First Order Predicate Calculus.

Predicates = functions which map specific objects/arguments in domain of discourse into Boolean values TRUE or FALSE.

Example: 
feathers (fox)  -  false



feathers (eagle)  -  true



fly (pigeon)  -  true

Logical connectives:             and, ^: {T, F}  X  {T, F}  ( {T, F}

                                              (or, V)

                                              (implies, ()


not, (


English: if an animal has feathers then it is a bird.

Logic: feathers  (X)  ( bird  (X)

English: Everyone in purchasing Dept. over 30 is married.

Logic: ( X ( Y ([works_in (purchase.Dept, X) ( age (X, Y) ( greater (Y, 30)] ( married (X))

English: There is a cube on top of every red cylinder.

Logic: ( X ([cylinder (X) ( red (X)] ( (Y (cube (Y) ( on (Y, X)))

( X  p(X, Y) : X is bound variable (Y is free variable)

PREDICATE CALCULUS FORMULAS

Fully parenthesized, well formed predicate calculus formulas are defined by following grammar:

Terminal Symbols = {pred1, …., predn, x1,….., xm, c1,…., ct}

<quantifier> ( ( / (
<operator> ( ( ( ( / (
<formula> ( (<formula><operator><formula>)

<formula> ( (<quantifier><variable><formula>)

<formula> ( ( ( <formula>)

<formula> ( <predicate>(<arguments>)

<predicate> ( pred1 / ………/ predn
<arguments> ( <variable> <arguments> / <constant> <arguments> / e

<variable> ( X1, ……, Xm

<constant> ( c1, ……, ct
where {predi}, i = 1, …., n is the set of predicates.

X1, ….., Xn is the set of variables.

c1, ….., ct is the set of constants.

( is the universal quantifier.

( is the existential quantifier.

Order of precedence:  

                   (, (, ( 

                    (
                    (
               (
Proof
[image: image1.bmp]



                                                Use Rules of Inference

Rules of Inference:

Modes ponens
Modes tolens
Resolution

If     E1 ( E2
and      E1
           then         E2
If     E1 ( E2
and      (  E2
           then       (  E1
E1  V  E2
and           } then E1 V E3
(  E2 V E3

Propositions:

1.   E1  (  E2   iff   (  E1  V  E2 

2.   ( (E1  ( E2)   iff   (  E1 V (  E2

3.    ( (E1 V E2)   iff    (  E1 ( (  E2




Quantifiers:  For all X, (X (universal).

                    There is an X, (X (existential).


-   Atomic formulas  = predicates with arguments (example: feathers (X))

-   Literals  = Atomic formulas or negated atomic formulas.

-   Clause  = disjunction of literals. 

Proof by resolution, resolution trees.

Axioms:
even (()



(1)



( X [even (X) ( divideby2 (X)]
(2)

Prove:

divideby2 (()

Replace (2) by ( X [(even (X) V divideby2 (X)]
(2’)

Negate theorem and consider it as axiom:  (  divideby2 (a)

(3)

even (a) (1) 




( even (X) V divideby2 (X)

(2’)










( even (a) V divideby2 (a)

(4)


( divideby2 (a)
   (3)


divideby2 (a)



  (
ALGORITHM

To put axioms into clause form:

1 Eliminate implications.

2 Move negations down to the atomic formulas.

3 Purge existential quantifiers.

4 Rename variables, if necessary.

5 Move the universal quantifiers to the left.

6 Move the disjunctions down to the literals.

7 Eliminate the conjunctions.

8 Rename variables, if necessary.

9 Purge the universal quantifiers.

Example:

( X ( Y [(a (X) (( c (X, Y)) (( ( X ( Z (p (X, Z) ( r (Z))]

Eliminate “(”, use : E1 ( E2  iff  ( E1 V E2

1. ( X ( Y [( (a (X) (( c (X, Y)) V (( ( X ( Z (p (X, Z) ( r (Z))]

    ( X ( Y [(  (( (a (X) V ( c (X, Y)) V (( ( X ( Z(p (X, Z) ( r (Z))]

2. Move (  to atomic formulas. Use: 

     ( (E1 ( E2)  iff  ( E1 V ( E2

     ( (( E1)   iff   E1

     ( ( X  p (X)
 iff   ( X ( P (X)

     ( ( X p (X)    iff   ( X  p (X)

3. Rename variables following (’s, if necessary

    ( X ( Y [( a (X) ( c (X, y)) V ( U ( Z(( p(u, Z) V ( r(Z))]

