BACKGROUND, REVIEW

Sets A, B are equinumerous: There exists a function f : A (B bijection (one to one and onto).

Finite sets: They are equinumerous to a subset {1,2,3,…,n} of the set of natural numbers N.

Infinite sets: 

Cardinality of set:

Countable Infinite: Its equinumerous with N
Countable Finite:

Theorem: If A is Infinite (B and B is Countable Infinite then A is Countable Infinite

Proof:

· f: N (  B  =  {b0, b1, b2, ….. }   and   A = { bi1, bi2, bi3, … }

g : N ( { i1, i2…in,…. } ( A 

Theorem:  Union of finite number of Countable sets is Countable

Proof: 



A = { a0, a1, …. }  and B = { b0, b1, …. }


A ( B = { a0, b0, a1, b1, …. }

Theorem: Union of Countable Infinite collection of Countable sets is Countable 

Proof: 
N x N  = { ( {0} x N ) U ( {1} x N ) } U . . .              


                  {3} x N  


                  {2} x N    

                  {1} x N

    {0} x N
         (0,0)         (0,1)      (0,2)       (0,3)  ...   

Proof by Induction:


      


Prove: 1+ 22 + 32 + … + n2  =  n(2n+1) / 6



Prove: 1.2.3 + 2.3.4 + … + n(n+1)(n+2) = n(n+1)(n+2)(n+3) / 4

Theorem:  2N  (set of subsets of N) is uncountable

Proof:
(use diagonalization principle)

Languages


A language is a subset of  (*.   To specify a language, there exists two ways:

a) list all its string, for example: {0, 00, 000, … }

b) describe strings (its words)  
L = {w (  (* | w has property P}

Operations on Languages:

       Concatenation: L1 , L2  are languages

    L1( L2 = { w | w = x(y for some x(L1 , y(L2 }

    Ln  = L(L(L(…( L , for example if L= { ak | k = 0,2,4,…}, then  L2 =?

    Closure or Kleene Star of L: 

   L* = { w ( (* | w = w1(w2(w3(….wk for some k ( 0 and wi ( L }


note:
(* = {e}



 e ( L*



 L+ = L* - {e} = LL*

Example: Let ( = {0,1} and L = { w ( (* | w has unequal number of  0’s and 1’s}, Then L*= (*
Proof:    a)  L* ( (*


b)  if w ( (* ( w = w1(w2(w3(….wk, with wi (( , and k ( 0



if k = 0, then w = e ( L*



if k > 0, then if w has unequal number of 0’s and 1’s , then w(L or w(L*


if w has equal number of 0’s and 1’s then w = 0(w1 or w=1(w1. So, let x be 0 or 1



So, w=x(w1 , with x=0 or 1 therefore x(L



Now, w1(L and w=x(w1 (L* (x(L and w1(L)

Example of a grammar 

G (NonTerminal_Symbols, Terminal_Symbols, Starting_Symbol, Production_Rules)= { {S}, {a,b}, S, P} where:


P : S ( aSb | e


or


P: S ( aAb | e

    A ( aAb | e

The language defined by this grammar: L(G)= {set of strings of terminal symbols that can be derived from the starting symbol by a sequence of rule substitutions= {anbn | n ( 0}

Formal Language Theory:

Language (i.e set of strings)

Grammar (to mechanism generate strings)

Recognizer (Automata)



Example: Define a valid sentence by the following grammar:


<sentence> (  <noun phrase> <verb phrase> 


<noun phrase>( Harry


<noun phrase>( Davis

 
<verb phrase>( Eats

There exist two valid sentences for this grammar: Harry Eats (1), and Davis Eats (2) 

Check if (1) is a valid sentence: 

<sentence>(  <noun phrase> <verb phrase> ( Harry<verb>((1) 

Check if (2) is a valid sentence:

<sentence>(  <noun phase> <verb phase> ( Davis<verb> we try the second grammar rule.

