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ABSTRACT

Let B be a Galois algebra over a commutative ring R with Galois group G

such that BH is a separable subalgebra of B for each subgroup H of G. Then it

is shown that B satis�es the fundamental theorem if and only if B is one of the

following three types: (1) B is an indecomposable commutative Galois algebra,

(2) B = Re � R(1 � e) where e and 1 � e are minimal central idempotents in

B, and (3) B is an indecomposable Galois algebra such that for each separable

subalgebra A, VB(A) = �
P

g2G(A) Jg, and the centers of A and BG(A) are the

same where VB(A) is the commutator subring of A in B, Jg = fb 2 B j bx = g(x)b

for each x 2 Bg for a g 2 G, and G(A) = fg 2 G j g(a) = a for all a 2 Ag.
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sions, Galois algebras, central Galois algebras.
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1. Introduction

Let F � K be a �nite �eld Galois extension with Galois group G. It is well known

that the fundamental theorem holds for F � K, that is, the map � : H �! KH for a

subgroup H of G is a one-to-one correspondence between the set of subgroups of G and the

set of separable sub�elds of K over F . In [1], S.U. Chase, D.K. Harrison, and A. Rosenberg
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extended this fact to �nite indecomposable commutative ring Galois extensions (with no

idempotents but 0 and 1). In [5], for a noncommutative Galois extension B of BG with

Galois group G, let H be a subgroup of G, then it was shown that VB(B
H) = �

P
g2H Jg

where VB(B
H) is the commutator subring of BH in B and Jg = fb 2 B j bx = g(x)b for

each x 2 Bg for a g 2 G. We note that the set fJg j g 2 Gg plays an important role for

noncommutative Galois extensions ([5],[7],[8]). In the present paper, we shall characterize

a Galois algebra B � BG with Galois group G which satis�es the fundamental theorem in

terms of fJg j g 2 Gg. At �rst, we show the following result for a central Galois algebra:

Let B be a central Galois algebra with Galois group G. Then, B satis�es the fundamental

theorem if and only if for each separable subalgebra A, VB(A) = �
P

g2G(A) Jg where

Jg = fb 2 B j bx = g(x)b for each x 2 Bg, VB(A) the commutator subring of A in B, and

G(A) = fg 2 G j g(a) = a for all a 2 Ag. Next we obtain a structure of a Galois algebra B

satisfying the fundamental theorem, that is, B is an indecomposable central Galois algebra

over its center C with Galois group K where K = fg 2 G j g(c) = c for all c 2 Cg and C is

an indecomposable commutative Galois algebra over CG (= BG) with Galois group G=K.

Then assume that BH is a separable subalgebra of B for each subgroup H of G, using this

structure for B, we shall show that a Galois algebra B satis�es the fundamental theorem if

and only if B is one of the following three types: (1) B is an indecomposable commutative

Galois algebra, (2) B = Re�R(1�e) where e and 1�e are minimal central idempotents in

B, and (3) B is an indecomposable Galois algebra such that for each separable subalgebra

A, VB(A) = �
P

g2G(A) Jg, and the centers of A and BG(A) are the same.

This paper was written under the support of a Caterpillar Fellowship at Bradley

University. The authors would like to thank Caterpillar Inc. for the support.

2. Basic De�nitions and Notations

Let B be a ring with 1, G a �nite automorphism group of B, C the center of B, BG

the set of elements in B �xed under each element in G, and A a subring of B with the same
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identity 1. We call B a separable extension of A if there exist fai; bi in B, i = 1; 2; :::;m for

some integer mg such that
P

aibi = 1, and
P

bai 
 bi =
P

ai 
 bib for all b in B where 


is over A. An Azumaya algebra is a separable extension of its center. We call B a Galois

extension of BG with Galois group G if there exist elements fai; bi in B, i = 1; 2; :::;mg

for some integer m such that
Pm

i=1 aig(bi) = �1;g for each g 2 G ([2]). A ring B is called

a Galois algebra over R if B is a Galois extension of R which is contained in C, and B

is called a central Galois algebra if B is a Galois extension of C ([8]). A ring B is called

indecomposable if it contains no central idempotents but 0 and 1.