4. Introduce Skolem functions to eliminate (’s.

    ( X ( Y [( a (X) ( c (X, Y)) V ( Z (( p(g (X, Y, Z), Z) V ( r(Z))]

5. Move (’s to left: ( x ( y ( z [………..]

6. Use E1 V (E2 ( E3)  iff  (E1 V E2) ( (E1 V E3)

( X ( Y ( Z [[a (X) V ( p (g (X,Y,Z), Z) V ( r (Z)] ( [c (X, Y) V ( p(g(X,Y,Z), Z)   

                                                                              



V ( r (Z)]]

7. Use: ( (E1 ( E2)  iff  ( E1 V ( E2

     ( X ( Y ( Z [a (X) V ( p(g(X, Y, Z), Z) V ( r(Z)]

     ( X ( Y ( Z [c (X, Y) V ( p(g(X, Y, Z), Z) V ( r(Z)]

8. Rename variables.

     ( X ( Y ( Z [a (X) V ( p(g(X, Y, Z), Z) V ( r(Z)]

     ( a ( b ( c [c (a, b) V ( p(g(a, b, c), c) V ( r(c)]

9. Purge (’s.

     A (x) V ( P (g(x, y, z), z) V ( R (z)

     C (a, b) V ( P (g(a, b, c), c) V ( R (c)

To prove a theorem using resolution:

1 Negate the theorem to be proved and add the result to the list of axioms.

2 Put the list of axioms into clause form.

3 Until the empty clause, Nil, is produced or there is no resolvable pair of clause, find resolvable clauses, resolve them, and add the result to the list of clauses.

4 If the empty clause is produced, report that the theorem is TRUE. If there are no resolvable clauses, report that the theorem is FALSE. 

Strategies for Choosing Which Statements To Resolve

1. Unit Preference.

Use statements with fewer number of literals.

2. Set of support.

Only do resolutions involving the negated theorem or new clauses derived from negated theorem.

3. Breadth first.

Resolve all possible pairs of initial clauses, then all pairs of new set, etc.

All methods complete (guaranteed to find proof if theorem follows from axioms) but subject to combinational explosion problem and halting problem.
 


To prove a theorem using resolution:

1 Negate the theorem to be proved and add the result to the list of axioms.

2 Put the list of axioms into clause form.

3 Until the empty clause, Nil, is produced or there is no resolvable pair of clause, find resolvable clauses, resolve them, and add the result to the list of clauses.

4 If the empty clause is produced, report that the theorem is TRUE. If there are no resolvable clauses, report that the theorem is FALSE. 

Strategies for Choosing Which Statements To Resolve

a. Unit Preference.

Use statements with fewer number of literals.

b. Set of support.

Only do resolutions involving the negated theorem or new clauses derived from negated theorem.

c. Breadth first.

Resolve all possible pairs of initial clauses, then all pairs of new set, etc.

All methods complete (guaranteed to find proof if theorem follows from axioms) but subject to combinational explosion problem and halting problem.
 






Figure 7-6. A simple initial situation and final situation involving blocks. The problem is to find a sequence of operations that transform the initial situation in to the final situation.

Application.

Objective:  ( sf [On (b, table, sf)]

Initial situation: On (B, A, S) ( On (A, table, S) 


       (On (B, table, s)

Define putontable as:

( s ( x  [( On (x, table, s) ( On (x, table, putontable (x, s))]

On (x, table, s) V On (x, table, putontable (x, s) ( On (b, table, sf)) 

Other axioms?

( s ( y ( z [On (y, z, s) ( ( Equal (z, table)) ( ( On (y, table, s)]

Try to prove (4) with existing axioms.

Negate theorem and put axioms in clause form.

( ( sf [On (B, table, sf)]

     or      ( sf ( On (B, table, sf)

( or      ( On (B, table, sf)  (4’)


( On (B, A, S)

( On (A, Table, S)


( s ( x [( On (x, table, s) ( On (x, table, putontable (x, s))]

( s ( x [( (( On(x, table, s) V On (x, table, putontable (x, s))]

( s ( x [On (x, table, s) V On (x, table, putontable (x, s))]

( On (x, table, s3) V On (x, table, putontable (x, s3))]

( s ( y ( z [On (y, z, s) ( ( Equal (z, Table) ( ( On(y, Table, s)]


( On (y, z, s4) V Equal (z, Table) V ( On (y, Table, s4)

(4)

Axioms:

On (B, A, S)







(1)

On (A, Table, S)






(2)

On (x, Table, s3) V On (x, Table, Putontable (x, s3))