Definitions:

( = { a1, a2, … , ak} alphabet  k ( 1 (non-empty, finite)

(* = set of all finite strings made from concatenating alphabet symbols from ( (closure of  ()

if x((* , length(x)=number of alphabet symbols in x 

e = null string, length(e) = 0, and e((* by definition

(+ is (* but not e (called Positive closure)

Concatenation:

x((* , y((* then x (y is the concatenation of x and y

Theorem

length(x ( y) = length(x) + length(y)

Proof: |x| =1, |x . y| = |y| + 1

if |x| > 1 and |y| = 1, then |x ( y| = |x| + 1 (basis)


assume that if |y| ( n then |x ( y| = |x| + |y|


if |y| = n+1 then y = w.(, for ((( and |w|=n  ( |y| = |w| + 1


therefore: |x (y| = |x (w((| = (by basis)  |x (w| + 1 = (by hypothesis) |x| + |w| + 1, QED

similarly, can prove that:
length(xn) = n . length(x)

Properties of Concatenation:   ((* ,()

(x ( y) ( z  =  x ( (y ( z)

(x ( e) = x = (e ( x)

Definition:  u((*  is a substring of w iff there exists x , y((* such that w = xuy


     if w = ux then u is the prefix of w


     if w = xu then u is the postfix of w

Transpose Operation or Reverse Opetation : wR  or wT :

 eT = e,   (x()T = (xT,   where (((,  x((*

If w=abb, then wT =(abb)T = bba

Odd length palindromes P:
(let  (={a}  )
P = {w a wT : w ((*}   (  (wawT) T = (awT)TwT = (wT)T aT wT =  waTwT =wawT  )
Phrase Structure Grammar:

A phrase structure grammar is a 4-tuple:  G = (V, (, P, S ) where

V is the total vocabulary (terminals and non-terminals, finite, non-empty)

( is the terminal alphabet (finite)

P is the finite set of production rules of the form ((b where ((V*NV*, b(V*

S is the start symbol ( N= V-( (N=non-terminal variables)

Notation: Use uppercase for non-terminals N


 Use lowercase for terminals (
for example:   ( = {a, b} and N = { A, S}


         S(ab, S((ASb, A(bSb, AS(bSb, A(e, aASAb(((
Note: a (Ab is not a valid production rule


Definition: “Directly generates” relation (( )

x( z , where x, z (V* iff x= a1aa2 and z  = a1ba2 and a(b is a substitution rule.

For example:  
 S(ab



 S(aASb ( abSbSb 

notation:  S( * abSbSb

Definitions 1) *( is called  transitive closure



    2) Sentential form of G : S(G) : {a ( V* : S (* a }


    3) The Language generated by the grammar G : L(G) = S(G) ( (* = { w ( (* | S (* w }

For example: 

Consider the Grammar:

(1) S ( ABC

(2) AB ( 0AD

(3) AB ( 1AE

(4) DC ( B0C

(5) EC ( B1C

(6) D0 ( 00

(7) D1 ( 1D

(8) E0 ( 0E

(9) E1 ( 1E

(10) AB ( e

(11) C ( e

(12)  0B ( B0

(13)  1B ( B1

then :

L(G) : { xx | x ( {0,1}* }

Proof: S ( ABC ( AB (  e


       (
 
    0ADC ( 0AB0C ( 00C ( 00



          (




      01AE0




          (


      01A0EG ( 01A0B1C ( 01AB01C ( 0101C ( 0101 

Chomsky Hierarchy for grammars:

Type 0:
A phrase structure grammar is of Type 0 if each rule is of the form: ((b, where ((N+ , b(V*

for example: N={A,B}, and ( = {a,b}


AB(a good rule , aA ( aa* bad rule

Context Sensitive with erasing: where each production rule is of  the form 



(A(( (b(, where (, b, ( (V*, and A ( N 

for example: 

G:

S ( ABC



A ( (


(B ( b ( not context sensitive, not of type 0 (it’s a phrase structure)

G’ : 

S ( B’C



B’ ( b



C ( c 

G’ is of  type 0 and produces same class of languages= {bc} 

Other examples:

ABC ( AC  ( B ( e)

AB ( ADC  context sensitive (B(DC)

Definition: Context Sensitive (Chomski Type 1)

i) (A( ( (b(, A ( N, where (, ( (V*, b (V+
ii) S ( e

we must constrain the appearance of S in the rules

for example: 
AB ( AaB is okay. but ABC ( AC is not context sensitive

Definition: Context free Grammar (Type 2)


A ( (, where A ( N, ( (V*
{anbn} is context free language given by  CF grammar : S ( e | aSb

BNF Notation: 

