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Let A be an Azumaya algebra over a semi-local ring R, and M and N finitely
generated projective left A-modules such that ranky; = ranky. Then M = N.
Thus it can be shown that a central Galois algebra over R is a projective group
algebra, and a Galois algebra is a direct sum of projective group algebras.

1. Introduction

Let A be an Azumaya algebra over a semi-local ring R with no idempotents but 0 and
1, and M and N indecomposable finitely generated projective left A-modules. Then it
was shown that M = N ([3], Theorem 1). Thus the Noether-Skolem theorem can be
generalized from central simple algebras to Azumaya algebras over a semi-local ring with
no idempotents but 0 and 1, that is, any automorphism of A is inner ([1], page 122).
Consequently, any central Galois algebra over a semi-local ring with no idempotents but
0 and 1 is a projective group algebra ([1], Theorem 6). The purpose of the present paper
is to generalize the above result to an Azumaya algebra A over a semi-local ring R (not
necessarily with no idempotents but 0 and 1). Let M and N be finitely generated projective
left A-modules. If the rank functions of M and N over R are equal, then M = N, where
rank,s(p) = the rank of the free Ry,-module M, over the local ring R, at the prime ideal
p of R. Then we shall show that the Noether-Skolem theorem holds for A, and a central
Galois algebra over R with Galois group G is a projective group algebra of G' over R,
RG s, with a factor set f : G x G — {units of R} as defined by F. R. DeMeyer in [1].
Thus a Galois algebra (not necessarily central) over R can be shown to be a direct sum of
projective group algebras.



2. Basic Definitions and Notations

Throughout this paper, B will represent a ring with 1, G a finite automorphism group of
B, C the center of B, and B® the set of elements in B fixed under each element in G.

Let A be a subring of a ring B with the same identity 1. We call B a separable
extension of A if there exist {a;,b; in B, i = 1,2,...,m for some integer m} such that
> ab; =1, and Y ba; ® b; = > a; ® b;b for all b in B where ® is over A. An Azumaya
algebra, is a separable extension of its center. A ring B is called a Galois extension of B
with Galois group G if there exist elements {a;,b; in B, i = 1,2,...,m} for some integer
m such that Y7, a;g(b;) = 81,4 for each g € G, a Galois algebra over R if B is a Galois
extension of R which is contained in C', and a central Galois extension if B is a Galois
extension over its center C.

Let P be a projective module over a commutative ring R. Then for a prime ideal p of
R, P,(= P®g R,) is a free module over R, (= the local ring of R at p), and the rank of P,
over R, is the number of copies of R, in P,. We denote the rank function associated with
P from the prime spectrum of R to nonnegative integers by rankp, that is, rankp(p) =
the number of copies of R, in P,.

3. Galois Extensions

Let R be a commutative ring with 1, M a finitely generated projective R-module. We recall
that the rank function associated with M from the prime spectrum of R to nonnegative
integers is denoted by rank,s;. Let A be an Azumaya algebra over a semi-local ring R.
We shall characterize a finitely generated projective left A-module M in terms of ranky;.
This derives the Noether-Skolem theorem for A. Consequently, it can be shown that any
central Galois algebra over R is a projective group algebra, and a Galois algebra over R is
a direct sum of projective group algebras where a projective group algebra is defined by
F. R. DeMeyer in [1]. We begin with a classification of finitely generated and projective
modules over an Azumaya algebra by the rank function.

Lemma 3.1. Let M and N be finitely generated projective modules over a semi-local ring
R. If ranky; = ranky = k for some integer k, then M = N = F}, which is a free R-module
of rank k.

Proof. Since R is semi-local, there are minimal idempotents {e;|i = 1,2,...,m for
some integer m} summing to 1. Hence Re; is a semi-local ring with no idempotents but 0
and e; such that rankys., = ranky., = k for each ¢. Let J be the Jacobson radical of Re;.
Then Me;/JMe; = Ne;/JNe;. Thus Me; = Ne; = Fje; by using the Nakayama Lemma.
This implies that M =2 N = F},.



Theorem 3.2. Let A be an Azumaya algebra over a semi-local ring R, and M and N
finitely generated projective left A-modules. If ranky; = ranky = k for some integer k,
then M = N as left A-modules.