Throughout this paper, we assume that B is a Galois algebra with Galois group G,

C the center of B, K = fg 2 G j g(c) = c for all c 2 Cg, Jg = fb 2 B j bx = g(x)b for each

x 2 Bg for a g 2 G, and for a subring A of B, G(A) = fg 2 G j g(a) = a for all a 2 Ag and

VB(A) denotes the commutator subring of A in B.

3. Central Galois Algebras

In this section, let B be a central Galois algebra over its center C with Galois group

G, A a separable subalgebra of B, and A0 = VB(A). We shall show a characterization

of B satisfying the fundamental theorem in terms of fJg j g 2 Gg. We begin with some

properties of a central Galois algebra satisfying the fundamental theorem.

Theorem 3.1. Let B be a central Galois algebra over C with Galois group G.

If B satis�es the fundamental theorem, then for any separable subalgebra A, VB(A) =

�
P

g2G(A) Jg and A = �
P

g2G(A0) Jg.

Proof. Since A is a separable subalgebra of B which satis�es the fundamental theorem,

A = BG(A). Hence B is a Galois extension of A (= BG(A)) with Galois group G(A). Thus

VB(A) = VB(B
G(A)) = �

P
g2G(A) Jg ([5], Proposition 1). Moreover, noting that B is

an Azumaya algebra, we have that A0 (= VB(A)) is a separable subalgebra of B such
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that VB(A
0) = VB(VB(A)) = A by the double centralizer property for Azumaya algebras

([4], Theorem 4.3, page 57). By hypothesis, A0 = BG(A0), so B is a Galois extension

of A0 with Galois group G(A0). This implies that VB(A
0) = �

P
g2G(A0) Jg. Therefore

A = VB(A
0) = �

P
g2G(A0) Jg.

Next is the converse of Theorem 3.1. We need a fact for the ideal group fJg j g 2 Gg

as given by Rosenberg and Zelinsky ([6]).

Lemma 3.2. Let A be a central Galois algebra with Galois group G. Then fJg j g 2

Gg is a group with JgJh = Jgh for g; h 2 G and isomorphic with G by g �! Jg for g 2 G.

Proof. Since A is a central Galois algebra with Galois group G, A is an Azumaya

algebra with the �nite automorphism group G. Hence JgJh = Jgh for g; h 2 G ([6],

Lemma 5) and Jg is a �nitely generated and projective rank one C-module ([6], page 1112).

Moveover, since A is a central Galois algebra with Galois group G again, A = �
P

g2G Jg

([5], Theorem 1) such that Jg is a rank one C-module for each g 2 G. Thus g �! Jg for

g 2 G is a group isomorphism between G and fJg j g 2 Gg.

Theorem 3.3. Let B be a central Galois algebra with Galois group G. If for any

separable subalgebra A of B, VB(A) = �
P

g2G(A) Jg, then B satis�es the fundamental

theorem.

Proof. Since B is a central Galois algebra with Galois group G, jGj, the order of G,

is a unit in B ([5], Corollary 3). Hence, for any subgroup H of G, jHj is a unit in B.