<digit> ::= 0 | 1 | 2 | …. | 9 |




<unsigned integer> ::= <digit> | <unsigned integer> <digit>

for example:
<…> non terminals 

|   alternatives

::= substitutions

Definition: Linear  (Type 3)


A ( uBv or A ( u where A,B ( N, and u, v ( (*
For example:



G: S ( aSa | bSb | e 


     
S ( 
aSa ( aaSaa ( aabSbaa ( aabbaa


   
L(G) =  { w wT | w ( (a , b)* } even length palindrome

Definition: Right Linear Grammar


A ( uB, or A ( u where A,B ( N, and u ( (*

For example:



1) G: S ( aS | a


     L(G) = a+ (right linear language)



2) G’ : S ( aSa
Linear 



            S ( aa



            S ( a 

     L(G’) = a+
Class i language ( language generated by grammar of type i

Context Free Grammars and Trees:

Definition:

                        x0 

Immediate descendency ( ( )

                 x1      x2       x3


x2 ( x4

                                  


     x4     x5   x6
Transitive : x2 ( x4,  x4 ( x8 (  x2  ( * x8

               x7    x8  x9

Reflexive: x ( x


       x10

Definition: Left to right order of the leaf nodes as { x1, x7, x10, x9, x5, x6 }

Definition:  Immediate left (L):


x L y iff 
1) x and y not on same path



2) for some consecutive pairs of leaves yi , yi+1  :  x (* yi and y (* yi+1

Definition: if there exists a bijection  T ( T’ (T,T’ are trees) : x ( x’ : x ( y iff x’ ( y’ and y ( y’ then T, T’ are structurally isomorphic trees 

Context Free Grammar (CFG): CFG can be represented by trees


A ( BCabD

             A





                      





  B     C  a  b     D

Examples:

1.   G : 
A ( 0BA | 1CA|e

      
B ( 0 | 1

     
 C ( 0 | 1

L(G) = Strings made up by concatenating the substrings : 00 , 01, 10, 11 (strings of even length)

A ( 0BA ( 0B0BA ( 00011C ( 000110

2.
G: A ( 0B | 1C


     B (  0D | 1E


     C ( 0F | 1G 


    D, E, F ,G ( e      

L(G)= { 00, 01, 10, 11 }

3.  G :  
S ( aSa | bSb | e  

can you derive abaaba ?

S ( aSa ( abSba ( aba S aba ( abaaba (parsing)

Or using derivation tree:




S                                       Leaf nodes give final tree.


         

 
                    a      S      a





                                   b     S       b                                Derivation Tree


                                   a      S     a                     Grammatical tree : not all leaves need to be terminals


                            e

Cross – section of a tree:  It is a maximal sequence z = {x1, x2, …  , xn}  of nodes in T with properties:

x1 L x2 L … L xn, where n ( 1

Frontier of a tree:

Fr (T) = ((y1) ((y2) ((y3)….. ((yn)     where ( is the label, ((x) = A, with A ( V U {e},

Where y1, y2, y3, … , yn   is a cross-section.

Right most derivation:

Let G = < V, (, P, S > a context free grammar and a, b ( V* .  Then a ( b is a step in a right most derivation if a = a1Aa2  and b = a1( a2 where A ( ( ( P and  a2 ( (*
for example:


Given following grammar:

S ( aABd                


A ( aA | a


B ( BC


B ( e

C ( d

can we derive aaaddd using a right most derivation?



              S

                       a          A            B        d

                               a     A     B     C


 

          a  B    C  d



              e     d

Could get same sentence by leftmost derivation. Trees will be identical (in general, they don’t have to be)

For example: Grammar G: E ( E + E | E * E | id  

Derive id + id * id 



E                                                                         E


                     E     +    E                                                           E     *      E                                 


                    id     E     *     E                                            E     +     E     id   


                           id            id                                            id           id

(a) (b)






a) means do id * id = first, then id + first

b) same frontier but structure of tree different. First do + and then * 

 (This is an ambiguous Grammar)

We can find a canonical derivation i . e. a derivation which has one to one correspondence with the derivation tree.