(3)

( On (y, z, s4) V Equal (z, Table) V ( On (y, Table, s4)

(4)

( Equal (B, A)







(5)

( Equal (A, Table)






(6)

( On (B, Table, S)






(7)

( On (B, Table, sf)






(8)

Axioms:

On (B, A, S)







(1)

On (A, Table, S)






(2)

On (x, Table, s3) V On (x, Table, Putontable (x, s3))


(3)

( On (y, z, s4) V Equal (z, Table) V ( On (y, Table, s4)

(4)

( Equal (B, A)







(5)

( Equal (A, Table)






(6)

( On (B, Table, S)






(7)

( On (B, Table, sf)






(8)

(3)

On (x, Table, s3)






(8)

V On (x, Table, Putontable (x, s3))




( On (B, Table, sf)   



(4)

( On (y, z, s4)

V Equal (z, Table)






(9)

V ( On (y, Table, s4) 






On (B, Table, s9)









(10)

(7)








( On (B, w, s10)

( Equal (A, Table)






V Equal (w, Table)
(1)








(11)

On (B, A, S)







( On (B, A, s11)











(12)










Nil








Figure 7-7. A proof involving an operator. Putontable.


(3)

On (x, Table, s3)






(8)

V On (x, Table, Putontable (x, s3))




( On (B, Table, sf)










V Answer (sf)

   



(4)

( On (y, z, s4)

V Equal (z, Table)






(9)

V ( On (y, Table, s4) 






On (B, Table, s9)

V Answer(Putontable (B, s9))











(10)

(7)








( On (B, w, s10)

( Equal (A, Table)






V Equal (w, Table)

V Answer (Putontable (B, s10))


(1)








(11)

On (B, A, S)







( On (B, A, s11)


V Answer(Putontable (B, s11))











(12)










Answer (Putontable (B, S))





Figure 7-8. Appending Answer (sf) to the goal expression is done to keep track of the situation-change operations using the standard unification apparatus. Here the proof of figure 7-7 is repeated using answer (sf). The result indicates that only one operation is needed to put block B on the table.

To prove a single-literal existentially-quantified theorem using resolution with Green’s trick:

1 Negate the theorem. Convert it to clause form, and add the Answer term.

2 Put the list of axioms into clause form. Add the clause derived from the theorem and the Answer term.

3 Until a clause with only the Answer term is produced or there is no resolvable pair of clauses, find resolvable clauses, resolve them, and add the result to the list of clauses.

4 If a clause with only the Answer term is produced, report that the sequence of operations in the Answer term is the required answer. If there are no resolvable clauses, report that the required action cannot be done.

STATE SPACE PROBLEM.

Objects
Operators
Relations

Monkey

Bananas

Box

Place1

Place2

Place3
Go to

Move

Climb

Reach-for

(Functions return a situation)

state
Under

On

At

Has-bananas

(Predicates return logical value) 

relations between “objects” 

arguments = objects, states.

 Proof:      ( s (has-bananas (s))







Theorem proving








Figure 6-6. A proof that the monkey can get the bananas. (See Table 6-1.)

The Monkey and Bananas Problem (Predicate-calculus Axioms)

A1. ( p ( p( ( s (at (box, p, s) ( at (box, p, goto (p(, s)))

A2. ( p ( p( ( s (at (bananas, p, s) ( at (bananas, p, goto (p(, s)))

A3. ( p ( s (at (monkey, p, goto (p, s)))

A4. ( p ( p( ( s (((at(box, p, s), at(mon, p, s)) ( at (box, p(, move (mon, box, p, p(, s)))

A5. ( p ( p( ( p(( ( s (at(ban, p, s) ( at(ban, p, move(mon, box, p(, p((, s)))

A6. ( p ( p( ( s (at (mon, p, s) ( at (mon, p(, move (mon, box, p, p(, s)))

A7. ( s (under (box, ban, s) ( under (box, ban, climb (mon, box, s)))

A8. ( p ( s (( (at (mon, p, s), at (box, p, s)) ( on (mon, box, climb (mon, box, s)))

A9. ( s (( (under (box, ban, s), on (mon, box, s)) ( has-bananas (reachfor (mon, ban, s)))

A10. ( s (( (at (box, p3, s), at(ban, p3, s)) ( under (box, ban, s)

A11. ( (at (box, p2, s(). at (ban, p3, s())

* (mon = monkey, ban = bananas)

TABLE 6-1 A The Monkey and Bananas Problem (Predicate-calculus Axioms)