Thus BH is a separable subalgebra of B. Therefore the map � : H �! BH is well de�ned

from the set of subgroups of G and the set of separable subalgebras of B. Next, let A be

a separable subalgebra of B. Then A0 (= VB(A)) is also a separable subalgebra of B such

that VB(A
0) = VB(VB(A)) = A by the double centralizer property for Azumaya algebras
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([4], Theorem 4.3, page 57). By hypothesis, VB(A) = �
P

g2G(A) Jg. On the other hand,

B is a Galois extension of BG(A) with Galois group G(A), so VB(B
G(A)) = �

P
g2G(A) Jg

([5], Proposition 1). Thus VB(A) = �
P

g2G(A) Jg = VB(B
G(A)). Moreover, since G(A)

is a subgroup of G, jG(A)j is a unit in B. Thus BG(A) is a separable subalgebra of the

Azumaya algebra B. Therefore

A = VB(VB(A)) = VB(VB(B
G(A))) = BG(A):

This implies that the map � : H �! BH is onto from the set of subgroups of G to

the set of separable subalgebras of B. Next we claim that � is one-to-one. In fact,

let �(H) = �(L) for some subgroups H and L of G. Then BH = BL. Since B is a

Galois extension of BH with Galois group H, VB(B
H) = �

P
g2H Jg ([5], Proposition 1).

Similarly, VB(B
L) = �

P
g2L Jg. Thus �

P
g2H Jg = VB(B

H) = VB(B
L) = �

P
g2L Jg.

SinceB is a central Galois algebra with Galois groupG, B = �
P

g2G Jg such that Jg 6= f0g

for each g 2 G. But H;L � G, so �
P

g2H Jg = �
P

g2L Jg � B = �
P

g2G Jg. This

implies that H = L by Lemma 3.2; and so � is one-to-one.

By combining Theorem 3.1 and Theorem 3.3, a characterization is obtained.

Theorem 3.4. Let B be a central Galois algebra over C with Galois group G.

Then B satis�es the fundamental theorem if and only if for any separable subalgebra A,

VB(A) = �
P

g2G(A) Jg.

4. Galois Algebras

In this section, we shall generalize the characterization of a central Galois algebra

satisfying the fundamental theorem as given in section 3 to a Galois algebra not necessarily

central. We begin with an expression and some properties of a Galois algebra satisfying

the fundamental theorem. The following lemma is useful.
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Lemma 4.1. Let B be a Galois algebra over R with Galois group G and � 2 AutR(B).

If e is a nontrivial central idempotent in B such that �jBe is an identity and �jB(1�e) is

not an identity, then � 62 G.

Proof. See Lemma 4.1 in [9].

Theorem 4.2. Let B be a Galois algebra over a commutative ring R with Galois

group G. If B satis�es the fundamental theorem, then either B is indecomposable or

B = Re�R(1� e) where e and 1� e are minimal central idempotents in B.

Proof. We �rst claim that R is indecomposable. Suppose there exists a nontrivial

central idempotent e in R. Then B = Be�B(1� e). Since B is separable over R, Be and

B(1� e) are separable algebras over Re and R(1� e), respectively; and so Be�R(1� e)

and Re � B(1 � e) are proper separable subalgebras of B. Hence G(Be � R(1 � e)) and

G(Re � B(1 � e)) are proper subgroups of G by the fundamental theorem for B. But

G(Be � R(1 � e))jBe = h1i = G(Re � B(1 � e))jB(1�e), so G(Be � R(1 � e)) = h1i =

G(Re � B(1 � e)) by Lemma 4.1. Hence Be � R(1 � e) = B = Re � B(1 � e) by the

fundamental theorem for B again. Thus B = Re � R(1 � e) = R, a contradiction. This

implies that R is indecomposable. Next, we claim that either B is indecomposable or

B = Re�R(1� e) where e and 1� e are minimal central idempotents in B. In case B is

indecomposable, we are done. In case B is decomposable, there exists a nontrivial central

idempotent e in B. Then B = Be � B(1 � e) such that e 6= 0 6= 1 � e. By the previous

argument, we have that Be�R(1�e) = B = Re�B(1�e); and so B = Re�R(1�e). Since

B is a Galois algebra over R with Galois group G, B is a �nitely generated R-module where