Theorem 

For a CFG there exists one to one correspondence between right most (leftmost) derivations of a string

 w ( (* and the derivation trees with root S

Definition: 

1) A context free grammar G = ( V, ( P, S ) is ambiguous if there exists x ( L(G), such that x has at least two distinct right most derivations

2)  A context free language L is unambiguous if there exists at least one unambiguous CFG G such that : L = L(G) 

For example:

1.
G: S ( SbS | a  

For the string: (ab)2a  there are two different derivations. So grammar is ambiguous

                                      S


           S

 

                             S      b      S                          S      b     S

                                                

                               a     S      b      S         S     b      S     a

                                                                    

                                    a             a              a             a   

2.
G: S ( Ta

T ( abT | e




        S

                                         T               a         


                             a       b      T




        

                            
         a       b      T





           e

Language L(G)= {(ab)na / n>=0} is unambiguous

__________________________________________________________________________________

Finite representations of languages:

How many languages over a finite alphabet ( are there?


As many as subsets of  (* i.e.  2|(*| ,but (* is countable infinite, therefore 2(*  is uncountable.

Some languages can be represented by finite descriptions, for example regular languages.

________________________________________________________________________

REGULAR EXPRESSIONS, REGULAR LANGUAGES

Regular Languages are expressed by regular expressions.

Regular expression is a string over  (, ), (, (, (, ( : 

1) ( and every member of ( (symbol) is a regular expression 

2) if  (, b are regular expressions, then (a . b) (concatenation) is also regular expression

3) if (, b are regular expressions, then (a ( b) (union) is also a regular expression

4) if  ( is a regular expression, then (* is also a regular expression

where ( - set union, and ( is kleene star 

For example: 

1) 0*10*0 (10*( 01*). Which words are these?

2) (a ( b)*a    Which language does it represent? 

3) c* ( a ( (bc*))* ?   All words which do not have the substring ac

Theorem: Let R = set of all regular languages,    then

1) ( ( R, {a} ( R,  for every symbol a ( (
2) if A,B ( R then A(B, A(B, and A* ( R

_____________________________________________________________________________________

Are there any languages that are not regular?

Yes, {anbn | n ( 1} is not regular (proof later).

Question to Investigate:

Given a word w, language L, is w ( L?


built language recognition device. (a regular expression is a language generator)

___________________________________________________________________________

Finite State Automata (FSA):

Deterministic Finite State Automata (DFSA)

Definition:
A = (Q, (, (, q0, F) where



Q = set of states (finite number, non empty)



( = finite input set (alphabet)



( = transition function : Q x ( ( Q



q0 ( Q is the initial state



F = set of final states ( Q

Notation:

( (q, a) ( q’ where q is the current state, a is the input, and q’ is the new state

((q, w) = state which the automaton reaches after recognizing the string w starting at state q

Properties:
((q,e) = q



((q, ax) = (( ((q,a), x)


For example:
Q = {q0, q1, q2}, ( = {a,b}, q0 : initial state, and F={q1, q2}



b

	Present
	Input
	Next

	q0
	a
	q1

	q0
	b
	q0

	q1
	a
	q1

	q1
	b
	q2

	q2
	a
	q0

	q2
	b
	q1






a

                a


                                 b

                    a  , b






((q0,a) = q1

((q0, aba) = (( ((q0, a), ba) = (( ((q1, b), a) = ((q2, a) = q0

or

 (q0, aba) |( (q1, ba) |( (q2, a) |( (q0, e)

Definitions:

 1.              response of x (state you end up)   rp(x):= ((q0, x)

  2.
 T(A) = { x ( (* | rp(x) ( F } = strings (language) recognized by automaton A

3.
A configuration is any element of Q x (+ (state, word)

Let q = (q1, w1) and p = (q2, w2) two configurations. 

(q1, w1)  |( M (q2, w2)   iff can go from q to p with a single move (consumes only one letter)

so,  (q1, w1)  |( M (q2, w2)  iff there exists a letter ( ( (: ((q1, () = q2 and w1 = ( w2
4.
q |( M* p  iff can get p after sequence of steps 

for example: 

Build FSA: accepts language  { w | w ( {a,b}* does not contain three consecutive b’s }


a                                          a         


                                     a                                                                               a, b

            (
                                 b                           b                            b
                          a                                                                                     

Non deterministic FSA’s: 

There exist many legal next states. The choice of which state to go to is not determined by model. 

