.

By Theorem 3.1, we can identify the Azumaya automorphism subextensions arising

from subgroups of G.

Corollary 3.2

Let K be a subgroup of G and S the center of BK . Assume S is a separable CG-

algebra. Then BK � VB(B
K) is an Azumaya automorphism extension of BK with group

induced by K if and only if BK is an Azumaya S-algebra.

PROOF. (=)) Since BK � VB(B
K) is an Azumaya automorphism extension of BK

with group induced by K and S is the center of BK , BK
�
= (BK � VB(B

K))K
�
is an

Azumaya S-algebra.

((=) Since S is a commutative separable subalgebra of B over CG, VB(S) is an

Azumaya S-algebra by Theorem 3.1-(1). Moreover, by hypothesis, BK is an Azumaya S-

algebra, so BK is a separable CG-algebra by the transitivity of separable extensions. Hence

VB(VB(B
K)) = BK by the commutator theorem for Azumaya algebras ([3], Theorem 4.3,

page 57). This implies that BK , VB(B
K), and BK � VB(B

K)
�
�= BK 
S VB(B

K)
�
have
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the same center S. Thus, BK � VB(B
K) is an Azumaya S-subalgebra of VB(S) which

we denote by �. Therefore, by the commutator theorem for Azumaya algebras, � �=

(BK �VB(B
K))
SV�(B

K �VB(B
K)). But, S � V�(B

K �VB(B
K)) � VB(B

K �VB(B
K)) = S

since VB(VB(B
K)) = BK and the center of BK is S; and so � �= (BK �VB(B

K))
SV�(B
K �

VB(B
K)) = (BK � VB(B

K)) 
S S �= BK � VB(B
K). Consequently, BK � VB(B

K) = � =

VB(S) and (VB(S))
K = (BK �VB(B

K))K = BK which is an Azumaya S-algebra. Thus, by

theorem 3.1-(2), BK � VB(B
K)(= VB(S)) is an Azumaya automorphism extension of BK

with group induced by K.

To establish a one-to-one correspondence between the set of subgroups K of G and

the set of \some" separable subalgebras of B over CG, we need the notion of minimal

central factor of an Azumaya automorphism subextension of B with group induced by K.

De�nition 1

Let CK be the set of Azumaya automorphism subextensions of B of the form VB(S)

with group induced by K for a subgroup K of G where S is a commutative separable

subalgebra of B over CG.

De�nition 2

Let � = VB(S) 2 CK where S is a commutative separable subalgebra of B over CG.

V�(�
K) is called a minimal central factor in CK if for any �0 = VB(S

0) 2 CK where S0

is a commutative separable subalgebra of B over CG, V�0((�0)K) � V�(�
K) implies that

V�0((�0)K) = V�(�
K)

We shall show a one-to-one correspondence between the set of subgroups K of G

and the set of minimal central factors in CK for subgroups K of G. We begin with some

properties of CK .
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Lemma 3.3

Let � = VB(S) 2 CK where S is a commutative separable subalgebra of B over CG.

Then V�(�
K) = VB(�

K).

PROOF. Since S is a commutative separable subalgebra of B over CG, �(= VB(S)) is

an Azumaya S-algebra by Theorem 3.1-(1). Moreover, since � = VB(S) 2 CK , � �= �K
S

V�(�
K) as Azumaya S-algebras. Hence �K is an Azumaya S-algebra ([3], Theorem 4.4,

page 58); and so S � �K . Therefore, VB(�
K) � VB(S) = �. Thus, V�(�

K) = VB(�
K).

Lemma 3.4

Let B be an Azumaya automorphism and a Galois extension of BG with Galois group

G, K a subgroup of G, and S the center of BK . Then BK is an Azumaya S-algebra and

S is a separable algebra over CG.

PROOF. Since B is a Galois extension of BG with Galois group G, B is also a Galois

extension of BK with Galois group K. Hence B is a �nitely generated and projective left

(or right) BK-module. But B is an Azumaya automorphism extension of BG with group

G, so B is an Azumaya CG-algebra. Moreover, noting that jGj�1 2 B, we have jKj�1 2 B,

and so BK is a direct summand of B as a BK-bimodule. Therefore, BK is a separable

algebra over CG by the proof of Theorem 3.8 on page 55 in [3]. Consequently, BK is an

Azumaya S-algebra and S is a separable algebra over CG ([3], Theorem 3.8, page 55).

Lemma 3.5

Let B be given in Lemma 3.4. Then, for any subgroup K of G,

(1) BK � VB(B
K) 2 CK , and

(2) VB(B
K) is the unique minimal central factor in CK .

PROOF. (1) Let S be the center of BK . Then, BK is an Azumaya S-algebra and

S is a separable algebra over CG by Lemma 3.4. Hence BK � VB(B
K) is an Azumaya
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automorphism extension with group induced by K by Corollary 3.2. Moreover, by the

proof of Corollary 3.2, BK � VB(B
K) = VB(S). Thus, B

K � VB(B
K) 2 CK .