R is indecomposable. Hence B contains only �nitely many minimal central idempotents

fei j i = 1; 2; � � � ;mg for some integer m. Thus B = �
Pm

i=1Bei. Now we want to show

that m � 2. Assume m > 2. Then B = Be1 � Be2 � B(1 � e1 � e2) where e1, e2, and

1�e1�e2 are orthogonal central idempotents. Considering the proper separable subalgebra

6



B(e1+e2)�B(1�e1�e2) of B, we have that G(B(e1+e2)�B(1�e1�e2))jB(e1+e2) = h1i;

and so G(B(e1 + e2) � B(1 � e1 � e2)) = h1i by Lemma 4.1 again. But G(B) = h1i, so

B = B(e1+e2)�B(1�e1�e2) which is a proper separable subalgebra of B, a contradiction.

Therefore m � 2. This implies that B = Re � R(1 � e) where e and 1 � e are minimal

central idempotents in B.

We can obtain a partial converse theorem of Theorem 4.2.

Theorem 4.3. Let B be a Galois algebra over R with Galois group G. If B =

Re � R(1 � e) where e and 1 � e are minimal central idempotents in B over R, then B

satis�es the fundamental theorem and jGj=2.

Proof. Let g 6= 1 in G. Then g(e) = 1 � e and g(1 � e) = e because e and 1 � e

are minimal central idempotents. Thus jGj=2. On the other hand, since B does not have

proper separable subalgebras, the fundamental theorem holds for B.

To show another partial converse of Theorem 4.2, it su�ces to discuss the case in

which B is indecomposable. We note that for an indecomposable Galois algebra B with

Galois group G, B is a central Galois algebra with Galois group K and C is a commutative

Galois algebra with Galois group G=K ([3], Theorem 1).

Next we want to generalize the characterization for a central Galois algebra as given

in Theorem 3.4 to a Galois algebra not necessarily central.

Theorem 4.4. Let B be a Galois algebra over a commutative ring R with Galois

group G. If B satis�es the fundamental theorem, then for any separable subalgebra A,

VB(A) = �
P

g2G(A) Jg.
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Proof. By hypothesis A = BG(A), so B is a Galois extension of A with Galois group

G(A). Thus VB(A) = VB(B
G(A)) = �

P
g2G(A) Jg ([5], Proposition 1).

To show the converse of Theorem 4.4 for an indecomposable Galois algebra B with

Galois group G, We �rst show that the map � : H �! BH is one-to-one for a subgroup

H of G.

Lemma 4.5. Let B be an indecomposable Galois algebra with Galois group G. Then

Jg 6= f0g for g 2 K and Jg = f0g for g 62 K.

Proof. By Theorem 1 in [3], B is a central Galois algebra over C with Galois group

K, so Jg 6= f0g for g 2 K and Jg = f0g for g 62 K ([5], Proposition 3).

Lemma 4.6. Let B be an indecomposable Galois algebra with Galois group G. Then

the map � : H �! BH is one-to-one for a subgroup H of G.

Proof. Let H and L be subgroups of G such that �(H) = �(L). Then BH = BL.

Hence VB(B
H) = VB(B

L). Since B is a Galois extension of BH (= BL) with Galois group

H and L, respectively, we have that �
P

g2H Jg = VB(B
H) = VB(B

L) = �
P

g2L Jg.

By Lemma 4.5, Jg 6= f0g for g 2 K and Jg = f0g for g 62 K. Hence �
P

g2H\K Jg =

�
P

g2L\K Jg; and so H\K = L\K. Next we consider subgroups H and G(BH). Clearly,

H � G(BH) and BH = BG(BH), so �(BH) = �(BG(BH)). But then H \K = G(BH)\K

by the above argument. Also we have that (BH)K = (BG(BH))K ; and so BHK = BG(BH)K ,

that is, CHK = CG(B
H)K . Thus by the fundamental theorem for indecomposable commu-

tative Galois extension C over CG with Galois group G=K, HK=K = G(BH)K=K. There-

fore H=(H \ K) �= HK=K = G(BH)K=K �= G(BH)=(G(BH) \ K) = G(BH)=(H \ K).

