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ABSTRACT

Let B be a Galois algebra over a commutative ring R with Galois group G
such that BY is a separable subalgebra of B for each subgroup H of G. Then it
is shown that B satisfies the fundamental theorem if and only if B is one of the
following three types: (1) B is an indecomposable commutative Galois algebra,
(2) B = Re ® R(1 — e) where e and 1 — e are minimal central idempotents in
B, and (3) B is an indecomposable Galois algebra such that for each separable
subalgebra A, Vp(A) = ® 3 cq(a) Jg, and the centers of A and BEA) are the
same where Vp(A) is the commutator subring of A in B, J, = {b € B|bx = g(x)b
for each € B} for a g € G, and G(A) = {g € G|g(a) = a for all a € A}.
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1. Introduction

Let FF C K be a finite field Galois extension with Galois group G. It is well known

that the fundamental theorem holds for F C K, that is, the map o : H — K for a
subgroup H of (G is a one-to-one correspondence between the set of subgroups of G and the

set of separable subfields of K over F'. In [1], S.U. Chase, D.K. Harrison, and A. Rosenberg
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extended this fact to finite indecomposable commutative ring Galois extensions (with no
idempotents but 0 and 1). In [5], for a noncommutative Galois extension B of BY with
Galois group G, let H be a subgroup of G, then it was shown that Vg(B") = @ >gen g
where Vp(BH) is the commutator subring of B¥ in B and J, = {b € B|bx = g(z)b for
each € B} for a ¢ € G. We note that the set {J, |g € G} plays an important role for
noncommutative Galois extensions ([5],[7],[8]). In the present paper, we shall characterize
a Galois algebra B D BY with Galois group G' which satisfies the fundamental theorem in
terms of {J, | g € G}. At first, we show the following result for a central Galois algebra:
Let B be a central Galois algebra with Galois group G. Then, B satisfies the fundamental
theorem if and only if for each separable subalgebra A, Vp(A) = © 3 g4y Jy Where
Jy = {b € B|bx = g(x)b for each z € B}, Vg(A) the commutator subring of A in B, and
G(A) ={g € G|g(a) =afor all a € A}. Next we obtain a structure of a Galois algebra B
satisfying the fundamental theorem, that is, B is an indecomposable central Galois algebra
over its center C' with Galois group K where K = {g € G| g(c) = cfor all ¢ € C'} and C is
an indecomposable commutative Galois algebra over C% (= BY) with Galois group G/K.
Then assume that B is a separable subalgebra of B for each subgroup H of G, using this
structure for B, we shall show that a Galois algebra B satisfies the fundamental theorem if
and only if B is one of the following three types: (1) B is an indecomposable commutative
Galois algebra, (2) B = Re® R(1—e) where e and 1— e are minimal central idempotents in
B, and (3) B is an indecomposable Galois algebra such that for each separable subalgebra
A, VB(A) = @3 cq(a) Jg» and the centers of A and BYA) are the same.

This paper was written under the support of a Caterpillar Fellowship at Bradley

University. The authors would like to thank Caterpillar Inc. for the support.

2. Basic Definitions and Notations

Let B be a ring with 1, G a finite automorphism group of B, C the center of B, BY

the set of elements in B fixed under each element in G, and A a subring of B with the same
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identity 1. We call B a separable extension of A if there exist {a;,b; in B,i = 1,2, ...,m for
some integer m} such that > a;b; =1, and ) ba; ® b; = > a; ® b;b for all b in B where ®
is over A. An Azumaya algebra is a separable extension of its center. We call B a Galois
extension of BY with Galois group G if there exist elements {a;, b; in B, i = 1,2,...,m}
for some integer m such that Y_.* | a;g(b;) = &1 4 for each g € G ([2]). A ring B is called
a Galois algebra over R if B is a Galois extension of R which is contained in C, and B
is called a central Galois algebra if B is a Galois extension of C' ([8]). A ring B is called

indecomposable if it contains no central idempotents but 0 and 1.

Throughout this paper, we assume that B is a Galois algebra with Galois group G,
C the center of B, K = {g € G|g(c) =cforall c € C}, J, = {b € B|bx = g(x)b for each
x € B} for a g € G, and for a subring A of B, G(A) = {g € G|g(a) =afor all a € A} and

VB(A) denotes the commutator subring of A in B.

3. Central Galois Algebras

In this section, let B be a central Galois algebra over its center C' with Galois group
G, A a separable subalgebra of B, and A’ = Vg(A). We shall show a characterization
of B satisfying the fundamental theorem in terms of {J,|g € G}. We begin with some

properties of a central Galois algebra satisfying the fundamental theorem.

Theorem 3.1. Let B be a central Galois algebra over C with Galois group G.

