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ABSTRACT

Let B be a ring Galois extension of BY with Galois group G such
that BY is a projective separable C%-algebra where C' is the center of
B. Then it is shown that G = Autpe(B) and K = (1) where K = {g €
G| g(c) = c for all ¢ € C} if and only if either B is an indecomposable
DeMeyer-Kanzaki Galois extension of BY or B = B% @ BY(1 — e)
where e and 1 — e are minimal central idempotents in B. This is a
generalization of the case for Galois algebras. Moreover, the class of

indecomposable Galois extentions are also studied.

Key Words and phrases. Separable extentions, Galois extensions, Galois

algebras, Hirata Galois extensions, DeMeyer-Kanzaki (zalois extensions.

2000 Mathematics Subject Classification. Primary 16535, 16W20.

1. Introduction

Let B be a field Galois extension of BY with Galois group G. Tt is well known
that G = Autpgc(B), the B%automorphism of B. In [1], this fact was extended to
an indecomposable commutative Galois extension (with no idempotents but 0 and 1).
Recently, the converse problem for a Galois algebra was studied ([10], Theorem 4.6). Let

B be a Galois algebra over a commutative ring R with Galois group G. Then G = Auty(B)
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if and only if either B is indecomposable commutative or B = Re ® R(1 — e) where B is
commutative, e and 1 — e are minimal idempotents of B. The purpose of the present paper
is to generalize this result to a Galois extension (not necessarily a Galois algebra). Let B
be a Galois extension of B¢ with Galois group G such that B is projective separable over
C% where C is the center of B, and K = {g € G| g(c) = ¢ for all ¢ € C'}. In section 3, we
shall show that G = Autge(B) and K = (1) if and only if either B is an indecomposable
DeMeyer-Kanzaki Galois extension of B or B = B% @ B“(1 —e) where e and 1 — e are
minimal central idempotents in B, where B is called a DeMeyer-Kanzaki Galois extension
if B is an Azumaya algebra over C' and C is a Galois algebra over C“ with Galois group
induced by and isomorphic with G ([2], [6]). We note that K = (1) and B¢ is projective
separable over C“ for the Galois algebra case. We also generalize the structure theorem
for an indecomposable Galois algebra as given by F. R. DeMeyer ([3], Theorem 1). Let
B be an indecomposable Galois extension of BY with Galois group G such that BY is
separable over C“. Then B is a Hirata Galois extension of BYC with Galois group K
(that is, B is a Galois and a Hirata separable extension), and B¥C is a DeMeyer-Kanzaki
Galois extension of BY with Galois group G/K. Then, in section 4, some properties of
an indecomposable Galois extension are given. In section 5, the Galois correspondence is
shown for the Hirata Galois extension B of BYC' as given in section 3.

This paper was written under the support of a Caterpillar Fellowship at Bradley

University. The authors would like to thank Caterpillar Inc. for the support.

2. Basic Definitions and Notations

Let B be a ring with 1, G a finite automorphism group of B, C the center of B, B®
the set of elements in B fixed under each element in G, and A a subring of B with the same
identity 1. We call B a separable extension of A if there exist {a;,b; in B, i = 1,2, ...,m for
some integer m} such that > a;b; =1, and ) ba; ® b; = >_ a; ® b;b for all b in B where ®

is over A. An Azumaya algebra is a separable extension of its center. We call B a Galois
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extension of BY with Galois group G if there exist elements {a;, b; in B, i = 1,2,...,m}
for some integer m such that Y., a;g(b;) = 61,4 for each g € G ([2]). Such a set {a;,b;} is
called a G-Galois system for B. A ring B is called a Galois algebra over R if B is a Galois
extension of R which is contained in C, and B is called a central Galois algebra if B is a
Galois extension of C ([9]). A Galois extension B of B¢ with Galois group G is called a
DeMeyer-Kanzaki Galois extension if B is an Azumaya algebra over C' which is a Galois
algebra over C“ with Galois group induced by and isomorphic with G ([2], [6]). A ring B
is called a Hirata separable extension of A if B® 4 B is isomorphic to a direct summand of
a finite direct sum of B as a B-bimodule, and B is called a Hirata Galois extension if it is
a Galois and a Hirata separable extension of BY ([8]). A ring B is called indecomposable

if it contains no central idempotents but 0 and 1.