Noting that H � G(BH), we conclude that H = G(BH). Similarly, L = G(BL); and so

H = G(BH) = G(BL) = L. This implies that � is one-to-one.
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The following is a characterization of a Galois algebra satisfying the fundamental

theorem as a generalization of Theorem 3.4.

Theorem 4.7. Let B be a Galois algebra over R with Galois group G and C the

center of B. Assume that BH is a separable subalgebra of B for each subgroup H of G.

Then B satis�es the fundamental theorem if and only if B is one of the following three

types: (1) B is an indecomposable commutative Galois algebra, (2) B = Re � R(1 � e)

where e and 1� e are minimal central idempotents in B, and (3) B is an indecomposable

Galois algebra such that for each separable subalgebra A, VB(A) = �
P

g2G(A) Jg, and the

centers of A and BG(A) are the same.

Proof. (=)) Assume that B satis�es the fundamental theorem. Then by Theorem

4.2, either B is indecomposable or B = Re � R(1 � e) where e and 1 � e are minimal

central idempotents in B. In case B is indecomposable, either B is an indecomposable

commutative Galois algebra or B is an indecomposable noncommutative Galois algebra. If

B is an indecomposable noncommutative Galois algebra, VB(A) = �
P

g2G(A) Jg for any

separable subalgebra A by Theorem 4.4. Also since A = BG(A), it is clear that the center

of A = the center of BG(A).

((=) In case B is indecomposable commutative, the su�ciency is given by Theorem

2.3 in [1]. In case B = Re�R(1� e) where e and 1� e are minimal central idempotents in

B, we are done by Theorem 4.3. In case B is indecomposable such that for any separable

subalgebra A, VB(A) = �
P

g2G(A) Jg and the centers of A and BG(A) are the same, then

the map � : H �! BH is one-to-one from the set of subgroups of G to the set of invariant

separable subalgebras BH of B by Lemma 4.6. Hence it su�ces to show that � is onto,

that is, for any separable subalgebra A of B, A = BG(A) = �(G(A)). By hypothesis,

VB(A) = �
P

g2G(A) Jg. But B is a Galois extension of BG(A) with Galois group G(A),

so VB(B
G(A)) = �

P
g2G(A) Jg ([5], Proposition 1). Hence VB(A) = VB(B

G(A)). Thus
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VB(AC) = VB(A) = VB(B
G(A)) = VB(B

G(A)C). But B is a Galois algebra over R, so it

is separable over R. Hence C is separable over R. Thus AC and BG(A)C are subalgebras

of the Azumaya algebra B. Hence AC = BG(A)C by the double centralizer property for

Azumaya algebras ([4], Theorem 4.3, page 57). Let Z be the center of AC and Z0 be the

center of A. By hypothesis, the center of A = the center of BG(A), so Z0 is also the center

of BG(A). It is clear that Z0 � Z. Thus A
Z0 Z
�= AC = BG(A)C �= BG(A)
Z0 Z. Noting

that A � BG(A), we conclude that A = BG(A). This completes the proof.

Remark 1. For an indecomposable Galois algebra B with Galois group G, BH is

always a separable subalgebra over R for a subgroup H of G such that H � K or H � K,

so the hypothesis that BH is a separable subalgebra over R for any subgroup H of G can

be restated only for any H not comparable with K.

Remark 2. Let B be a Galois algebra over R with Galois group G. It can be shown

that for a subgroup H of G, if BH is a direct summand of B as a BH -bimodule, then BH

is a separable subalgebra of B.

Remark 3. By Theorem 4.6 in [9], it was shown that for a Galois algebra B over R

with Galois group G which is the automorphism group AutR(B) either B is commutative

with no idempotents but 0 and 1, or B = Re � R(1 � e) where e and 1 � e are minimal

central idempotents in B. Thus B satis�es the fundamental theorem by Theorem 4.7.
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