M = ( K, (, (, S, F ) where K: states, (: alphabet, S( K initial state,  F: final states, and (  is a finite subset of K x (* x K  

 (q, u, p) ( ( iff  q                      p            p in diagram 



          u

Definition:  FSA’s M1,  M2 are equivalent iff they accept same language

Finite State Machines:

Definition:  M = { S, (, O, fS, f0, S0} is a Finite State Machine if and only if


S = finite set of states


( = finite set of input symbols (input alphabet)


O = finite set of output symbols (output alphabet)


fS : S x ( ( S transition (next state function)


f0 : S ( O output function


S0 : initial state

For example:


State Table





Next state/output

	present state 
	   input

0            1  

	S0
	S1|1     S0 |0

	S1
	S2|1    S1|1

	S2
	S2|1    S0|0              








1


       1

State graph:


         0

1                     0















        0

What is the output sequence of 1001101?

Computers modeled by machines

For example:                 

                                             00

Binary Adder:   

                                          
01,10                              01,10

                                                                00


11
 00


11
      00


  11

                               01,10

                                                             10,01

            11

To add: 0011+0101, input the string: 11100100 (alternate bits starting at least significant position)

Parity Check:


                                   0                       1

       0



















    1


_____________________________________________________________________________________

Machines as Recognizers:

Designate final state(s):

              M recognizes L ( (*   iff ends in a final state.

Theorem: FSA’s recognize regular languages (defined by regular expressions) and for every regular expression can build FSA to recognize it

ALGORITHM

Regular Expressionss  ( NFSA : 


a* b* is recognized by :

   b

                                                 a                      b

  a


                                                                                a,b

Non Deterministic Automaton, equivalent to the deterministic given above:



  a
           b


b

Built automaton to recognize ( a b ( a a b ) *


a:                a                                 b:
b

ab:

    a                     e                        b


aab:


     a                     e                       a                       e                      b

ab ( aab:


                 e
a

e
b

  e
a
e
a

e                b

(ab ( aab)*:


e



e
 a

e                  b




            (
e


e
a
e
a
e
  b

                           e                                                                                                          

Another  example: 

( (ab)*( (bc)* ) ab
e



e


               e              e                 a                 b               e                     e


 a                b

      (
           e                   e                b                c                e                    

                                                              

                                                          e


e

Reduce a NFSA to a DFSA:

Let E(q) be all states reachable from q without consuming any input.


                        a
q1
e


q3


                q0
             e          e         a             a             e








b



q2
b
q4

E(q0) :={q0, q1, q2, q3}                                  a

E(q1) := { q1, q2, q3}

E(q2) := { q2}

E(q3) := { q3}

E(q4) := {q3, q4}


a



                                                                                                    a, b



   b


 b
  a


                 b


a, b

Minimize FSA: 

Marked by x where, x is distinguished states

Algorithm: 
0



0


                                            1                              1



                                             0                 0          1

                                                               1




0

1
0,1

(1) Initially place x on each entry corresponding to one final state and one non-final state

(2) For each entry (p,q) that does not have an x yet, determine the pairs (r,s) where r = ((p,a) and s = ((q,a) for each input of a. If (r,s) entry has an x then (p,q) entry also gets an x. Else place (p,q) entry on a list associated with (r,s) entry. If at a future time, (r,s) entry receives an x then each pair in the list associated with (r,s) entry also receives an x

	v
	
	
	
	

	x1
	x1
	
	
	

	x1
	x1
	v
	
	

	x1
	x1
	v
	v
	

	x2
	x2
	x1
	x1
	x1


                                         b

                                         c

                                         d

                                         e

                           f
                                                          

                                    a            b             c            d             e

(1) Place x on (c,a), (c,b), (f,c), (f,d), (f,e), (d,a), (d,b), (e,a), (e,b)

(2) check (b,a) ?  
((b,0) = a     (a,b) not marked therefore not distinguishable, no x placed

 
((a,0) = b. 




((b,1) = d 
(d,c) not marked threfore no x




((a,1) = c

list : [(b,a), (a,b), (d,c)]

       (f,a) ? 

((f,1) = f
(f,c) marked therefore mark  (f,a)





((a,1) = c


       (f,b)
?

((f,0) = f 
(a,f) marked therefore mark (f,b)





((b,0) = a


       (d,c)?

((d,0) = e
((d,1) = f
don’t mark it







((c,0) = e
((c,1) = f



(e,c)?