Throughout this paper, we assume that B is a Galois extension of B¢ with Galois
group G, C the center of B, Vg(B%) the commutator subring of B in B, K = {g €
Glg(c)=cforall ce C}, and G(A) = {g € G| g(a) = a for all a € A} for a subring A of
B.

3. The Generalization

In this section, let B be a Galois extension of BY with Galois group G such that BY is
separable over C“. We shall show that G = Autge (B) and K = (1) if and only if either B
is an indecomposable DeMeyer-Kanzaki Galois extension of B or B = B% @ B%(1 — e)
where e and 1—e are minimal central idempotents in B. This generalizes the case for Galois
algebras ([10], Theorem 4.6). We begin with a lemma to determine which automorphism

in Autge (B) is not in G.

Lemma 3.1. Let B be a Galois extension of B¢ with Galois group G and \ €
Autga (B). If e # 0 is a central idempotent in B such that |g. is identity and X|p(1_c)

is not identity, then A € G.



Proof. See the proof of Lemma 4.1 in [10].

In [3], it was shown that an indecomposable Galois algebra B with Galois group G
is a composition of two Galois extensions: (1) B is a central Galois algebra with Galois
group K, and (2) C is a commutative Galois algebra over C¢ with Galois group G/K
([3], Theorem 1). We want to generalize the above result to an indecomposable Galois

extension.

Theorem 3.2. Let B be an indecomposable Galois extension of BE with Galois
group G such that B is separable over C. Then (1) B is a Hirata Galois extension of
BCC with Galois group K, and (2) BCC is a DeMeyer-Kanzaki Galois extension of B

with Galois group G/ K.

Proof. (1) By hypothesis, B is a Galois extension of BY such that B is separable
over C%. Hence B is a separable C%-algebra. Thus B is an Azumaya C-algebra and C is
a separable C%-algebra ([4], Theorem 3.8, page 55). But C contains no idempotents but
0 and 1, so C is a Galois algebra over C“ with Galois group G/K ([4], Proposition 1.2(1),
page 80). Hence, noting that C ¢ BYC C B¥, we have that B“C and BX are Galois
extensions of BY with Galois group /K with the same Galois system as C. Therefore
B@(C = BX. Moreover, since B is a Galois extension of BY with Galois group G, B is a
Galois extension of BE with Galois group K. But BC = BX, so B is a Galois extension
of BYC with Galois group K. Furthermore, we want to show that B is a Hirata separable
extension of BEC. In fact, since B is a Galois extension of BC, B is a finitely generated
and projective right BC-module. But B is an Azumaya C-algebra, so B is a Hirata
separable extension of BYC ([5], Theorem 1). Thus B is a Hirata Galois extension of

BYC with Galois group K.

(2) Let Z be the center of BYC. Noting that C is a Galois algebra over C“ with

Galois group G/K and that C C Z C BYC, we conclude that Z is Galois extension of
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ZG/K (= z%) with Galois group G/K with the same Galois system as C, that is, BEC' is
a Galois extension of B with Galois group G/K such that Z is a Galois algebra over Z¢
with Galois group induced by and isomorphic with G /K. Moreover, since BY is separable
over C%, we can see that BY(C is separable over C“. Hence BYC is an Azumaya Z-algebra.

Thus BYC is a DeMeyer-Kanzaki Galois extension of BY with Galois group G/K.

Next Lemma shows that there are at most two central minimal idempotent in B when

|G|, the order of G, is 2.

Lemma 3.3. Let B be a Galois extension of BE with Galois group G and a projective
separable C-algebra. If G = Autge (B) and |G| = 2, then B contains at most two minimal

central idempotents.