If B satisfies the fundamental theorem, then for any separable subalgebra A, Vp(A) =
5] ZQEG(A) Jg and A = @deG(A/) Jg.

Proof. Since A is a separable subalgebra of B which satisfies the fundamental theorem,
A = B¢, Hence B is a Galois extension of A (= B“4)) with Galois group G(A). Thus
Ve(A4) = V(B¢ = @ >_geca) Jg ([5], Proposition 1). Moreover, noting that B is

an Azumaya algebra, we have that A’ (= Vp(A)) is a separable subalgebra of B such
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that Vp(A') = Ve(VB(A)) = A by the double centralizer property for Azumaya algebras
([4], Theorem 4.3, page 57). By hypothesis, A" = BEA) 50 B is a Galois extension
of A" with Galois group G(A'). This implies that Vg(A') = ® > cqay Jg- Therefore
A=Ve(A) =@ caun Jo

Next is the converse of Theorem 3.1. We need a fact for the ideal group {J, |g € G}

as given by Rosenberg and Zelinsky ([6]).

Lemma 3.2. Let A be a central Galois algebra with Galois group G. Then {J,|g €

G} is a group with J,J, = Jgp for g,h € G and isomorphic with G by g — J, for g € G.

Proof. Since A is a central Galois algebra with Galois group G, A is an Azumaya
algebra with the finite automorphism group G. Hence J,J, = Jg, for g,h € G ([6],
Lemma 5) and J, is a finitely generated and projective rank one C-module ([6], page 1112).
Moveover, since A is a central Galois algebra with Galois group G again, A = @) sec Jg
([5], Theorem 1) such that J, is a rank one C-module for each g € G. Thus ¢ — J, for

g € G is a group isomorphism between G and {J, |g € G}.

Theorem 3.3. Let B be a central Galois algebra with Galois group G. If for any
separable subalgebra A of B, Vg(A) = @deG(A) Jg, then B satisfies the fundamental

theorem.

Proof. Since B is a central Galois algebra with Galois group G, |G|, the order of G,
is a unit in B ([5], Corollary 3). Hence, for any subgroup H of G, |H| is a unit in B.
Thus B is a separable subalgebra of B. Therefore the map o : H — B is well defined
from the set of subgroups of G' and the set of separable subalgebras of B. Next, let A be
a separable subalgebra of B. Then A’ (= Vg(A)) is also a separable subalgebra of B such

that Vg(A') = Vg(VE(A)) = A by the double centralizer property for Azumaya algebras
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([4], Theorem 4.3, page 57). By hypothesis, V5(A) = &3 c;(4)Jy- On the other hand,
B is a Galois extension of B4 with Galois group G(A), so Vg(B%W) =g > geca) Jo
([5], Proposition 1). Thus Vg(A) = ® 3" cqa) Jg = Vi (BYW). Moreover, since G(A)
is a subgroup of G, |G(A)| is a unit in B. Thus B is a separable subalgebra of the

Azumaya algebra B. Therefore
A =Vp(Va(A) = Vp(Ve(B¥W)) = B¢W),

This implies that the map a : H — B¥ is onto from the set of subgroups of G to
the set of separable subalgebras of B. Next we claim that « is one-to-one. In fact,
let a(H) = a(L) for some subgroups H and L of G. Then B¥ = BL. Since B is a
Galois extension of B with Galois group H, Vg(B¥) = @ >_gem Jg ([5]; Proposition 1).
Similarly, Vg(B") = @3 ¢/ Jy- Thus @3 .y Jy = VB(BY) = VB(B") = ® > o1 J,-

Since B is a central Galois algebra with Galois group G, B = @ > J, such that J, # {0}

9€G
foreach g € G. But H,L C G,s0 @) cyJy =@ 1 Jy CB =) 5Jy This

implies that H = L by Lemma 3.2; and so « is one-to-one.
By combining Theorem 3.1 and Theorem 3.3, a characterization is obtained.

Theorem 3.4. Let B be a central Galois algebra over C with Galois group G.

Then B satisfies the fundamental theorem if and only if for any separable subalgebra A,

VB(A) =8 X jeaa) Jo-

4. Galois Algebras

In this section, we shall generalize the characterization of a central Galois algebra
satisfying the fundamental theorem as given in section 3 to a Galois algebra not necessarily
central. We begin with an expression and some properties of a Galois algebra satisfying

the fundamental theorem. The following lemma is useful.
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Lemma 4.1. Let B be a Galois algebra over R with Galois group G and X € Autg(B).
If e is a nontrivial central idempotent in B such that A|ge is an identity and )\|B(1_e) 18

not an identity, then A € G.

Proof. See Lemma 4.1 in [9].