((e,0) = e
((e,1) = f
don’t mark it







((c,0) = e
((c,1) = f


(e,d)?

((e,0) = e
((e,1) = f
don’t mark it





((d,0) = e
((d,1) = f

thus, there are three states : {b , a}, {d , c ,e}, {f}

FSA with outputs


Mealy Machine:

         0|1

Moore Machine:


     0|1

                                  
0


0



0

       1|0        0|0             
1
0



0|0


       

1|0        




  1












                          1


      1|1
1


1|0










     1


Moore machines are equivalent to Mealy machines                                                                                     


                                          1|1                                                                                                            1


if had 
then to make it Moore,  we need  2 states                                                          0

                     1|0                                                                                                                1

                                                0/i

                                                                                                                                                           0

Moore has more states.





Means: if we are in state C and we get input 1 then produce output 1 and 



1|1
goto to D



  means: all incoming arcs to D produce an output of 1

Minimize number of states of a Moore to a Mealy:

(1) Convert the FSA to a  Moore machine by defining the output to be 1 for final states and 0 distance

(2) Construct state table

for example:





Moore



            



0                                                               0


                                                                                                1


1

1
                                                                     0


0
                                        0



present state
next state
output


x=0      x=1         x=0         x=1


3
             4          5               1             1


4
             5          3               1             0


5                    4          5               1             1

Minimize:



0
present state 
next state for input           output


 x=0         x=1
        x=0       x=1


 0



a
     b
      c
          0           1

                                                                                       b                 a             d                 0           1


1
1
  c
e             f                 1            0


  d
e             f                 1            0


  e
e             f                 1            0


  f
f              f                 0            0


1

       0
split in groups with same output : {a, b} {c,d,e} {f}


1


 0   






1
0,1

   0

convert to moore:                  0|1


0,1|0

  0|0
1|1                         1|0


0|0
            1|0



0|1

Example:
T


T
              H


H





                  T


  T       T        H
H

T
  H
H



H
H


T


H


present state 
next state for input          
output



x = T
      x = H           x = T      x = H


      a                       a                   b                   0
0

      b                       (                   (                   0           1

      (
                (                   (                    0
1

      (                       a                   b                   1           0

_____________________________________________________________________________________

_____________________________________________________________________________________

Pumping Lemma:

Let L be infinite regular language then there exist strings  x, y, and z such that y ( e and xynz ( L, for every n ( 0

Proof: ?

Exercise : { an bn | n ( 0 } is not regular

 if it was, then  

there exist x, y, and z such that xynz ( L for all n( 0

case a)
if y = all a’s, then ….

case b)   if y = all b’s , then …

case c)   if y = a’s and b’s, then …

______________________________________________________________________________________

1) Right Linear Grammars:

Definition: …

2) If G is a Right linear (regular) grammar, then there exists FSA M, such that : L(M) = L(G) and conversely if M = FSA then there exists G right linear grammar : L(M) = L(G)

3) Ultra periodic Sequence : L ( {a}* is regular iff {i | ai ( L } is ultra periodic 

Example:

G :
E ( E + T
alphabet: a, +, *, ( , )


E ( T

starting symbol: E


T ( T * F


T (  F

L(G) = all well formed arithmetic expressions

F ( ( E )
like (a + a ) * a    but a + ( a is illegal

F ( a

Theorem: A language is regular iff it is accepted by an FSA.

Proof ( constructive) (from RE to NFSA: already done previously)

Given a FSA then find corresponding language 

Algorithm:

Let k = { q1, q2, … , qn } be set of states. s = q1 ( n = number of states)

for i, j = 1, 2, 3, …, n and k = 1, 2, … n+1,

Let 

R (i, j, k) = set of all strings in (* that drive M from qi to qj without going through any state labeled k or higher. 