Proof. We first claim that C“ contains no idempotents but 0 and 1. In fact, let
e € C% such that €2 = e # 0,1 and G = {1,g}. Then B = Be @ B(1 — e) such that
g(e) = e. Hence g(Be) = Be and g(B(1 —e)) = B(1 —e). Since g # 1 in G, g|ge # 1 or
9lB(1—e) # 1. Without loss of generality, assume g|g. # 1. Then A = g|g. ®1 € Autge (B)
but A ¢ G by Lemma 3.1. Thus |[Autge(B)| > |G|. This is a contradiction; and so C¢
contains no idempotents but 0 and 1. Next we show that B contains at most two minimal
central idempotents. By hypothesis, B is a projective separable C'“-algebra, so it is a
finitely generated C“-module ([4], Proposition 2.1, page 47) and an Azumaya algebra over
C' ([4], Theorem 3.8, page 55). Hence C is a direct summand of B ([4], Lemma 3.1, page
51); and so C contains only finitely many minimal idempotents {e; |i = 1,2,---,q} for
some integer q. We want to show that ¢ < 2. Since g is an automorphism of B, g permutes
the minimal central idempotents {e; | = 1,2,---,q}. Hence g(e;) = e; for some j. We
have two cases. Case 1: g(e;) = e;. Then, noting that G = {1, ¢}, we have that e; is
an idempotent in CY. But C% contains no idempotents but 0 and 1, so e; = 1. Thus

g =1. Case 2: g(e1) = e; for some j # 1. Then, noting that g is of order 2, we have that
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g(Bei @ Bej) = Be; © Bej and g|pe,pBe; # 1. If ¢ > 3, then we have a A € Autge(B)

such that A|Be,¢Be; = g|BeiwBe; # 1 and )\|®Z e, = 1. But A € G by Lemma 3.1,
i#£1,j *

so this contradicts to the hypothesis that G = Autge (B). Hence g < 2. Thus B contains

at most two minimal central idempotents.

We recall that a Galois extension B of B¢ with Galois group G is called a DeMeyer-
Kanzaki Galois extension if B is an Azumaya algebra over C and C' is a Galois algebra

over CY with Galois group G|c = G ([2],[6]). Now we show the main theorem.

Theorem 3.4. Let B be a Galois extension of BY with Galois group G such that
BY is a projective separable C%-algebra. Then, G = Autgc(B) and K = (1) if and
only if either B is an indecomposable DeMeyer-Kanzaki Galois extension of B, or B =

B% @ B%(1 — e) where e and 1 — e are minimal central idempotents in B.

Proof. (=) There are 2 cases:

Case 1: |G| > 2. Since G = Autge(B) and |G| > 2, B is indecomposable ([10],
Lemma 4.3). Hence BYC is a DeMeyer-Kanzaki Galois extension of B¢ with Galois group
G/K by Theorem 3.2. By hypothesis, K = (1), so BYC is a DeMeyer-Kanzaki Galois
extension of B with Galois group G|gec = G. But B is also a Galois extension of B

with Galois group G, so B = BEC, an indecomposable DeMeyer-Kanzaki Galois extension

of BC.

Case 2: |G| = 2. By Lemma 3.3, B contains either no central idempotents but 0
and 1, or exactly 2 minimal central idempotents. If B contains no central idempotents
but 0 and 1, then B is given by Case 1 again. If B contains exactly 2 minimal central
idempotents {e, 1 — e}, then B = Be ® B(1 —¢). Let G = {1,g9}. Then g permutes
{e, 1 —e}. We claim that g(e) = 1 — e. In fact, assume that g(e) = e. Then g(Be) = Be
and g(B(1 —e)) = B(1 —e). Since g # 1 in G, either g|p. # 1 or g|g(—) # 1. Without
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loss of generality, assume g|g. # 1. Then A = g|g. ® 1 € Autge(B) but A € G by Lemma
3.1. Thus |Autge(B)| > |G|. This contradicts to the hypothesis that G = Autge(B).
Hence g(e) = 1 — e. Now we show that B¢ = {be + g(b)(1 —e) | b € B}. Since

g(be + g(0)(1 —€)) = g(b)(1 — e) + g*(b)e = be + g(b)(1 — e),

{be + g(b)(1 —e)|b € B} C BY. Conversely, let b € BY. Since B = Be @ B(1 — e),

b=bie+ by(1—e) for some by,by € B. Hence
bie+bs(1—e€) =b=g(b) = g(bre +b2(1 —€)) = g(b1)(1 — e) + g(bs)e.

Since B = Be® B(1—e¢), we have that by(1—¢e) = g(by)(1—e€). Hence b = bje+bs(1—¢€) =
bie+g(b))(1 —e) € {be+g(b)(1 —e)|b € B}. Thus B = {be + g(b)(1 —e) | b € B}. Now

for any z € B, © = ae + b(1 — e) for some a,b € B, so
r=ae+b(l—e€)=(ae+gla)(l—e))e+ (gb)e+b(l—e))(l—¢)€ B% @ BY(1 —e).
Thus B = B% @ BY(1 — e) where e and 1 — e are minimal central idempotents in B.