Theorem 4.2. Let B be a Galois algebra over a commutative ring R with Galois
group G. If B satisfies the fundamental theorem, then either B is indecomposable or

B = Re @ R(1 — e) where e and 1 — e are minimal central idempotents in B.

Proof. We first claim that R is indecomposable. Suppose there exists a nontrivial
central idempotent e in R. Then B = Be ® B(1 —e). Since B is separable over R, Be and
B(1 — e) are separable algebras over Re and R(1 — e), respectively; and so Be & R(1 — e)
and Re @ B(1 — e) are proper separable subalgebras of B. Hence G(Be ® R(1 — ¢)) and
G(Re @ B(1 — e)) are proper subgroups of G by the fundamental theorem for B. But
G(Be © R(1 —e))|B. = (1) = G(Re ®© B(1 —¢€))|p1—e); 50 G(Be @ R(1 —¢)) = (1) =
G(Re ® B(1 —e)) by Lemma 4.1. Hence Be ® R(1 —e) = B = Re ® B(1 — e) by the
fundamental theorem for B again. Thus B = Re & R(1 — e) = R, a contradiction. This
implies that R is indecomposable. Next, we claim that either B is indecomposable or
B = Re ® R(1 — e) where e and 1 — e are minimal central idempotents in B. In case B is
indecomposable, we are done. In case B is decomposable, there exists a nontrivial central
idempotent e in B. Then B = Be @ B(1 — e) such that e # 0 # 1 — e. By the previous
argument, we have that Be®R(1—e) = B = Re®B(1—e); and so B = Re®R(1—e). Since
B is a Galois algebra over R with Galois group G, B is a finitely generated R-module where
R is indecomposable. Hence B contains only finitely many minimal central idempotents
{ei]i =1,2,---,m} for some integer m. Thus B = &) ;" Be;. Now we want to show
that m < 2. Assume m > 2. Then B = Be; @ Bey ® B(1 — e; — e2) where ey, ey, and

1—e; —ey are orthogonal central idempotents. Considering the proper separable subalgebra
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B(ei+e2) ®B(1—e; —e3) of B, we have that G(B(e1 +e2) © B(1—e1 —e2))|B(e;1es) = (1);
and so G(B(e1 + e2) ® B(1 —e; — e3)) = (1) by Lemma 4.1 again. But G(B) = (1), so
B = B(ey;+e3)@®B(1—e; —es) which is a proper separable subalgebra of B, a contradiction.
Therefore m < 2. This implies that B = Re & R(1 — e) where e and 1 — e are minimal

central idempotents in B.

We can obtain a partial converse theorem of Theorem 4.2.

Theorem 4.3. Let B be a Galois algebra over R with Galois group G. If B =
Re & R(1 — e) where e and 1 — e are minimal central idempotents in B over R, then B

satisfies the fundamental theorem and |G|=2.

Proof. Let ¢ # 1 in G. Then g(e) = 1 — e and g(1 —e) = e because e and 1 — e
are minimal central idempotents. Thus |G|=2. On the other hand, since B does not have

proper separable subalgebras, the fundamental theorem holds for B.

To show another partial converse of Theorem 4.2, it suffices to discuss the case in
which B is indecomposable. We note that for an indecomposable Galois algebra B with
Galois group G, B is a central Galois algebra with Galois group K and C' is a commutative

Galois algebra with Galois group G/K ([3], Theorem 1).

Next we want to generalize the characterization for a central Galois algebra as given

in Theorem 3.4 to a Galois algebra not necessarily central.

Theorem 4.4. Let B be a Galois algebra over a commutative ring R with Galois

group G. If B satisfies the fundamental theorem, then for any separable subalgebra A,

VB(A) =Y peaa Jo-



Proof. By hypothesis A = B“(4) 5o B is a Galois extension of A with Galois group
G(A). Thus Vp(A) = V(BF) =@ >_gec(a) Jg ([5], Proposition 1).

To show the converse of Theorem 4.4 for an indecomposable Galois algebra B with
Galois group G, We first show that the map « : H — B is one-to-one for a subgroup

H of G.

Lemma 4.5. Let B be an indecomposable Galois algebra with Galois group G. Then
Jy # {0} for g € K and J, = {0} for g ¢ K.

Proof. By Theorem 1 in [3], B is a central Galois algebra over C' with Galois group
K,so J, #{0} for g € K and J, = {0} for g ¢ K ([5], Proposition 3).

Lemma 4.6. Let B be an indecomposable Galois algebra with Galois group G. Then

the map o : H — B is one-to-one for a subgroup H of G.