A1. ( p ( p( ( s (at (box, p, s) ( at (box, p, goto (p(, s)))

A2. ( p ( p( ( s (at (bananas, p, s) ( at (bananas, p, goto (p(, s)))

A3. ( p ( s (at (monkey, p, goto (p, s)))

A4. ( p ( p( ( s (((at(box, p, s), at(mon, p, s)) ( at (box, p(, move (mon, box, p, p(, s)))

A5. ( p ( p( ( p(( ( s (at(ban, p, s) ( at(ban, p, move(mon, box, p(, p((, s)))

A6. ( p ( p( ( s (at (mon, p, s) ( at (mon, p(, move (mon, box, p, p(, s)))

A7. ( s (under (box, ban, s) ( under (box, ban, climb (mon, box, s)))

A8. ( p ( s (( (at (mon, p, s), at (box, p, s)) ( on (mon, box, climb (mon, box, s)))

A9. ( s (( (under (box, ban, s), on (mon, box, s)) ( has-bananas (reachfor (mon, ban, s)))

A10. ( s (( (at (box, p3, s), at(ban, p3, s)) ( under (box, ban, s)

A11. ( (at (box, p2, s(). at (ban, p3, s())

* (mon = monkey, ban = bananas)

TABLE 6-1 B Monkey and Bananas (Clause Form)

A1.   {(at (box, p, s), at (box, p, goto (p(, s))}

A2.   { (at (bananas, q, s(), at (bananas, q, goto (q(, s())}

A3.   { at (monkey, r, goto (r, r())}

A4.   {(at (box, u, v), (at (mon, u, v), at (box, u(, move (mon, box, u, u(, v))}

A5.   { (at (ban, t, t((), at (ban, t, move (mon, box, t(, t(((, t(())}

A6.   {(at (mon, v(, v(((), at(mon, v((, move(mon, box, v(, v((, v((())}

A7.   {( under (box, ban, w), under(box, ban, climb (mon, box, w))}

A8.   {(at (mon, w(, w((), (at(box, w(, w((), on(mon, box, climb(mon, box, w(())}

A9.   {(under (box, ban, x), (on (mon, box, x), has-bananas (reachfor (mon, ban, x))}

A10. {(at (box, p3, y), (at (ban, p3, y), under (box, ban, y)}

A11. {at (box, p2, ()}

A12. {at (bananas, p3, ()}

Negated Conjecture (NC): {(has-bananas (z)}

Consequences of the Axioms (Fig. 6-6)

C1.   {at (box, p2, goto (p(, s())}

C2.   {(at (mon, p2, goto(p(, s()), at (box, u(, move (mon, box, p2, u(, goto (p(, s()))}  

C3.   {at (box, u(, move (mon, box, p2, u(, goto (p2, s()))}

C4.   {(at(ban, p3,move(mon,box,p2,p3,goto(p3, s())), under(box, ban, move(mon, box, p2, p3, goto(p2, s()))}

C5.   {at (bananas, p3, goto (q(, s())}

C6.   {at (ban, p3, move (mon, box, t(, t(((, goto (q(, s()))}

C7.   {under (box, ban, move (mon, box, p2, p3, goto (p2, s()))}

C8.   {under (box, ban, climb (mon, box, move (mon, box, p2, p3, goto (p2, s())))}

C9.   {at (mon, v((, move (mon, box, r, v((, goto (r, r()))}

C10. {(at (box,v((,move(mon,box,r,v((,goto(r,r())), on(mon,box,climb(mon,box,move (mon,box,r,r((,
      
goto(r,r())))}

C11. {on (mon, box, climb (mon, box, move (mon, box, p2, u, goto (p2, s())))}

C12. {(on (mon, box, climb (mon, box, move (mon, box, p2, p3, goto (p2, s()))), has-bananas (reachfor 
(mon, ban, climb (mon, box, move (mon, box, p2, p3, goto (p2, s()))))}

C13. {has-bananas (reachfor (mon, ban, climb (mon, box, move (mon, box, p2, p3, goto (p2, s()))))}

Solution to the monkey business:

Answer [reachfor (mon, ban, climb (mon, box, move (mon, box, p2, p3, goto (p2, s())))]

A substitution ( = {(t1, v1), ……., (tn, vn)} replaces every occurrence of the vi’s  in a clause C by the ti’s. (vi ( vj) .


Let C = {p (x, f(x), b), p(x, f(b), b)} and ( = {(a, x), (b, y)}

then C = {p (a, f(b), b)}

 
A clause is unifiable if there is a substitution ( such that C( contains only one literal.