(<=) In case B is an indecomposable DeMeyer-Kanzaki Galois extension of BY. Then
B = BYC ([2], Lemma 2) and C is a commutative Galois algebra over C“ with no idem-
potents but 0 and 1 and with Galois group G/K G|c = G. Thus G =2 G|¢ = Autee (O)
([1], Theorem 3.5). Noting that B = BYC, we have that Autge(B) = Autee(C) = G.
Therefore G = Autge (B). Moreover, since G|c = G, K = (1).

In case B = B% @ B“(1 — e) where e and 1 — e are minimal central idempotents in
B. Then B contains exactly 2 minimal central idempotents e and 1 — e. Thus for any
a € Autpe(B), a permutes {e, 1 —e}. If a(e) = e, then « = 1 € G. Hence for any
a # 1in Autge(B), a(e) =1 —e. We have that a(ae + b(1 —€)) = a(l — e) + be for any
x = ae+b(1—e) € B where a,b € BY. Therefore |Autgc (B)| = 2; and so G = Autge (B)
and K = (1).



4. Indecomposable Galois Extensions

Throughout this section, we assume that B is an indecomposable Galois extension
of BY with Galois group G such that B® is a separable C%-algebra. Then Theorem 3.2
shows that B is a Hirata Galois extension of BYC with Galois group K and BYC is a
DeMeyer-Kanzaki Galois extension of B with Galois group G/K. In this section, we
shall show a one-to-one correspondence between the following sets in B: (i) P = {BY |H
is a subgroup of K} and (ii) @ = {A| A is a separable subalgebra of B over C such that
A= deH J, for some subgroup H of K}. Moreover, in case K # (1), some properties of
the Hirata Galois extension B of BYC are also obtained. We need a property of |K]|, the
order of K.

Lemma 4.1. The order of K is a unit in B.

Proof. By Theorem 3.2, BC is a Galois extension of B%, and B¢ is a separable
C%-algebra by hypothesis, so BEC is a separable C“-algebra by the transitivity property
of separable extensions. Hence BC is a separable subalgebra of the Azumaya C-algebra
B. Thus Vg(BYC) is a separable C-algebra ([4], Theorem 4.3, page 57). By Theorem 3.2
again, B is a Hirata Galois extension of BYC with Galois group K, so |K| is a unit in B

([8], Proposition 4(3)).

Lemma 4.2. Let H be a subgroup of K. Then (1) B is a Hirata Galois extension of
BH such that B is a direct summand of B as a B” -bimodule, and (2) B is a separable

algebra over CC.

Proof. (1) Since H is a subgroup of K, C C B¥ C B. Noting that B is a Galois
extension of B with Galois group H, we have that B is a finitely generated and projective
right BY-module. But B is an Azumaya C-algebra, so B is a Hirata separable extension

of BH ([5], Theorem 1). Thus B is a Hirata Galois extension of B with Galois group H.
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Since H is a subgroup of K again, |H| is a unit in B by Lemma 4.1. This implies that B¥

is a direct summand of B as a B -bimodule.

(2) Since B is a Galois extension of B | B is a projective separable extension of B .
On the other hand, by hypothesis, B is a Galois extension of B which is a separable
CC%-algebra, so B is a separable C%-algebra. Now B is a direct summand of B as a
BH bimodule by part (1), so BY is a separable algebra over C“ by the proof of Theorem
3.8 on page 55 in [4].

Next is the correspondence between P and O.

Theorem 4.3. Let P = {BH | H is a subgroup of K} and Q = {A| A is a separable
subalgebra of B over C such that A = @deH Jy for some subgroup H of K}. Then

a:BH @ deH Jg 1s a one-to-one correspondence between P and Q.

Proof. By Theorem 3.2, B is a Hirata separable extension of BYC. Let H be a
subgroup of K. Then BY is a separable algebra over C“ by Lemma 4.2-(2). Hence
BH is a separable extension of BYC. Moreover, B is a direct summand of B as a BY-
bimodule by Lemma 4.2-(1). This implies that the map o : B¥ — Vg(B¥) is a one-to-one
correspondence from P to the set of separable subalgebras of Vz(B%) over C ([7], Theorem
1). But B is a Galois extension of B with Galois group H, so Vg(BY) = @deH Jg
([6], Proposition 1). Thus a: B — @ gen Jg 18 a one-to-one correspondence between

P and Q.