Proof. Let H and L be subgroups of G such that a(H) = a(L). Then B¥ = BEL.
Hence Vg (B#) = Vg(BY). Since B is a Galois extension of B¥ (= BL) with Galois group
H and L, respectively, we have that &3y J; = Ve(BT) = Vg(BE) = DY ger Jo-
By Lemma 4.5, J;, # {0} for g € K and J, = {0} for g ¢ K. Hence ®3 pyrxJy =
DY erni Jgs and so HNK = LNK. Next we consider subgroups H and G(BH). Clearly,
H C G(BT) and B = BG(B™) g0 o(BT) = o(B¥B™). But then HNK = G(BI)n K
by the above argument. Also we have that (BH ) = (BG(BH))K; and so BHEK = BG(B™)K
that is, CHK = CGBMEK  Thus by the fundamental theorem for indecomposable commu-
tative Galois extension C' over C% with Galois group G/K, HK/K = G(B")K /K. There-
fore H/(HNK) 2 HK/K = G(B?)K/K = G(B")/(G(BF)NK) = G(BY)/(H N K).
Noting that H C G(B™), we conclude that H = G(B*). Similarly, L = G(B*); and so
H = G(BY) = G(BY) = L. This implies that « is one-to-one.
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The following is a characterization of a Galois algebra satisfying the fundamental

theorem as a generalization of Theorem 3.4.

Theorem 4.7. Let B be a Galois algebra over R with Galois group G and C the
center of B. Assume that BY is a separable subalgebra of B for each subgroup H of G.
Then B satisfies the fundamental theorem if and only if B is one of the following three
types: (1) B is an indecomposable commutative Galois algebra, (2) B = Re & R(1 — e)
where e and 1 — e are minimal central idempotents in B, and (3) B is an indecomposable
Galois algebra such that for each separable subalgebra A, V(A) = @ deG(A) Jg, and the

centers of A and B are the same.

Proof. (=) Assume that B satisfies the fundamental theorem. Then by Theorem
4.2, either B is indecomposable or B = Re @ R(1 — e) where e and 1 — e are minimal
central idempotents in B. In case B is indecomposable, either B is an indecomposable
commutative Galois algebra or B is an indecomposable noncommutative Galois algebra. If
B is an indecomposable noncommutative Galois algebra, Vg(4) = @ > gec(a) Jg for any
separable subalgebra A by Theorem 4.4. Also since A = B4 it is clear that the center

of A = the center of BG(A),

(<=) In case B is indecomposable commutative, the sufficiency is given by Theorem
2.3 in [1]. In case B = Re® R(1 —e) where e and 1 — e are minimal central idempotents in
B, we are done by Theorem 4.3. In case B is indecomposable such that for any separable
subalgebra A, Vp(A) = ® }° 4y Jy and the centers of A and BYA) are the same, then
the map a : H — B is one-to-one from the set of subgroups of G to the set of invariant
separable subalgebras BY of B by Lemma 4.6. Hence it suffices to show that « is onto,
that is, for any separable subalgebra A of B, A = B = o(G(A)). By hypothesis,
VB(A) = ® 3 cq(a) Jo- But B is a Galois extension of BE) with Galois group G(A),
so VB(BYM) = @3 ca)Jy ([5], Proposition 1). Hence Vg(A) = Vg(B“Y). Thus
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VB(AC) = Vp(A) = Vg(BFM) = V(B (). But B is a Galois algebra over R, so it
is separable over R. Hence C is separable over R. Thus AC and B4 (C are subalgebras
of the Azumaya algebra B. Hence AC = BF(C by the double centralizer property for
Azumaya algebras ([4], Theorem 4.3, page 57). Let Z be the center of AC and Z; be the
center of A. By hypothesis, the center of A = the center of B(4) so Z is also the center
of B Tt is clear that Zy C Z. Thus A®z, Z = AC = B4 = B¥A g, Z. Noting

that A ¢ B, we conclude that A = BG4 This completes the proof.

Remark 1. For an indecomposable Galois algebra B with Galois group G, B is
always a separable subalgebra over R for a subgroup H of G such that H D K or H C K,
so the hypothesis that B is a separable subalgebra over R for any subgroup H of G can

be restated only for any H not comparable with K.

Remark 2. Let B be a Galois algebra over R with Galois group G. It can be shown
that for a subgroup H of G, if BY is a direct summand of B as a B”-bimodule, then BY

is a separable subalgebra of B.

Remark 3. By Theorem 4.6 in [9], it was shown that for a Galois algebra B over R
with Galois group G which is the automorphism group Autg(B) either B is commutative
with no idempotents but 0 and 1, or B = Re ® R(1 — e) where e and 1 — e are minimal

central idempotents in B. Thus B satisfies the fundamental theorem by Theorem 4.7.
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