Proof. Let {e;|i =1,2,...,m for some integer m} be the set of minimal idempotents
in R summing to 1. We claim that Me; = Ne; for each i. In fact, Let J be the Jacobson
radical of Re;. Noting that ranks., = ranky., = k (for Spec(R) = U ,Spec(Re;)),
we have that Me; = Ne; =2 Fie; by Lemma 3.1. Thus Me;/JMe; = Ne;/JNe; as
left Ae;/JAe;-modules (for Ae;/JAe; is a direct sum of central simple algebras). Let
w: Me; — Ne;j/JNe; (=2 Me;/JMe;) be the surjection homomorphism. Since Ne; is a
finitely generated projective left Ae;-module such that Ne; — Ne;/JNe; is surjective,
there exists a homomorphism « : Ne; — Me; such that Me; = a(Ne;) + JMe;. But
then Me; = a(Ne;) by the Nakayama Lemma. This implies that « is a surjection. Let
K = ker(a). Then 0 — K — Ne; — Me; — 0 is a split exact sequence. Since Me; is
a finitely generated projective left Ae;-module, Ne; = Me; & K. But rankys., = rankye,,
so K, = 0 for each p € Spec(Re;). Thus K = 0. Therefore Ne; = Me;; and so N = M.

As a consequence of Theorem 3.2, we have a classification of finitely generated pro-
jective left A-modules.

Corollary 3.3. Let A be an Azumaya algebra over a semi-local ring R, and M and N
finitely generated projective left A-modules. If ranky; = ranky, then M = N.

Proof. Let () be a finitely generated projective left A-module. Then @ is a finitely
generated projective left R-module (for A is an Azumaya algebra over R). Noting that
Re; is a semi-local ring with no idempotents but 0 and e;, rank,s., = ranky., = k; for
some integer k; for each ¢ ([3], Theorem 1). Moreover Ae; is an Azumaya algebra over the
semi-local ring Re;, we have that Me; = Ne; for each ¢ by Theorem 3.2. Thus N = M.

Now we show that the Noether-Skolem theorem for Azumaya algebras over a semi-
local ring.

Theorem 3.4. Let A be an Azumaya algebra over a semi-local ring R. If o is an

automorphism of A, then «a is an inner automorphism.

Proof. Let A° be the opposite algebra of A and A° = A ®g A°. Then A is a left
A¢-module by (z ® y)(a) = zay for each x ® y € A° and a € A, which is denoted by
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Aq. Also, A is a left A°-module by (z ® y)(a) = a(x)ay for each x ® y € A° and a € A,
which is denoted by As. Noting that A€ is an Azumaya R-algebra (for A is an Azumaya
R-algebra) and that both 4; and A, are finitely generated projective left A¢-modules ([4],
Proposition 1.1, page 40) such that rank4, = ranky,,, we have that 7 : A; =2 A, as left
A¢-modules by Corollary 3.3. Thus for each a € A, 7(a) =7((a® 1) 1) =7((l®a) - 1),
that is, (a®1)-7(1) = (1®a)-7(1). This implies that a(a)-7(1) = 7(1)-a. Moreover, since
7w Ay = A, there exists an element b € A; such that n(b) = 7(1) - b =1 = «a(b) - n(1).
Thus 7(1) is a unit in A such that a(a) = (7(1))a(mw (1))~ for each a € A. This implies

that « is an inner automorphism of A.

As an application of Theorem 3.4, the structure of a central Galois algebra over
a semi-local ring can be derived. As defined by F. R. DeMeyer ([3]), RGy is called a
projective group algebra of a finite group G over a commutative ring R with a factor set
f:GxG — {units of R} if RG; is a free R-module with a basis {z;|¢g; € G, i =1,2,....m
for some integer m} such that rz; = a;r for each r € R and z;z; = xy, - f(g:,9;) where
9i9; = gx for gi,g; € G.

Corollary 3.5. If A is a central Galois algebra over a semi-local ring R with Galois group
G, then A is isomorphic with a projective group algebra RG ¢ with a factor set f : GXxG —
the units of R.

Proof. By Theorem 3.4, G is an inner Galois group of A4, so A = RG ([1], Theorem
6).

By Theorem 3.4, we have the following classes of Galois algebras (not necessarily
central) which are also projective group algebras. Thus Theorem 6 in [1] is generalized to
Galois algebras over a semi-local ring.

Theorem 3.6. If B is a Galois algebra with Galois group G over a semi-local ring R with
no idempotents but 0 and 1, then B is a projective group algebra.