Next are some properties of the Hirata Galois extension B of BYC with Galois group
K. We recall that Vg (B%) is the commutator subring of BY in B. Let L = {g € G | g(a) =

a for all a € Vg(BY)}. Then we can see that L is a normal group of G and L C K.
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Lemma 4.4. By keeping the above notations, B is a Galois extension of Bl with

Galois group L and BT is a Galois extension of BX with Galois group K/L.

Proof. Since BY and C are separable C%-algebras, BYC is a separable C'“-algebra;
and so BYC is a separable C-algebra. Hence Vg(B%) (= Vp(BYC)) is a separable C-
algebra since B is an Azumaya C-algebra. Moreover, B is a Hirata Galois extension of
BYC with Galois group K by Theorem 3.2, and |K]| is a unit in B by Lemma 4.1, so |L| is
a unit in B. Hence B is a Galois extension of B with Galois group L and B” is a Galois

extension of BX (= BYC) with Galois group K/L.

Theorem 4.5. By keeping the above notations, B* = B% - Vg(B®) if and only if

VB(BY) is a central Galois algebra with Galois group (K/L)|y,pey = K/L.

Proof. By Theorem 3.2, B is a Hirata Galois extension of BX with Galois group
K and BX = BYC. Noting that L ¢ K, BX ¢ B C B, we have that Vz(B¥) =
Ve(BYC) = Vp(BY). Hence L = {g € G|g(a) = a for all a € Vg(B%)} = {g €
G|g(a) = a for all a € Vg(B¥X)}. Thus B = BX . Vg(BX) if and only if Vz(BX) is a
central Galois algebra with Galois group (K/L)|v,px) = K/L ([8], Theorem 6), that is,
Bl = (B%C) - Vg(B“C) = BY - C - Vg(BY) = B% - Vg(BY) if and only if Vg(BY) is a

central Galois algebra with Galois group (K/L)|y,pe) = K/L.

The following are consequences for two special cases: (i) L = (1) and (ii) L = K.

Corollary 4.6. By keeping the notations of Theorem 4.5, (1) L = (1); then, B = B®.
Vi (BY) if and only if Vg(B®) is a central Galois algebra with Galois group K|y, (Be) =2 K,
and (2) L = K; then, BX = BY . Vg(B%) = BYC which is a DeMeyer-Kanzaki Galois

extension of BY with Galois group G/K.

Proof. (1) Since L = (1), part (1) is an immediate consequence of Theorem 4.5.
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(2) Since L = K, Vg(BY) c Bl = BX. Noting that BX = B“C by Theorem 3.2, we
have that BYC ¢ BY - Vg(B%) c BK = BYC. Hence BK = BY . V3(B%) = BYC which

is a DeMeyer-Kanzaki Galois extension of B¢ with Galois group G/K by Theorem 3.2.

5. The Galois Correspondence

In this section, let B be an indecomposable Galois extension of B¢ with Galois group
G such that B is a separable C%-algebra as given in section 4. Then Theorem 3.2 gives a
Galois correspondence between K and B¥; that is, G(B®) = K. In this section, we shall
show that there exists a Galois correspondence between the set of subgroups of K and
the set of separable extensions A of BYC in B such that Vg(4) = @ > gec(a) Jg, where
G(A) ={g9€G|g(a) =aforallac A}.

Lemma 5.1. Let C be the set of subgroups of K and D the set of separable extensions
A of BYC in B such that Vg(A) = @ > gec(a) Jg- Then for any H € C, Bf € D.

Proof. By Lemma 4.2-(2), B is a separable algebra over C%, so BY is a separable
extension of BEC. Moreover, by the definition of G(BH), H c G(BH), so B¢B") ¢
BH . Also, B®B") 5 BH by the definition of G(BH). Hence BE(B") = BH_ Thus
Ve(BH) = VB(BG(BH)). Since B is a Galois extension of BE(B”) with Galois group
G(BM), Vg(BEE")) = & 3" pm) Jy ([6], Proposition 1). Hence

Vs(BT) =Vp(BSP ) = Y U,
g€G(BH)

Thus BY € D.
Now we show that « : H — B is a one-to-one correspondence between C and D.