Then the language of M is given by:

 L(M) = ( { R (1, j, n+1) | qj ( F } where F is set of final states,

And 

 R (i,j,k+1) = R (i,j,k) ( R (i,k,k) R (k, k, k)* R (k, j, k)

( to go from i( j without passing state > k, we can either go i( j without passing state > k-1 or by going i( k, loop on k ( j )

This is a recursive formula, so, start with R(1, final, number of states+1 ) and work down. When the third co-ordinate is equal to 1, R(i, j, 1) = the label of the direct link from i to j, or empty set if there is no link.


for example: n = 4
   b



a


a


a




                        b


b                            a


b

R(1,4,4) = R(1,4,3) U R(1,3,3) R(3,3,3)* R(3,4,3) where R(1,4,3) = (
R(1,4,3) = R(1,4,2) U R(1,2,2) R(2,2,2)* R(2,4,2) where R(1,4,2) = = b*
R(1,4,2) = R(1,4,1) U R(1,1,1) R(1,1,1)* R(1,4,1) where R(1,4,1) = (
               = b*
For example:

Q = { q0, q1, q2 }, ( = {a, b}, q0 = initial state, F = {q1, q2 }
( :       present      input          next
b


                q0             a               q1
    a

                q0             b               q0

                q1                   a                q2
                q1                   b                q2
   a
b

                q2                   a                q0                                                                                              a

                q2                    b                       q1
              b

( (q0, a) = q1 , ((q0, aba) = q0 = ((q2, a) 


= ((( (q0, a), ba) = (( ((q1,b), a)

Definition: 1 ) response of x  rp(x) = ( (q0, x)

            2) T(A) = { x ( ( * | rp(x) ( F )all strings recognized by automaton A

Definition: A set L ( ( * is regular set if there exists some finite automaton A : L = T(A)

for example 1) a* b* is regular

                    2) L = { ai bi | i( 0 } not regular

Theorem : A = ( Q, (, (, q0, F )  (Iteration Theorem)


L = T(A) if lg(w) ( m ( n = |Q| then there exists x, y, z where xyz = w ( L : y (e and xykz (  L for every k ( 0

w = a1, a2, … an and (( q1, q2, … qn ) need m+1 states for the transition for each of input symbols. m+1 > n where w = xyz, x = a1, a2, … ap  ( qp

           y = ap+1, … ar  ( qr

           z = ar+1, … am

qp = qr

( ( q0, a1, … ap ) = qp = rp(x)

( ( q0, a1, … ap, ap+1, … ar) = qr = rp(xy)

rp(x) = rp(xy)

induction : k = 0 ( rp(x) ( rp(xy) = rp(x)

if rp (xyk+1 ) = ( ( q0, xyk+1)  = ( (((q0,xk), y) = ( (rp(xyk), y) = ((rp(x), y) = rp(xy) = r(x)

Definition:

Ultimately periodic iff finite set of natural numbers or if it is infinite set of natural numbers : for every x ( N is in set iff x+p is also in set and there exists such that N, P … P ( 1, N ( 0

For example:  x = { 5, 8, 11, 14, 17, 20, 23 }  Yes



         y = { 10, 12, 14, 16, 18, 20 } p = 2

x U y = { 5, 8, 10, 11, 12, 14,  16, 17, 18, 20, 22, 23 } yes. p = 6 and n = 12

Theorem: if x ultimately periodic, then x = A U B


A = x ( { i | 0 ( i < N0 }


B = ( { g(j) + pi | i ( 0 }


G = { g(1), … g($) } = x ( { I | N0 ( i < N0 }

An infinite sequence { xn } of natural numbers is ultimately periodic if there exists integers N0 ( 0 and P’ ( 1 : Xn+p’ = xn for every N0’ ( 0 for example: (3,2,11,2a,11, 2, 2….)

Definition: (Alternate periodic set)

A set X of natural numbers is ultimately periodic if X finite or the sequence (y1, y2-y1, … yn+1-y, … )

where yi = ai ( x is ultimately periodic

Theorem : L ( {a} * is regular iff x is ultimately periodic where x = { i | ai ( L }

proof : x = A U B, B = { g(y) + pi }

aA finite, ag(y)+pi = ag(y) (aP)i ( ag(y) a(p)* regular

for example: L = { an2 | n ( 1 } ( regular


        x =  { n2 | n ( 1 } ( ultimately periodic


sequence xn = (n+1)2 – n2 = 2n + 1 not periodic

Transition System  (NFA) :

5 – tuple, A = ( Q, (, (, q0, F ) where Q, (, F as in FSA and q0 (( ( Q and ( is a finite subset of a x (* x a


b


a

Q0 = { q0, q1 }

a

                                   ba

For example:   NFA ( DFA :




b
a





a
b
b



e


b

Theorem: If x is regular, y is regular, then x ( y, x ( y, x* are also regular

proof:  x = T(A), and y = T(B)