(2) Let � 2 CK . Then � = �K �V�(�
K) is an Azumaya automorphism extension with

group induced by K. Since �K � BK , VB(B
K) � VB(�

K) = V�(�
K) by Lemma 3.3.

Thus, VB(B
K) is contained in every central factor in CK . Moreover, by (1), BK �VB(B

K) 2

CK . Denote B
K �VB(B

K) by F . Then VF (F
K) = VB(F

K) by Lemma 3.3. But, FK = BK ,

so VB(B
K) = VF (F

K) is a central factor in CK . This implies that VB(B
K) is the unique

minimal central factor in CK .

We now show a one-to-one correspondence theorem.

Theorem 3.6

Let B be an Azumaya automorphism and a Galois extension of BG with Galois group

G. Then, there exists a one-to-one correspondence between the set of subgroups K of G

and the set of minimal central factors in CK for subgroups K of G.

PROOF. By Lemma 3.5-(2), the map � : K �! VB(B
K) is well de�ned and onto.

Next, we claim that � is one-to-one. In fact, let �(K) = �(H) for some subgroups K and

H of G. Then VB(B
K) = VB(B

H). But, by Lemma 3.4, BK and BH are separable CG-

subalgebras of the Azumaya CG-algebra B, so VB(VB(B
K)) = BK and VB(VB(B

H)) = BH

by the commutator theorem for Azumaya algebras. Thus, BK = BH . Denote hK;Hi the

subgroup of G generated by the elements in K and H. Then, since B is a Galois extension

of BG with Galois group G, B is also a Galois extension of BK with Galois group K, a

Galois extension of BH with Galois group H, and a Galois extension of BhK;Hi with Galois

group hK;Hi. Thus, B �K �= HomBK (B;B), B �H �= HomBH (B;B), and B � hK;Hi �=

HomBhK;Hi(B;B) ([2], Theorem 1). But, BK = BH = BhK;Hi, so B � K �= B � H �=

B � hK;Hi. Hence the order of K, H, and hK;Hi are same. Therefore. K = H = hK;Hi.

Thus, � is one-to-one.
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By Theorem 3.6, the well known fundamental theorem for Galois extension is derived

for B.

Theorem 3.7

Let B be given in Theorem 3.6. Then, there exists a one-to-one correspondence between

the set of subgroups K of G and the set of commutators of the minimal central factors in

CK for subgroups K of G.

PROOF. By Theorem 3.6, � : K �! VB(B
K) is a bijection, and � : VB(B

K) �!

VB(VB(B
K)) = BK (the set of commutators of the minimal central factors in CK for

subgroups K of G) is a bijection by the commutator theorem for Azumaya algebras. Thus,

� � � : K �! BK is a bijection between the set of subgroups K of G and the set of BK

which are commutators of the minimal central factors VB(B
K) in CK for subgroups K of

G.

We conclude the present paper with an example to demonstrate our results.

Example 1

Let A = Q[i; j; k] be the quaternion algebra over the rational �eld Q, B =M2(A) the

2� 2 matrix ring over A, and G = f1; gi; gj ; gkg where

gi(

�
a b

c d

�
) =

�
iai�1 ibi�1

ici�1 idi�1

�
, gj(

�
a b

c d

�
) =

�
jaj�1 jbj�1

jcj�1 jdj�1

�
, and

gk(

�
a b

c d

�
) =

�
kak�1 kbk�1

kck�1 kdk�1

�
for all

�
a b

c d

�
2 B. Then,

(1) The center of B is C = f

�
q 0
0 q

� ��q 2 Qg �= Q, and QG = Q.

(2) BG =M2(Q), the 2� 2 matrix ring over Q. Hence BG is an Azumaya Q-algebra.

(3) VB(B
G) = f

�
a 0
0 a

� ��a 2 Ag �= A which is a Galois extension of Q with Galois

group induced by and isomorphic with G with a Galois system: f 1
2
; 1

2
i; 1

2
j; 1

2
k;

1

2
; � 1

2
i; � 1

2
j; � 1

2
kg.
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(4) B �= BG 
Q VB(B
G) as Azumaya Q-algebras under the multiplication map.

(5) By (3), B is a Galois extension with Galois group G.

(6) B is an Azumaya automorphism and a Galois extension of BG with Galois group G

by (4) and (5).

(7) The nontrivial subgroups of G are Ki = f1; gig, Kj = f1; gjg, and Kk = f1; gkg.

(8) BKi =M2(Q[i]) with center Si = f

�
s 0
0 s

� ��s 2 Q[i]g �= Q[i],

BKj =M2(Q[j]) with center Sj = f

�
s 0
0 s

� ��s 2 Q[j]g �= Q[j], and

BKk =M2(Q[k]) with center Sk = f

�
s 0
0 s

� ��s 2 Q[k]g �= Q[k].

(9) VB(B
Ki) = Si which is the minimal central factor in CKi

,

VB(B
Kj ) = Sj which is the minimal central factor in CKj

, and

VB(B
Kk) = Sk which is the minimal central factor in CKk

.

(10) � : K �! VB(B
K) is a one-to-one correspondence between the set of subgroups K of

G and the set of minimal central factors in CK for subgroups K of G.
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