Proof. Let C be the center of B and H = {g € G| g(¢) = ¢ for each ¢ € C'}. Then
B is a central Galois algebra with Galois group H ([2], Theorem 1). Moreover, since R
is semi-local, C' is a semi-local ring. Hence H is inner by Theorem 3.4; and so B = CHy
which is a projective group algebra ([1], Theorem 6).
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Theorem 3.7. Let B be a Galois algebra over a semi-local ring R with Galois group G,
C the center of B, H = {g € G |g(c) = ¢ for each c € C}, and J, = {a € B|ax = g(z)a
for every x € B}. If J, = {0} for each g € H, then B is a projective group algebra.

Proof. Since J, = {0} for each g ¢ H, by Proposition 3 in [5], B is a central Galois
algebra with Galois group H. Noting that C is a semi-local ring and that H is inner by
Theorem 3.4, we have that B is a projective group algebra ([1], Theorem 6).

In general, for any Galois algebra over a semi-local ring, we shall show that B is a
direct sum of projective group algebras. The following lemma for a Galois extension with
finitely many central idempotents plays an important role.

Lemma 3.8. Let B be a Galois extension of B¢ with Galois group G. If B contains only

finitely many central idempotents, then for any minimal central idempotent e, (Be)G(e) =

BYe where G(e) = {g € G| g(e) = e}.

Proof. Since e is minimal, e - g(e) = e or 0 for any g € G. Thus (Be)%(©) = B%e ([6],
Lemma 9).

Theorem 3.9. Let B be a Galois algebra over a semi-local ring R with Galois group G.
If G(e;) # {1} for each minimal central idempotent, then B is a direct sum of projective
group algebras.

Proof. Let C be the center of B. Since B is a Galois algebra over a semi-local
ring R, C is also a semi-local ring. Hence B has only finitely many central idempotents.
Let e be a minimal central idempotent. Then Be is a Galois extension of (Be)“(¢) with
Galois group G(e) where G(e) = {g € G|g(e) = e} ([7], Lemma 3.7). By Lemma 3.8,
(Be)9(¢) = B%¢ = Re, so Be is a Galois algebra over Re with Galois group G(e). Noting
that Re is a semi-local ring with no idempotents but 0 and e, we conclude that Be is
a projective group algebra by Theorem 3.6. But B contains only finitely many central
idempotents, so B = @& >_;", Be; where {e;|i = 1,2,...,m for some integer m} are all
minimal central idempotents of B. Therefore B is a direct sum of projective group algebras.

We note that the condition in Theorem 3.9, G(e;) # {1}, is important to have a
nontrivial Galois algebra Be; over Re;. In case G(e;) = {1} for some i, we shall employ
the structure theorem as given in [7] for B to avoid this situation.
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Theorem 3.10. If B is a Galois algebra over a semi-local ring R with Galois group G,
then B = A® B’ where A is a commutative Galois algebra with Galois group G4 = G and
B’ is a direct sum of projective group algebras.

Proof. By Theorem 3.8 in [7], there exist central idempotents {E;|j = 1,2,...,n
for some integer n} such that B = BEy @ (& Z?:l BE;) where BE; is a central Galois
algebra over C'E; with Galois group H; contained in G for each j = 1,2,...,n and BE
is a commutative Galois algebra over RE, with Galois group G|gg, = G. Since RE; is
a semi-local ring, C'E; is a semi-local ring; and so BE; is a projective group algebra for
each j =1,2,...,n by Theorem 3.7.

Acknowledgements

This paper was written under the support of a Caterpillar Fellowship at Bradley University.
The authors would like to thank Caterpillar Inc. for the support.

References

[1] F.R. DeMeyer, Some Notes on the General Galois Theory of Rings, Osaka J. Math.,
2(1965) 117-127.

[2] F.R. DeMeyer, Galois Theory in Separable Algebras over Commutative Rings, lllinois
J. Math., 10 (1966), 287-295.

[3] F.R. DeMeyer, Projective Modules over Central Separable Algebras, Canadian J.
Math., 21(1969) 39-43.

[4] F.R.DeMeyer and E. Ingraham, “Separable algebras over commutative rings”, Volume
181, Springer Verlag, Berlin, Heidelberg, New York, 1971.

[5] T. Kanzaki, On Galois Algebra over a Commutative Ring, Osaka J. Math., 2(1965),
309-317.

[6] K. Kishimoto and T. Nagahara, On G-extensions of a semi-connected ring. Math. J.
Okayama Univ. 32 (1990), 25-42.

[7] G. Szeto and L. Xue, The Structure of Galois Algebras, Journal of Algebra,
237(1)(2001), 238-246.