L regular, and L’ = (* - L regular where L’ – complementation

( = { a} and (* = { e, a, aa, aaa, … } L = {a}, L’ = { e, a, aa, … }

for example: ( = {a, b}, L =  {abb}

DFA

FSA for L :

a
b
b


a
a


b
a,b


         
     a,b

L’ = (* - {abb} So, FSA of L’ will be



a
b
b


a
a


b

  a,b

if make every state final, then the language of FSM is (* now take final state of L and make it non final.

step 1 : add new state (. Then add all transitions from all the existing states to state ( on all other inputs. 

Add transitions from ( to itself, on all inputs

step 2: change final state to non final and non final to final. Use same start state

Algorithm not hold for NFA:



a


L(A)= {a, aa}


a


a



a


aa ( L(() and ( ( A’


a                    a

Regular sets are closed under intersection

Proof: 
L1, L2 are regular languages ,then L1 ( L2 are also regular

L1 ( L2  = (L1’ U L2’)’

if L1 = T(M1) and L2 = T(M2) then T(M1)  = L1 ( L2
M3 = (Q1 x Q2, (, (, [q1, q2], F1 x F2 ) where p1 ( (1 , p2 ( (2 , a (( and 

(( [p1,p2], a) = [ (1(p1,a), (2(p2,a) ]

for example:  L1 = |a*b|, L2 = |ab*|, L3 = {ab}


M1 : 
b
M2 :

a

(( [1,1’], a) = [1,2’], (([1,1’],b) = [2,(] = (, (([1,2’], b) = [2,2’] rest is (
Two FSA are equivalent iff they accept same language

L1 = T(M1) L2 = T(M2) if L3  = T(M3) where L3 = ( L1 ( L2’) ( (L1’ ( L2) then L3 accepts a word iff L1 ( L2

Linear Grammar and FSAs:

Linear Grammar: A ( (Bb or A ( ( where A, B ( N nonterminals, (, b ( (*
Given FSA can get linear grammar which produces same language and vice-versa

ALGORITHM:
FSA ( RLG  

Algorithm to convert FSA to an equivalent RLG:

If A = (Q, (, (, q1, F ) is an FSA then corresponding G = (V, (, p, q1) (right linear grammar)

is given by:

V-( = Q where ( = alphabet is the terminal symbols, Q = non terminal symbols

P = { q ( ( ( (q,a) | (q,a) ( Qx( } (  {q ( e | q ( F}

For example:

Consider the FSA A:






b


    a


  a

T(A) = |a*ba*| 

Corresponding grammar is:

Q1(  aQ1
Q1(  bQ2
Q2 ( aQ2/e

Algorithm to convert a RLG to an equivalent FSA:

Let  G = (V, (, P, S) right linear then 

( M = (Q, (, (, {S}, F ) is the corresponding FSA where 

Q = (V - () ( {q}, q ( V, F = {q},

( = { (qi u, qj | qi ( uqj is in P } ( { (qi, u, q) | qi ( u is in P }

for example consider the grammar:



G : q1 ( abq1



      q1 ( bq2



      q2 ( aq2

                                          q2 ( a

Then


b
a

L(G) = {ab}* {b} {a}+




        ab

 a





___________________________________________________________________________

Left Linear Grammar:

G: S ( S 1 0 | 0 if reverse rules’ right side S ( 0 1 S | 0

get right linear grammar which is GR


1

FSA to GR :
0


e




e


0

All [e] are finite states

change arrows to get FSA to G

                                                 1





 e                     0                           e



                                 start state

                 e                                                        e

                                              0

q0





q2





  q1





S0|0





S1|1





S2|1





S0|0





S2|1








S1|0





S3|1





S0|1





S1|0











q4, q3, q2, q1, q0





q0, q1, q2, q3








q2, q4, q3





q3, q4





    (





 C





 A





 B





 D





 E





  F





A





B





D





C





A|0





B|1





D|0





C|1











C





D





D/1





3





  4





 5





3





4





5|





a





b





  c





 d





  e





f











 1





      q0





[ q1, q2, q3 ]





[ q2, q1, q3 ]





[S]





[01S]





[0]





[1S]











1





i





0





2





3





4
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