Theorem 5.2. Leta:C — D by a(H) = B”. Then a is a bijection, and the

inverse of a is a1 A — G(A).
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Proof. By Lemma 5.1, « is well defined. Now, let H,L € C such that o(H) =
a(L). Then B = B such that Vg(BT) = DY jemrdy = Ve(BL) = DY ger Iy ([6];
Proposition 1). Since B is a Hirata Galois extension of BYC with Galois group K, J, # {0}
for each g € K ([8], Theorem 2(iii)). But H,L C K, 80 @) cpyJg = ®>  cpJy C
@deK Jg. This implies that H = L; and so «a is a one-to-one. Next we claim that
a is onto. Let A € D. Then A is a separable extension of BYC such that Vz(A4) =
> geq(a) Jg- By Theorem 3.2, BX = B%C, so BYC (= B¥X) is a separable C“-algebra
by Lemma 4.2-(2). Thus A is a separable C%-algebra by the transitivity property of
separable extensions. Therefore A is a separable subalgebra of the Azumaya C-algebra
B; and so A = Vg(Vp(A)) by the double centralizer property for Azumaya algebras ([4],
Theorem 4.3, page 57). Moreover, since B is a Galois extension of BY(4) with Galois group
G(A), Vg(BEA) = > gea(a)Jg = VB(A). Noting that G(A) is a subgroup of K, we
have that B¢(4) = (G (A)) € D; and so Vg (Ve(B%A)) = B by the above argument.
Hence A = Vg(Vp(A)) = Va(Ve(BFW)) = B that is, a(G(A)) = A. Thus « is onto.

Therefore « is a bijection with the inverse a™! : A — G(A).

Next, we want to show the Galois correspondence for the DeMeyer-Kanzaki Galois
extension B“C of B® with Galois group G/K. Let Z be the center of BC. We first
claim that Z contains only finitely many idempotents so that the Galois correspondence

theorem for Z as given by Villamayor and Zelinsky can be applied.

Lemma 5.3. Let B be an indecomposable Galois extension of BY with Galois group G
such that B is a separable O -algebra and Z the center of BEC. Then Z is a commutative

Galois algebra over Z% with Galois group G /K with only finitely many idempotents.

Proof. By Theorem 3.2, B is a Galois extension of B“C with Galois group K, and
|K| is a unit in B by Lemma 4.1, so BYC is a direct summand of B as a BYC-bimodule.

Noting that B is an Azumaya C-algebra and C C BYC, we have that B¢C is a finitely
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generated C-module. But C contains no idempotents but 0 and 1, so BYC contains
only finitely many central idempotents. On the other hand, by Theorem 3.2, BYC is a
DeMeyer-Kanzaki Galois extension of BY with Galois group G/K, so Z is a commutative

Galois algebra over Z¢ with Galois group G'/K with only finitely many idempotents.

By the Theorem in [11], Lemma 5.3 gives a one-to-one correspondence between the set
of the fat groups of subgroups of G/K and the set of separable subalgebras of Z over Z¢
by H — Zﬁ, where H is the fat group of H. Next we derive the Galois correspondence

for the DeMeyer-Kanzaki Galois extension BYC' of BY with Galois group G/K.

Theorem 5.4. Let £ be the set of the fat groups of subgroups of G containing K and
F the set of separable extensions of BY in BC. Then 3: H — (BGC)E s a one-to-one

correspondence between £ and F.

Proof. Let F, be the set of separable subalgebras of Z over Z%. Since Z is a
commutative Galois algebra over Z¢ with Galois group G/K with only finitely many
idempotents by Lemma, 5.3, H — ZH is a one-to-one correspondence between £ and Fy
([11], Theorem). Moreover, since B®Z (= BY(') is a DeMeyer-Kanzaki Galois extension of
B¢ with Galois group G/K by Theorem 3.2, A — BYA for each A € F is a one-to-one
correspondence from F; to F ([2], Lemma 2). But A = ZH for some subgroup H of G
containing K by the correspondence theorem for Z, so the composition of H — ZH

BGzH gives a one-to-one correspondence H — BGZH = (BGC)E between £ and F.
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