In the above example, C is unifiable and ( is its unifier.

( = {(b, y)} is another unifier for C, giving the unification C( = {p (x, f(b), b)}, which is more general than C(.

A clause can have more than one unifier.


A unifier for clause C is the most general iff for every other unifier ( of C, there is a substitution (: (( = (.

A composition of two substitutions ( ( ( is denoted by ((
Apply ( in terms of ( and add to ( any (ti, vi) ( ( not in (

( = {(g(x, y), z), (f (a, w), w)}


( = {(a, x), (b, w), (c, z)}

then (( = {(g (a, y), z), (f (a, b), w), (a, x)}

Example:

C = {p (x, f(y), b), p (b, f(w), b)}



    use mgu






use mgu


    ( = {(b, x), (y, w)}





( = {(b, x), (w, y)}


{p (b, f(y), b)}







{p (b, f(w), b)}






y          w

When use two different mgu, we can get one unified clause from the other by substitution of variables by variables.

Initial:
(0 = e

empty


K = 0

External value of (u = m.g.u of C




Or e if C not unifiable

1. If  C(k contains only one literal, then return (k as the mgu for C and stop.

2. If C(k contains more than one literal, find the first symbol position for each literal in which not all literals have the same symbol. For example, if

C(k = {P (g(x), a, f(u, v)), P (u, a, z)}

then the first symbol positions are as marked by the arrows.

3. Construct the disagreement set for C(k, which contains the well-formed expressions (terms or literals) from each literal in C(k that begins at the marked positions. Thus, the disagreement set for the example is {g(x), u}.

4. If there exist two terms sk and tk in the disagreement set such that sk is a variable symbol and tk does not contain sk, then take any two such erms sk and tk, replace (k by (k+1 = (k {(tk, sk)} and replace k by k ( 1, and go to step 1. For our example, sk may be taken to be u, and tk may be taken to be g(x). Thus,

(k(1 = (k {(g(x), u)}

and

C(k(1 = {P (g(x), a, f(g(x), v)), P(g(x), a, z)}.

5. If there do not exist two such terms sk and tk in the disagreement set, then report that C cannot be unified and stop.


P (g(x), a, f(g(x), v))

Example:

Apply procedure to find mgu.

{p(f(x), y, g(y)), p(f(x), z, g(x)}

p(f(x), x, g(x))    mgu

      (    (     (        y      (     ( 




   y     y

{Q(x, y, a), Q(x, y, b)}

  not unifiable

Resolution:

Solve: 

C1 = {p(f(x), y), p(z, f(a)), Q(u)}

C2 = {(p(y, z), (Q(f(x))}



unify using

(2 = {(f(x), u)} 



      Q(u)



and (Q(f(x)) 




{p(f(x), y), p(z, f(a)), (p(y, z)}

Could resolve in P’s or Q’s (3 resolutions)

resolve p(f(x), y) and (p(y, z) 

mgu{(f(x), y), (f(x), z)}

use ( = {(f(x), y), (z, y)}
P(f(x), f(x)), (p(f(x), z)




p(f(x), f(x)), (p(f(x), z)






 f(x) = z

gives {p(f(x), f(a)), Q(u), (Q(f(x)) }

C1 = {p(f(x), y), p(z, f(a)), Q(u)}

C2 = {(p(y, z), (Q(f(x))}



unify using

(1 = {(f(a), y), (f(a), z), (a, x)} 


 {p(f(x), y), p(z, f(a))}



and (p(y, z) 




    {Q(u), (Q(f(a))}


p(f(x), f(x)), p(z, f(a)), Q(x) ( ( p(f(x), z)





     z = f(x)


p(f(x), y), p(z, f(a)), (p(y, z)








{f(x), z, y}

p(f(x), y), p(f(x), f(a)), (p(y, f(x))

(: z = f(x)




(: y = f(x)

p(f(x), f(x)), p(f(x), f(a)), (p(f(x), f(x))

    p(f(x), f(a))

  {f(a), f(x)}


(
C1 = {p(f(x), y), p(z, f(a)), Q(u)}

C2 = {(p(y, z), (Q(f(x))}



unify using

( = {(f(x), y), (f(x), z)} 


 
p(f(x), y)



and (p(y, z) 


{p(f(x), f(a)), Q(u), (Q(f(x))}

p(f(x), y)

(p(y, z)


      y = f(x)

p(f(x), f(x))

p(f(x), z)


      z = f(x)

p(f(x), f(x))

(p(f(x), f(x))

       (
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